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1 ?:�B�F.m�{ Verma 1�s>H [1–5]{b#RZo� Hilbert y` H {s�N*4R Lipschitz~W8
G/9dQB?Y�9�F�1B h/.�SFDm
h��>Zo Hilberty`{��9dB?Y�9�F�1B �m4h/tB�/
m�7��>fP=uRIk� Verma1�/�OfP��>##^7 H -^)/ Hilbert y`���VmA0F�℄� 〈·, ·〉 m || · ||, K - H /Dy�;~X� T : K → H -^fL�w	`G�KDIS�F�1B � (b℄� SNVI) �7�� x∗, y∗ ∈ K *.
〈ρT (y∗) + x∗ − y∗, x − x∗〉 ≥ 0, ∀ x ∈ K, ρ > 0, (1)

〈ηT (x∗) + y∗ − x∗, x − y∗〉 ≥ 0, ∀ x ∈ K, η > 0, (2); SVNI (1) R (2) /�71_l`G9d\5+
x∗ = PK [y∗ − ρT (y∗)], ρ > 0; (3)

y∗ = PK [x∗ − ηT (x∗)], η > 0, (4)�{ PK �, H s K %/9d�2' 1). "P η = 0, t SVNI (1),(2) /�7U=DIS�F�1B (b℄= NVI) /�7�� x∗ ∈ K *.
〈T (x∗), x − x∗〉 ≥ 0, ∀ x ∈ K. (5)

2). "P K∗ = {f ∈ H : 〈f, x〉 ≥ 0, ∀x ∈ K} - H {�;} K /W}�t SNVI (1),(2) �71_lDISK��7��� x∗, y∗ ∈ K *. T (x∗) ∈ K∗, T (y∗) ∈ K∗ �
〈ρT (y∗) + x∗ − y∗, x∗〉 = 0, ρ > 0; (6)/�,+: 2005-06-01;  0,+: 2007-03-22
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〈ηT (x∗) + y∗ − x∗, y∗〉 = 0, η > 0. (7)�= 1 & H -)/ Hilbert y`� T : H → H -^fL�

1). T �=*4/�"P9!T x, y ∈ H 8j
〈T (x) − T (y), x − y〉 ≥ 0.

2). T �= r- �*4/��{ r > 0, "P9!T x, y ∈ H 8j
〈T (x) − T (y), x − y〉 ≥ r||x − y||2.

3). T �= s-Lipschitz /��{ s ≥ 0, "P9!T x, y ∈ H 8j
‖T (x) − T (y)‖ ≤ s‖x − y‖.>& 1.1

[7] & z ∈ H, x ∈ K, t
x = PK(z) ⇐⇒ 〈x − z, y − x〉 ≥ 0, ∀ y ∈ K.>& 1.2

[8] & {an}, {bn} -<KDH0���
�8

an+1 ≤ (1 − tn)an + bn, ∀ n ≥ 0,�{ tn ∈ [0, 1],

∑∞

n=0 tn = ∞,
∑∞

n=0 bn < ∞, t limn→∞ an = 0.

2 3���=��h SNVI (1),(2) �7�AÆ6"G�/5?�1� 2.1 9!L/ x0, y0 ∈ K, \5U� {xn}, {yn}:

xn+1 = (1 − αn − γn)xn + αnPK [yn − ρT (yn)] + γnun,

yn = (1 − βn − δn)xn + βnPK [xn − ηT (xn)] + δnvn,�{ PK - H s K %/9d��0 ρ, η > 0, {un}, {vn} - K {/jjU���
0 ≤ αn + γn ≤ 1, 0 ≤ βn + δn ≤ 1, ∀ n ≥ 0.$ η = 0, δn = 0, t5? 2.1 U=�1� 2.2 9!L/ x0 ∈ K, \5U� {xn}:

xn+1 = (1 − αn − γn)xn + αnPK [xn − ρT (xn)] + γnun,�{ 0 ≤ αn + γn ≤ 1, ∀ n ≥ 0, {un} - K {jjU��$ βn = 1, δn = 0, t5? 2.1 U=�1� 2.3 9!L/ x0, y0 ∈ K, '�U� {xn}, {yn}:

xn+1 = (1 − αn − γn)xn + αnPK [yn − ρT (yn)] + γnun;
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yn = PK [xn − ηT (xn)],�{ 0 ≤ αn + γn ≤ 1, ∀ n ≥ 0, {un} - K {jjU��
3 H<!��& 3.1 & H -^)/ Hilbert y`� K - H /Dy�;~X� T : K → H - r- �*4� µ-Lipschitz ~WfL�^& x∗, y∗ ∈ K - SNVI (1),(2) /h� {xn}, {yn} -i5? 2.1'�/U��"PG�8


��

(a) 0 ≤ αn + γn ≤ 1, 0 ≤ βn + δn ≤ 1, ∀ n ≥ 0;

(b)
∑∞

n=0 αnβn = ∞,
∑∞

n=0(1 − βn) < ∞,
∑∞

n=0(γn + δn) < ∞;

(c) 0 < ρ < 2r/µ2, 0 < η < 2r/µ2.tU� {xn}, {yn} F�.�l x∗, y∗.E* a= x∗, y∗ - SNVI (1),(2) /h�N
x∗ = PK [y∗ − ρT (y∗)], y∗ = PK [x∗ − ηT (x∗)].i5? 2.1 j

‖xn+1 − x∗‖

= ||(1 − αn − γn)(xn − x∗) + αn{PK [yn − ρT (yn)] − PK [y∗ − ρT (y∗)]} + γn(un − x∗)||

≤ (1 − αn − γn)||xn − x∗|| + αn||PK [yn − ρT (yn)] − PK [y∗ − ρT (y∗)]|| + γn||un − x∗||

≤ (1 − αn)||xn − x∗|| + αn||yn − y∗ − ρ[T (yn) − T (y∗)]|| + Mγn, (8)a= {un}, {vn} - K {/jjU��N�
M = max{sup

n≥0
||un − x∗||, sup

n≥0
||vn − y∗||, ||x∗ − y∗||}.ka= T - r- �*4R µ-Lipschitz ~W/�l-j

||yn − y∗ − ρ[T (yn) − T (y∗)]||2

= ||yn − y∗||2 − 2ρ〈T (yn) − T (y∗), yn − y∗〉 + ρ2||T (yn) − T (y∗)||2

≤ ||yn − y∗||2 − 2ρr||yn − y∗||2 + ρ2µ2||yn − y∗||2

= [1 − 2ρr + (ρµ)2]||yn − y∗||2. (9)	 (9) +(# (8) +.
||xn+1 − x∗|| ≤ (1 − αn)||xn − x∗|| + αnθ||yn − y∗|| + Mγn

≤ (1 − αn)||xn − x∗|| + αn||yn − y∗|| + Mγn, (10)�{ θ = [1 − 2ρr + (ρµ)2]1/2, i8
 (c) z 0 < ρ < 2r/µ2, %; θ < 1. |4x.
||yn − y∗||
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= ||(1 − βn − δn)(xn − y∗) + βn{PK [xn − ηT (xn)] − PK [x∗ − ηT (x∗)]} + δn(vn − y∗)||

≤ (1 − βn)||xn − x∗|| + βn||xn − x∗ − η[T (xn) − T (x∗)]|| + (1 − βn)||x∗ − y∗|| + Mδn

≤ (1 − βn)||xn − x∗|| + βn[1 − 2ηr + (ηµ)2]1/2||xn − x∗|| + M [(1 − βn) + δn]

≤ (1 − βn)||xn − x∗|| + βnσ||xn − x∗|| + M [(1 − βn) + δn], (11)�{ σ = [1 − 2ηr + (ηµ)2]1/2, i8
 (c) z 0 < η < 2r/µ2, %; σ < 1. i (10), (11) +.
||xn+1 − x∗||

≤ (1 − αn)||xn − x∗|| + αn[(1 − βn) + βnσ]||xn − x∗|| + αnM [(1 − βn) + δn] + Mγn

≤ [1 − (1 − σ)αnβn]||xn − x∗|| + M [(1 − βn) + δn + γn].� an = ||xn − x∗||, tn = (1 − σ)αnβn, bn = M [(1 − βn) + γn + δn], t%+U= an+1 ≤

(1 − tn)an + bn. i8
 (b) z tn ∈ [0, 1],
∑∞

n=0 tn = ∞,
∑∞

n=0 bn < ∞. Msb} 1.2 z
limn→∞ ||xn − x∗|| = 0, [ {xn} .�l x∗, ri (11) +. {yn} .�l y∗. 7}.y� 2I 1). 7} 3.1 {�$� αn = 1

n+1 , βn = n2+1
n2+2 , tj

∞∑

n=0

αnβn =

∞∑

n=0

n2 + 1

(n + 1)(n2 + 2)
= ∞,

∞∑

n=0

(1 − βn) =

∞∑

n=0

1

n2 + 2
< ∞, ∀n ≥ 0.

2). �>d>H [5] /fP<O-tB�/R+��, γn = 0, δn = 0 (�rx�>H [5] {7} 3.1 /&B�sy�B?%℄je'/Ik��& 3.2 & H -^)/ Hilbert y`� K - H /Dy�;~X� T : K → H - r- �*4� µ-Lipschitz ~WfL�^& x∗, y∗ ∈ K - SNVI (1),(2) /h� {xn}, {yn} -i5? 2.3'�/U��"PG�8


��
(a) 0 ≤ αn + γn ≤ 1,

∑∞

n=0 αn = ∞,
∑∞

n=0 γn < ∞;

(b) 0 < ρ < 2r/µ2, 0 < η < 2r/µ2.tU� {xn}, {yn} F�.�l x∗, y∗.E* s7} 3.1 {� βn = 1, δn = 0, f
i7} 3.1 x.��& 3.3 & H -^)/ Hilbert y`� K - H /Dy�;~X� T : K → H - r- �*4� µ-Lipschitz ~WfL�^& x∗ ∈ K - NVI (5) /h� {xn} -i5? 2.2 '�/U��"PG�8


��
(a) 0 ≤ αn + γn ≤ 1,

∑∞

n=0 αn = ∞,
∑∞

n=0 γn < ∞;

(b) 0 < ρ < 2r/µ2.tU� {xn} .�l x∗.E* s7} 3.1 {� η = 0, δn = 0, i7} 3.1 [.f
��$79�
[1] DUNN J C. Convexity, Monotonicity and gradient processes in Hilbert spaces [J]. J. Math. Anal. Appl., 1976,

53(1): 145–158.
[2] VERMA R U. A class of quasivariational inequalities involving cocoercive mappings [J]. Adv. Nonlinear Var.

Inequal., 1999, 2(2): 1–12.



4� w���2���:e:�G�2C!�i06)Æn 943

[3] VERMA R U. Generalized class of partially relaxed monotonicities and its connections [J]. Adv. Nonlinear
Var. Inequal., 2004, 7(2): 155–164.

[4] VERMA R U. Projection methods, algorithms, and a new system of nonlinear variational inequalities [J].
Comput. Math. Appl., 2001, 41(7-8): 1025–1031.

[5] VERMA R U. General convergence analysis for two-step projection methods and applications to variational
problems [J]. Appl. Math. Lett., 2005, 18(11): 1286–1292.

[6] HE Bing-sheng. A new method for a class of linear variational inequalities [J]. Math. Programming, Ser.A,
1994, 66(2): 137–144.

[7] KINDERLEHRER D, STAMPACCHIA G. An Introduction to Variational Inequalities and Their Applications
[M]. Academic Press, New York-London, 1980.

[8] LIU Li-shan. Ishikawa and Mann iterative process with errors for nonlinear strongly accretive mappings in
Banach spaces [J]. J. Math. Anal. Appl., 1995, 194(1): 114–125.

[9] ZEIDLER E. Nonlinear Functional Analysis and its Applications (II/B) [M]. Springer-Verlag, New York, 1990.

Approximating Solutions to System of Variational Inequalities by

Two-Step Projection Method

ZHAO Liang-cai, WANG Xiong-rui, ZHANG Zheng-liang
(Department of Mathematics, Yibin University, Sichuan 644007, China )

Abstract: This paper deals with general convergence for two-step projection methods and the ap-
proximation solvability of system of nonlinear variational inequalities in Hilbert spaces by the iterative
sequences with errors. The results presented extend and improve recent results of Verma etc.

Key words: system of nonlinear variational inequalities; two-step projection methods; r-strongly mono-
tonic mapping; convergence analysis.


