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1 zuY|H�jÆh!!h8 E ID. Banach �i� E∗ I E .>(�i� C I E .H��_�� F (T ) I�w T .�:4� J : E → 2E∗ I�nF8�.3X>(�w�
J(x) = {f ∈ E∗ : 〈x, f〉 = ||x|| · ||f ||, ||f || = ||x||}, x ∈ E. (1.1)l 8� f : C → C g�S�w�:Y&*�O α ∈ (0, 1), E-

||f(x) − f(y)|| ≤ α||x − y||, ∀ x, y ∈ C, (1.2)� ΠC �H C >3�S�w%�f
ΠC = {f : f : C → CI�S�w},>8� f ∈ ΠC , * C =V f.�:4�Qx 1 T : C → C �gH	.�w�:Y ∀x, y ∈ C < 

||Tx − Ty|| ≤ ||x − y||,g F (T ) = {x ∈ C : x = Tx} g T .�:4�Æh�n�? F (T ) 6= φ.Qx 2 ? U = {x ∈ E : ||x|| = 1}. E .CO�g: Gateaux �d.�:Y>�
y ∈ U , bu

lim
t→0

||x + ty|| − ||x||

t>3 x ∈ U :2&*�kUhg: 2005-09-29; \lhg: 2006-07-02
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[1] :Y E I:T℄. Banach�i�-3X>(�w J I*9.4* E .� v�>� E .CO+, E∗ .CO+:��.�:Y E .COI: Gateaux �d.�-3X>(�w J I*9.4* E .� v�>� E .CO+, E∗ .< ∗ +:��.�>O8. t ∈ (0, 1) e f ∈ ΠC , 8��w T f

t : C → C :n
T f

t x = tf(x) + (1 − t)Tx ∀ x ∈ C, (1.3)-= T gH	.�w�*�:�0`y.5�n�gk*0l�� Tt ([ T f
t . r7� Tt I C>�S�w�� Banach �S�w'�6 Tt  f.�:4 zt, f zt = Ttzt ∈ C, �� zt IF�

zt = tf(zt) + (1 − t)Tzt (1.4).fu�EgW�O8 u ∈ C, 8� St : C → C g
Stx = tu + (1 − t)Tx x ∈ C,� zt ∈ C I St .f�:4�f zt IF�

zt = tu + (1 − t)Tx (1.5).fu�># {zt} .K�|� 1967 & Browder[2] 4"�n!sY�:Y E I Hilbert �i�-+ t → 0C�zt 1K�# T 7�:4�1980& Reich[3] 4"�:Y E I:T℄. Banach�i�->N Browder .s�9�Æ�s*�l ��6(�� {xn}:

{
x0 ∈ C
xn+1 = αnf(xn) + (1 − αn)Txn

(1.6)VI (1.4) F.�=_�-= {αn} I (0, 1) =.����� (1.6) F.W�* 1967 &� Halpern[4] Cp�|�U�;
xn+1 = αnu + (1 − αn)Txn, ∀ n ≥ 0, (1.7)-= u, x0 ∈ C I8�O8.4� {αn} I (0, 1)=.���U4"�:Y {αn} �B%z℄n�-=�N℄nI�

(H1) αn → 0 (n → ∞);

(H2)
∑∞

n=0 αn = ∞,-�� {xn} 1K�# T * C =7�:4�R# (1.7) F8�.��.K�|jY��~?�1* Hilbert �i[ Banach �i.�{=D�VE�|�:� Lions[5], Wittmann[7], Reich[11], Shioji [ Takahashi[12], Xu[13,14] e
Zhang[15] 0�



4, 0���1� Banach �j>I
/�x�;5/G}�z 921>#O8.H	.�w�,-W�.�:4.F|�yFA��Moudafi[6] X �*Hilbert�i=>�[H�.6(�� (1.4) [ (1.6), U4"�-1K��Cy� Xu[10] *:T℄.
Banach �i=�* (H1), (H2) [ (H3)

∑∞

n=0 |αn+1 − αn| < ∞ a limn→∞(αn+1/αn) = 1 .℄nn�� (1.6) F8�.6(��1K��ÆhI*:T℄. Banach �i=[-CO: Gateaux �d. Banach �i=�*q	.℄nn�4" (1.6) F8�.6(�� {xn} 1K��ÆhsY�Lw[aV�ht [5–

7,10–15] 0h=.v�sY�n!.��*Æh?�sY.4"=p0,RmE��y 1.1
[8] ? {an} IHKDO��E-

an+1 ≤ (1 − λn)an + bn, ∀ n ≥ 0,-= {λn} I (0, 1) =.��� {bn} IDO��4 ∑∞

n=0 λn = ∞, lim supn→∞ bn/λn ≤ 0 a
∑∞

n=0 |bn| < ∞, - limn→∞ an = 0.y 1.2
[9] ? E ID Banach�i�J : E → 2E∗ I3X>(�w�->8�. x, y ∈ E 

||x + y||2 ≤ ||x||2 + 2〈y, J(x + y)〉.y 1.3
[10] ? E I:T℄. Banach �i� C I E .H��_�� T : C → C IH	.�w4 F (T ) 6= φ, f ∈ ΠC , - (1.4) F8�.6(�� {zt} 1K�# T 7�:4�:Y8� Q : ΠC → F (T ), f Q(f) := limt→0 zt, f ∈ ΠC . - Q(f) In��J�0F.u

〈(I − f)Q(f), J(Q(f) − p)〉 ≤ 0, f ∈ ΠC , p ∈ F (T ).

2 �w℄WQ 2.1 ? E I:T℄. Banach �i� C I E .H��_�� T : C → C IH	.�w4 F (T ) 6= φ, f ∈ ΠC , :Y {αn} I (0, 1) =DO��B℄n (H1) [ (H2), �4� (1.6) F8�.6(�� {xn} �Bn!.℄n�
lim

n→∞
||Txn − xn|| = 0, (2.1)- {xn} 1K�# Q(f). -= Q : ΠC → F (T ), f Q(f) := lim

t→0
zt.�e Mpl 4" {xn}  v�86 p ∈ F (T ) -

||xn+1 − p|| ≤ (1 − αn)||Txn − p|| + αn||f(xn) − p||

≤ (1 − αn)||xn − p|| + αn(||f(xn) − f(p)|| + ||f(p) − p||)

≤ (1 − αn)||xn − p|| + αn(α||xn − p|| + ||f(p) − p||)

≤ [1 − (1 − α)αn]||xn − p|| + αn||f(p) − p||

≤ max{||xn − p||,
1

1 − α
||f(p) − p||} .#I 

||xn − p|| ≤ max{||x0 − p||,
1

1 − α
||f(p) − p||}, n ≥ 0. (2.2)



922 P � 	 } % ) � 27���� 1.3 �- zt → q (= Q(f)) ∈ F (T ) (t → 0) Q 
lim
t→0

||zt − xn||
2 = ||q − xn||

2. (2.3)� (2.2) [ (2.3) F-6�� {xn}, {xn − q}, {zt − xn} � v�Q�
M = sup

t>0,n≥0
{||xn − q||2 + ||zt − xn|| + ||zt − xn||

2} < ∞. (2.4)s*�? q = Q(f) ∈ F (T ), -� (1.4) F 
zt − xn = (1 − t)(Tzt − xn) + t(f(zt) − xn).��� 1.2 �-

||zt − xn||
2 ≤(1 − t)2||Tzt − xn||

2 + 2t〈f(zt) − xn, J(zt − xn)〉

≤(1 − t)2(||Tzt − Txn|| + ||Txn − xn||)
2+

2t||zt − xn||
2 + 2t〈f(zt) − zt, J(zt − xn)〉

≤(1 − t)2(||zt − xn||
2 + 2||zt − xn|| ||Txn − xn|| + ||Txn − xn||

2)+

2t||zt − xn||
2 + 2t〈f(zt) − zt, J(zt − xn)〉.�63X>(�w J I/�w�f J(−x) = −J(x), x ∈ E, #I 

〈f(zt) − zt, J(xn − zt)〉 ≤
t

2
||zt − xn||

2 +
1

2t
||Txn − xn||(||zt − xn|| + ||Txn − xn||).Q�℄n (2.1) [ (2.4) F�-

lim sup
n→∞

〈f(zt) − zt, J(xn − zt)〉 ≤
t

2
M, ∀ t > 0.Q>8O. ε > 0, &*32O N , E-+ n ≥ N C 

〈f(zt) − zt, J(xn − zt)〉 ≤
t

2
M + ε, ∀ t > 0.�g zt → q (t → 0), �4�$Y 1 6 J * E .� v�>� E .CO+, E∗ .CO+I:��.�Q 

lim
t→0

〈f(zt) − zt, J(xn − zt)〉 = 〈f(q) − q, J(xn − q)〉 ≤ ε, ∀ n ≥ N.$� 
lim sup

n→∞

〈f(q) − q, J(xn − q)〉 ≤ ε.� ε > 0 .8�|�Q-
lim sup

n→∞

〈f(q) − q, J(xn − q)〉 ≤ 0. (2.5)
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/�x�;5/G}�z 923�F!�� (1.6) F[�� 1.2 �-
||xn+1 − q||2 =||(1 − αn)(Txn − q) + αn(f(xn) − q)||2

≤(1 − αn)2||Txn − q||2 + 2αn〈f(xn) − q, J(xn+1 − q)〉

≤(1 − αn)2||xn − q||2 + 2αn〈f(xn) − f(q), J(xn+1 − q)〉+

2αn〈f(q) − q, J(xn+1 − q)〉

≤(1 − αn)2||xn − q||2 + 2ααn||xn − q|| ||xn+1 − q||+

2αn〈f(q) − q, J(xn+1 − q)〉

≤(1 − αn)2||xn − q||2 + ααn(||xn − q||2 + ||xn+1 − q||2)+

2αn〈f(q) − q, J(xn+1 − q)〉 .#I�-
||xn+1 − q||2

≤
1 − (2 − α)αn + α2

n

1 − ααn

||xn − q||2 +
2αn

1 − ααn

〈f(q) − q, J(xn+1 − q)〉

≤ (1 −
2(1 − α)αn

1 − ααn

)||xn − q||2 +
2αn

1 − ααn

〈f(q) − q, J(xn+1 − q)〉 +
α2

n

1 − ααn

M

≤ (1 −
(1 − α)αn

1 − ααn

)||xn − q||2 +
2αn

1 − ααn

〈f(q) − q, J(xn+1 − q)〉 +
α2

n

1 − ααn

M .6
α̃n =

(1 − α)αn

1 − ααn

, β̃n =
M

(1 − α)
αn +

2

1 − α
〈f(q) − q, J(xn+1 − q)〉,Q 

||xn+1 − q||2 ≤ (1 − α̃n)||xn − q||2 + α̃nβ̃n. (2.6)�℄n (H1), (H2) [ (2.5) F-
α̃n → 0,

∞∑

n=1

α̃n = ∞, lim sup
n→∞

β̃n ≤ 0.* (2.6) F=6 an = ||xn − q||2, λn = α̃n, bn = α̃nβ̃n, ��� 1.1 - ||xn − q|| → 0 (n → ∞), f
{xn} 1K�# q.Q 2.2 ? E ICO: Gateaux �d.4>H	.�w� �:4|<. Banach �i�? C I E .H��_�� T : C → C IH	.�w4 F (T ) 6= φ, f ∈ ΠC , :Y {αn}I (0, 1) =DO��B℄n (H1) [ (H2), �4� (1.6) 8�.6(�� {xn} �B℄n (2.1),- {xn} 1K�# Q(f). -= Q : ΠC → F (T ), f Q(f) := limt→0 zt.�e � E .COI: Gateaux�d. Banach�i��$Y 1 6�3X>(�w J I*9.4* E .� v�>� E .CO+, E∗ .< ∗ +:��.�" E >H	.�w� �:4|<�Q�ht [11,15]6+ t → 0 C {zt} 1K�# T * C =.�:4��



924 P � 	 } % ) � 27�#�8� 2.1 O .4"FA�s�Æf�-�M_pr�
[1] GEOBEL K, KIRK W A. A fixed point theorem for asymptotically nonexpansive mappings [J]. Proc. Amer.

Math. Soc., 1972, 35(1): 171–174.
[2] BROWDER F E. Convergence of approximants to fixed points of nonexpansive non-linear mappings in Banach

spaces [J]. Arch. Rational Mech. Anal., 1967, 24: 82–90.
[3] REICH S. Strong convergence theorems for resolvents of accretive operators in Banach spaces [J]. J. Math.

Anal. Appl., 1980, 75(1): 287–292.
[4] HALPERN B. Fixed points of nonexpanding maps [J]. Bull. Amer. Math. Soc., 1967, 73: 957–961.
[5] LIONS P L. Approximation de points fixes de contractions [J]. C. R. Acad. Sci. Paris, Sér. A-B, 1977,

284(21): 1357–1359. (in French)
[6] MOUDAFI A. Viscosity approximation methods for fixed points problems [J]. J. Math. Anal. Appl., 2000,

241(1): 46–55.
[7] WITTMANN R. Approximation of fixed points of nonexpansive mappings [J]. Arch. Math. (Basel), 1992,

58(5): 486–491.
[8] XU Hong-kun. An iterative approach to quadratic optimization [J]. J. Optim. Theory Appl., 2003, 116(3):

659–678.
[9] ZHANG Shi-sheng. Some problems and results in the study of nonlinear analysis [J]. Nonlinear Anal., 1997,

30(7): 4197–4208.
[10] XU Hong-kun. Viscosity approximation methods for nonexpansive mappings [J]. J. Math. Anal. Appl., 2004,

298(1): 279–291.
[11] REICH S. Approximating fixed points of nonexpansive mappings [J]. Panamer. Math. J., 1994, 4(2): 23–28.
[12] SHIOJI N, TAKAHASHI W. Strong convergence of approximated sequence for nonexpansive mappings [J].

Proc. Amer. Math. Soc., 1997, 125(12): 3641–3645.
[13] XU Hong-kun. Another control condition in an iterative method for nonexpansive mappings [J]. Bull. Austral.

Math. Soc., 2002, 65(1): 109–113.
[14] XU Hong-kun. Remark on an iterative method for nonexpansive mappings [J]. Comm. Appl. Nonlinear

Anal., 2003, 10(1): 67–75.

[15] /BA�\!q�S$ Halpern /P�kZ [J]. P���� 2005, 48(5): 979–984.
ZHANG Shi-sheng, TIAN You-xian. On an open question of B. Halpern [J]. Acta Math. Sinica (Chin. Ser.),
2005, 48(5): 979–984. (in Chinese)

Viscosity Approximtion of Fixed Points for Nonexpansive Mappings in

Banach Spaces

ZHAO Liang-cai1, ZHANG Shi-sheng1,2

(1. Department of Mathematics, Yibin University, Sichuan 644000, China;
2. Department of Mathematics, Sichuan University, Sichuan 610064, China )

Abstract: Let E be a uniformly smooth Banach space, whose norm is uniformly Gateaux differentiable.
Let C be a closed convex subset of E, f : C → C be a contractive mapping, and T : C → C be a
nonexpansive mapping. It is shown that under more general contractions of viscosity approximation
methods, the sequence {xn} defined by (1.6) converges strongly. The results presented in this paper also
extend and improve some recent results.

Key words: fixed point; contractive mapping; nonexpansive mapping; viscosity approximation.


