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1 � |x�I��A~+,x~�Ex~��x~[g~,�zi��}5L#b�',>��[�G Groβ, J.K.Baksalary P Jan Hauke .62+�T5,�N�rieo [1–4]. $(ve&7�W�>�C��~+,Q8(~,�U�{5[X�2e,Ik�_�XC��~+,(~P~+;�,(~2e,Ik�ÆelI�~+,Q8(~�zaK* Hilbert �e;��/C�,PsP;7�_�~+,1z�> H,K G Hilbert �e� (f, g) �F Hilbert �e7,t� f P g ,#Z�� B(H,K) �F# H * K ,�sp{T?,3^�) H = K �� B(H) ≡ B(H,K). > A ∈ B(H,K), �
A∗, R(A), N(A) P R(A) >��FT? A ,FG�4����e[4�,��> T ∈ B(H),8N T = T ∗, � T GA�,�4�7R x ∈ H, 8N (Tx, x) ≥ 0, � T G-T?�8N
R(T ) = R(T ∗), %� A G EP �T?�n4A�T?G EP �T?�qI1Bieo [6].> K ∈ B(H,K), � K+ ∈ B(H,K) �FT? K , Moore-Penrose K$�XG�DT?;� KK+K = K, K+KK+ = K+, KK+ = (KK+)∗, (K+K)∗ = K+K ,	T?�:V;1
K+ $$)/u) R(K) G�,�N~ 1.1 > A, B ∈ B(H,K), 8N A∗A = A∗B /AA∗ = BA∗, %� A � B Gx~Ik�d A

∗

≤ B.N~ 1.2 > A, B ∈ B(H,K), 8N A∗A = A∗B /R(A) ⊆ R(B), %� A � B GEx~Ik�d A∗ ≤ B.N~ 1.3 > A, B ∈ B(H,K), 8N AA∗ = BA∗ /R(A∗) ⊆ R(B∗), %� A � B G�x~Ik�d A ≤ ∗B.>�� A � B G�x~Ik)/u) A∗ � B∗ GEx~Ik�lPhg: 2005-12-19; Zmhg: 2006-12-10V[xd: MdB5��Yt (10571113); h�k=�a&�uY �}Yt (JC0621); h�k=�a&�u0&Yt
(QN0710).



890 M � � { � * � 27�N~ 1.4 > A, B ∈ B(H,K),8N R(B)G�,�AB+B = A, BB+A = A /AB+A = A,%� A � B Gg~Ik�d A
−

≤ B.�` 1.5 (Douglas 4�O2)[5] > A, B ∈ B(H,K), % R(A) ⊆ R(B), )/u)$$	AT? X ∈ B(H) C+ A = BX .�` 1.6 >T? A, B ∈ B(H,K), 8N R(B) G�,�%
(1) BB+A = A )/u) R(A) ⊆ R(B);

(2) AB+B = A )/u) R(A∗) ⊆ R(B∗).�b (1) 8N BB+A = A, �� 1.5, p����92��� R(B) G�,�% R(A) ⊆ R(B). �d BB+ G R(B) ;,-m`��V�
BB+A = A.

(2) / �S� (1). 2�;K��+�q 1.7 > A, B ∈ B(H,K)/ R(B)G�,�% A
−

≤ B )/u)R(A) ⊆ R(B), R(A∗) ⊆

R(B∗) /AB+A = A.

2 o�Xn�RuL℄TÆolC� Hilbert �e;T?eQ8Ik,^R�U�> A, B ∈ B(H,K), l H,K �e>rd H = R(A∗) ⊕ N(A) P K = R(A) ⊕ N(A∗), %
A, B >��8m,T?>	~+�

A =

(
A1 0
0 0

) P B =

(
B11 B12

B21 B22

)
. (2.1)� (2.1) E�1�A1 G	A# R(A∗) * R(A) ,(=�4�T?�8N��[IO �m�,T?>	~+CG�;K�e>r+*,�N` 2.1 >T? A, B ∈ B(H,K), % A

∗

≤ B )/u)
B =

(
A1 0
0 B22

)
, B22 ∈ B(N(A), N(A∗)).�b 
Æ. � A

∗

≤ B, % A∗(B − A) = 0 / (B − A)A∗ = 0, �! R(B − A) ⊆

N(A∗) / R(A∗) ⊆ N(B − A), v6 R(A) ⊆ N((B − A)∗). � (2.1) E�+ B − A =(
B11 − A1 B12

B21 B22

)
.� R(A∗) ⊆ N(B−A),4�7R x1 ∈ R(A∗)�+ (B−A)

(
x1

0

)
= 0,℄

(
B11 − A1 B12

B21 B22

)(
x1

0

)
= 0. bT�+ {

(B11 − A1)x1 = 0,

B21x1 = 0.
�!�+ {

B11 − A1 = 0,

B21 = 0.�S�+ B12 = 0. H
B = A +

(
0 0
0 B22

)
=

(
A1 0
0 B22

)
, B22 ∈ B(N(A), N(A∗)).��. � B =

(
A1 0
0 B22

)
, A∗ =

(
A1

∗ 0
0 0

)
, bT�+ A∗A = A∗B, AA∗ = BA∗.�2 1.1, % A

∗

≤ B. 2



4, '���/�U�)�-�V\|6 891N` 2.2 >T? A, B ∈ B(H,K), % A∗ ≤ B )/u)
B =

(
A1 0

B22D B22

)
,-7T? B22 ∈ B(N(A), N(A∗)), T? D ∈ B(R(A∗), N(A)).�b 
Æ. � A∗ ≤ B, % A∗A = A∗B / R(A) ⊆ R(B). � A∗A = A∗B +

(
A1

∗ 0
0 0

)(
A1 0
0 0

)
=

(
A1

∗ 0
0 0

)(
B11 B12

B21 B22

)
. (2.2)bT��n (2.2) E���+ {

A1
∗(A1 − B11) = 0,

A1
∗B12 = 0.

�� A1
∗ G	A(=�4�T?��!

{
B11 = A1,

B12 = 0,
H B =

(
A1 0
B21 B22

)
.� R(A) ⊆ R(B),%4�7R x ∈ R(A∗)$$t� y⊕z,-7 y ∈ R(A∗), z ∈ N(A) C+

(
A1 0
0 0

)(
x

0

)
=

(
A1 0
B21 B22

)(
y

z

)
,�! {

A1x = A1y,

B21y + B22z = 0.
�� A1 G	A(=�4�T?�% x = y, H B21x = B22(−z),�! R(B21) ⊆ R(B22). �� 1.5, $$T? D ∈ B(R(A∗), N(A)) C+ B21 = B22D. H

B =

(
A1 0

B22D B22

)
.��. � B =

(
A1 0

B22D B22

)
, -7 B22 ∈ B(N(A), N(A∗)), D ∈ B(R(A∗), N(A)), ybT�+ A∗A = A∗B. > E =

(
I 0

−D 0

)
, % A = BE. �� 1.5 + R(A) ⊆ R(B). �2

1.2, % A∗ ≤ B. 2�S�+m�,"℄�q 2.3 >T? A, B ∈ B(H,K), % A ≤ ∗B )/u)
B =

(
A1 TB22

0 B22

)
,-7 B22 ∈ B(N(A), N(A∗)), T ∈ B(N(A∗), R(A)).N` 2.4 >T? A, B ∈ B(H,K) / R(B) G�,�% A

−

≤ B )/u)
B =

(
A1 + RB22S RB22

B22S B22

)
,-7T? R ∈ B(N(A∗), R(A)) [ S ∈ B(R(A∗), N(A)), B22 ∈ B(N(A), N(A∗)) / R(B22) P

R(A) G�,��b 
Æ. �� R(B) G�,�H B+ $$��=> B+ =

(
B̃11 B̃12

B̃21 B̃22

)
. � A

−

≤ B,�+ AB+B = A, BB+A = A [ AB+A = A. ybT�+




B11 = A1 + A1(−B̃12)B22(−B̃21)A1,

B12 = A1(−B̃12)B22,

B21 = B22(−B̃21)A1.



892 M � � { � * � 27�� R = A1(−B̃12), S = (−B̃21)A1, % B =

(
A1 + RB22S RB22

B22S B22

)
.> P =

(
I −R

0 I

) G# R(A) ⊕ N(A∗) * R(A) ⊕ N(A∗) ,T?� Q =

(
I 0
−S I

) G# R(A∗) ⊕ N(A) * R(A∗) ⊕ N(A) ,T?�% P, Q �$/
PBQ =

(
I −R

0 I

)(
A1 + RB22S RB22

B22S B22

)(
I 0
−S I

)
=

(
A1 0
0 B22

)
= C. (2.3)�d P, Q G�$,�V� R(B) G�,)/u) R(C) G�,��! R(A1) P R(B22) G�,�℄ R(A) P R(B22) G�,���.�� B =

(
A1 + RB22S RB22

B22S B22

)
,-7R ∈ B(N(A∗), R(A))[ S ∈ B(R(A∗), N(A)),T? B22 ∈ B(N(A), N(A∗))/ R(B22)P R(A)G�,�> D =

(
I 0
−S 0

)G# R(A∗)⊕N(A)* R(A∗) ⊕ N(A) ,T?�ybT�+ BD = A. �� 1.5, R(A) ⊆ R(B).> T =

(
I −R

0 0

) G# R(A) ⊕ N(A∗) * R(A) ⊕ N(A∗) ,T?�ybT�+ TA = AP TB = A, v	��+ A∗ = B∗T ∗. �� 1.5, R(A∗) ⊆ R(B∗).> C =

(
A1 0
0 B22

)
, �� R(B22) P R(A) G�,��! R(C) G�,�� (2.3) E�+

B = P−1CQ−1, H R(B)G�,�V� B+ $$/ BB+B = B,�! AB+A = (TB)B+(BD) =

T (BB+B)D = T (BD) = TA = A. �"℄ 1.7, A
−

≤ B. 2)T? A P B GA�T?�%�m�,"℄�q 2.5 > A, B ∈ B(H) GA�T?�% A
∗

≤ B )/u) A = BP , -7 P G`���b 
Æ. 8N A
∗

≤ B, �2 2.1, A =

(
A1 0
0 0

) /B =

(
A1 0
0 B22

)
. > P =

(
I 0
0 0

) G# R(A∗) ⊕ N(A) * R(A∗) ⊕ N(A) ,T?�% P G`�/ BP = A.��. > P G`�C+ A = BP , % BP = PB. H PH G B ,!W?�e�> H =

PH ⊕ P⊥H, % B =

(
B11 0
0 B22

)
, /A = BP =

(
B11 0
0 0

)
, % R(A) = R(B11) =

PH, N(A) = N(B11) = P⊥H. �2 2.1, A
∗

≤ B. 2q 2.6 > A, B ∈ B(H) GA�T?�8N R(B) G�,�% A
−

≤ B )/u) A = BK,-7 K G�.T?��b 
Æ.)A
−

≤ B���2 2.4�+ A =

(
A1 0
0 0

) /B =

(
A1 + RB22S RB22

B22S B22

)
.> K =

(
I 0
−S 0

) G# R(A∗)⊕N(A) * R(A∗)⊕N(A) ,T?�n4 K = K2 / BK = A.��. �d A = BK, �� 1.5, % R(A) ⊆ R(B). � R(B) G�,�% B+ $$���
A = (BK)∗ = K∗B / AK = BK2 = BK = A, % AB+A = K∗(BB+B)K = (K∗B)K = A. �"℄ 1.7, H A

−

≤ B. 2

3 o�Ln�Ruk B(H,K) iLezRuN` 3.1 A
∗

≤ B G B(H,K) ;,	A(~Ik�



4, '���/�U�)�-�V\|6 893�b (1) ∀A ∈ B(H,K), n4 A
∗

≤ A.

(2) > A
∗

≤ B, B
∗

≤ C. ) A
∗

≤ B, �2 2.1 �+ B =

(
A1 0
0 B22

)
. > C =

(
C11 C12

C21 C22

)
. ) B

∗

≤ C, �2 1.1, B∗B = B∗C /BB∗ = CB∗. ℄
(

A1
∗ 0

0 B22
∗

)(
A1 0
0 B22

)
=

(
A1

∗ 0
0 B22

∗

)(
C11 C12

C21 C22

)
, (3.1)

(
A1 0
0 B22

)(
A1

∗ 0
0 B22

∗

)
=

(
C11 C12

C21 C22

)(
A1

∗ 0
0 B∗

22

)
. (3.2)�n (3.1), (3.2)E���+ 




C11 = A1,

C12 = 0,

C21 = 0,

% C =

(
A1 0
0 C22

)
.�2 2.1�+ A

∗

≤ C.

(3) > A
∗

≤ B / B
∗

≤ A. ) A
∗

≤ B, �2 2.1, B =

(
A1 0
0 B22

)
. ) B

∗

≤ A, +
B∗B = B∗A / BB∗ = AB∗. ybT�+ B22

∗B22 = 0, V� B22 = 0, �! A = B.�! A
∗

≤ B G B(H,K) ;,	A(~Ik� 2N` 3.2 A∗ ≤ B G B(H,K) ;,	A(~Ik��b (1) ∀A ∈ B(H,K), n4 A∗ ≤ A.

(2) > A∗ ≤ B, B∗ ≤ C. ) A∗ ≤ B, �2 2.2 �+ B =

(
A1 0

B22D B22

)
. > C =

(
C11 C12

C21 C22

)
. ) B∗ ≤ C, �2 1.2 � B∗B = B∗C. ybT�+

A1
∗A1 + D∗B22

∗B22D = A1
∗C11 + D∗B22

∗C21, (3.3)

B22
∗B22D = B22

∗C21, (3.4)

D∗B22
∗B22 = A1

∗C12 + D∗B22
∗C22, (3.5)

B22
∗B22 = B22

∗C22. (3.6)>�l (3.4)'9 (3.3)E�(3.6)'9 (3.5)E+ C11 = A1 / C12 = 0.� R(B) ⊆ R(C),��
1.5,$$T?X C+B = CX.>X =

(
X11 X12

X21 X22

)
,ybT�+ {

B22 = C22X22,

B22D = C21 + C22X21,% C21 = C22(X22D − X21), �! C =

(
A1 0

C22(X22D − X21) C22

)
, V� A∗ ≤ C.

(3) > A∗ ≤ B / B∗ ≤ A. ) A∗ ≤ B, �2 1.2, B =

(
A1 0

B22D B22

)
. ) B∗ ≤ A,�2 1.2, B∗B = B∗A, ybT�+ B22

∗B22 = 0, % B22 = 0, �! B = A. V� A∗ ≤ B G
B(H,K) ;,	A(~Ik� 2q 3.3 A ≤ ∗B G B(H,K) ;,	A(~Ik�� BC(H,K) �F# H * K ,4��,�sp{T?,3^�N` 3.4 A

−

≤ B G BC(H,K) ;,	A(~Ik��b (1) ∀A ∈ BC(H,K), n4 A
−

≤ A.

(2) > A
−

≤ B, B
−

≤ C. ) A
−

≤ B, �"℄ 1.7, R(A) ⊆ R(B), R(A∗) ⊆ R(B∗), AB+A = A.) B
−

≤ C, _�+ R(B) ⊆ R(C), R(B∗) ⊆ R(C∗), BC+B = B. �! R(A) ⊆ R(C), R(A∗) ⊆

R(C∗).



894 M � � { � * � 27�l B+ = B+BB+ '9 AB+A = A + AB+BB+A = A. l B = BC+B '9+
(AB+B)C+(BB+A) = A. l AB+B = A, BB+A = A '9+ AC+A = A, �! A

−

≤ C.

(3) > A
−

≤ B, B
−

≤ A. ) A
−

≤ B,�2 2.4, B =

(
A1 + RB22S RB22

B22S B22

)
. ) B

−

≤ A, %
R(A) G�,/ BA+B = B, H A+ =

(
A1

−1 0
0 0

)
. ybT�+ {

B22 = B22SA1
−1RB22,

B22SA1
−1RB22S = 0.% B22S = (B22SA1

−1RB22)S = B22SA1
−1RB22S = 0, V� B22 = (B22S)A1

−1RB22 = 0, H
A = B.�! A

−

≤ B G BC(H,K) ;,	A(~Ik� 2

4 n�o�ez�XLRuÆolZ�T?(~2e,Ik�Æ�.�,pN�+m�,"℄�q 4.1 > A, B ∈ B(H,K), 8N A
∗

≤ B, % A∗ ≤ B, A ≤ ∗B. [�0) R(B) G�,�% A
−

≤ B.N` 4.2 > A, B ∈ B(H,K), 8N A∗ ≤ B [ AB∗ = BA∗, % A
∗

≤ B.�b > A∗ ≤ B, �2 2.2 �+� A =

(
A1 0
0 0

)/B =

(
A1 0

B22D B22

)
.� AB∗ = BA∗, �+ A1D

∗B22
∗ = 0. �� A1 G	A(=�4�,T?�% B22D = 0. �! B =

(
A1 0
0 B22

)
, �2 2.1 �+ A

∗

≤ B. 2�2 4.2 �+m�,"℄�q 4.3 > A, B ∈ B(H) GA�T?/ AB = BA, % A∗ ≤ B )/u) A
∗

≤ B; A ≤ ∗B)/u) A
∗

≤ B.N` 4.4 > A, B ∈ B(H) G EP �T?/ R(B) G�,�% A
∗

≤ B )/u)A
−

≤

B /AB = BA.�b ��. �2 2.4 �+ A =

(
A1 0
0 0

) /B =

(
A1 + RB22S RB22

B22S B22

)
. ��

AB = BA, ybT�+ B =

(
B11 0
0 B22

)
. H�2 2.1, �+ A

∗

≤ B.�"℄ 4.1, ��{Gn4,� 2N` 4.5 > A, B ∈ B(H)G-T?�% A
∗

≤ B)/u)Am
∗

≤ Bm,-7 m ∈ N / m ≥ 2.�b 
Æ. �2 2.1 �+ A =

(
A1 0
0 0

) /B =

(
A1 0
0 B22

)
. �!

Am =

(
A1

m 0
0 0

) / Bm =

(
A1

m 0
0 B22

m

)
.�2 2.1 % Am

∗

≤ Bm.��. ) Am
∗

≤ Bm ���2 2.1 �+� Am =

(
Ã1 0
0 0

) /Bm =

(
Ã1 0

0 B̃22

)
.��-T?-, m ";EG	,��! A =

(
A1 0
0 0

) /B =

(
A1 0
0 B22

)
, -7 Am

1 =

Ã1, B
m
22 = B̃22. �2 2.1 �+ A

∗

≤ B. 2



4, '���/�U�)�-�V\|6 895q 4.6 > A, B ∈ B(H) G-T?/ AB = BA, % A∗ ≤ B )/u)Am∗ ≤ Bm;

A ≤ ∗B )/u) Am
∗

≤ Bm, -7 m ∈ N / m ≥ 2.�b 
Æ. �� AB = BA ["℄ 4.3 � A
∗

≤ B. �2 4.5 �+ Am
∗

≤ Bm, v6�"℄ 4.1 �+ Am∗ ≤ Bm.��. �2 2.2 �+ Am =

(
Ã1 0
0 0

) /Bm =

(
Ã1 0

B̃22D B̃22

)
. �� Bm G-T?��! B̃22D = 0 / B̃22 G-T?�v	��+ A =

(
A1 0
0 0

) /B =

(
A1 0
0 B22

)
, -7 Am

1 = Ã1, B
m
22 = B̃22. �2 2.2, � A∗ ≤ B.�S0 A ≤ ∗B )/u) Am

∗

≤ Bm, -7 m ∈ N / m ≥ 2. 2N` 4.7 > A, B ∈ B(H) G-T?/ AB = BA, 8N R(B) G�,�% A
−

≤ B )/u) Am
−

≤ Bm, -7 m ∈ N / m ≥ 2.�b 
Æ. �� AB = BA / A
−

≤ B, %�2 4.4, �+ A
∗

≤ B. #�2 4.2, �
Am

∗

≤ Bm. ��"℄ 4.1, �+p������. �� AB = BA, % R(A) G B ,!W?�e��! B =

(
B11 0
0 B22

)
. H

Am =

(
A1

m 0
0 0

) /Bm =

(
B11

m 0
0 B22

m

)
. �� Am

−

≤ Bm, % B11
m = A1

m. �d A P
B G-T?�% A1, B11, B22 G-T?�v	��+ B11 = A1. �2 2.1 �+ A

∗

≤ B. �"℄
4.1, % A

−

≤ B. 2J\tw�
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Characters and Properties of Partial Orders of Operators

PANG Yong-feng1,2, DU Hong-ke1

(1. College of Mathematics and Information Science, Shaanxi Normal University, Shaanxi 710062, China;
2. Department of Mathematics, Xi’an University of Architecture and Technology, Shaanxi 710055, China )

Abstract: We define four types of relations of two operators on Hilbert space: star, left-star, right-star
and minus orders, respectively. Using the method of operator block matrices, we give the geometric
characterizations of these orders. We prove that these orders are realy partial orders. Furthermore, we
give relationships among these operator partial orders and their properties.

Key words: operator block matrice; operator partial order; special operator


