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1 nioJH�\d [1–6] 0d$:��\w}�I"8��0k�C�'"�\d [3–6] +|h�"30x���Q"�I"8��0k�C�2C�= A F n vI���A∗ �E A 0T70)�
A > 0 (A ≥ 0) �E A F Hermite "8 ("8) ��� |detA| �E A 0k�C detA 0#�= A =

(

Ak B
C D

)

, 8 Ak 
&� A V� Ak 0 Schur �lY A/Ak = D − CA−1
k B, 8 D
&� A V� D 0 Schur �lY A/D = Ak − BD−1C; ∀A ∈ Cn×n, A = H(A) + S(A), -+ H(A) = A+A∗

2 ℄ S(A) = A−A∗

2 F��E A 0 Hermite �F℄A Hermite �F [7]. \d
[1–2]Q"�I"8��0���\d [4–6]�\d [3] +u"8��k�C�2CVX-I"8����/-X�0 Minkowski �2C�b!F��"Q 1–4 �Ef�0x��X` 1

[3, : 2] = A, B ∈ Cn×n, n ≥ 2, A F n vu"8��� B F n v?;�"8����
(det(A + B))

1

n > (detA)
1

n + (detB)
1

n . (1)X` 2
[4, : 3] = A, B ∈ Cn×n, n ≥ 2, A Fu"8���B F n v?;�"8 ("8)����

(det(A + B))s ≥ (detA)s + (detB)s, (2)-+ s FB s(n + t) ≥ 2 06|?I�> t F AB−1 0?P &0OI�X` 3
[5, : 2] = A, B ∈ Cn×n, n ≥ 2, AF nvI"8 ("8)���B > 0, det(λB−

A) = 0 0ISOIY s, �
|(det(A + B)| 2

2n−s ≥ |detA| 2

2n−s + |detB| 2

2n−s (3)2\��0!zSrF det(λB − A) = 0 0ISY%nI.#�f2�?Sf2.2�IS#0)B�^D[Z: 2005-03-21; L_[Z: 2005-10-23INgY: Zn25	tez (10271021).
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[6], : 1 = A, B ∈ Cn×n, n ≥ 2, A F n vI"8��� B > 0, B−1A 0D?P SF m ;T7II��

|(det(A + B)| 1

n−m ≥ |detA| 1

n−m + |detB| 1

n−m . (4)^ M~:0x���"3�'>�h"Q0fVV�{�"3�S 1 = A =

(

10 0
−9 10

)

, B =

(

2 −1
−1 2

)

, AFu"8���B F?;�"8���
(det(A + B))

1

2 =
√

134, (detA)
1

2 + (detB)
1

2 = 10 +
√

3 >
√

134, U"Q 1 �"3�S 2 = A =

(

21
5 0
− 11

5
21
5

)

, B =

(

2 −1
−1 2

)

, A Fu"8��� B > 0, AB−1 =
(

14
5

7
5

− 1
15

31
15

)

, AB−1 0P =gCF λ2 − 73
15λ + 441

75 	�Oa�0?S�ISOIF 0, �"Q 2 + n = 2, t = 2, 0 s = 1
2 , �3 s(n + t) = 2, (det(A + B))s =

√
35.4, (detA)s + (detB)s =

4.2 + 1.732 = 5.932 >
√

35.4, U"Q 2 �"3��"Q 3+�B det(λB−A) = 02p� det(λE−AB−1) = 0,� 2+�det(λB−A) = 00ISOIY 0, n = 2, &>"Q 3 �� (det(A + B))
1

2 ≥ (detA)
1

2 + (detB)
1

2 , U"Q 3 �"3��� B−1A Æ AB−1 	fT0P &��� 2 % B−1A D?P &0OIY 0, "Q 4 +
m = 0, &>K"Q�� |det(A + B)| 12 > |detA| 12 + |detB| 12 , �� 2 %"Q 4 �"3�
2 vkMFY��\0$0�Q"iO��mR 1

[2] = A ∈ Cn×n, n ≥ 2, A FI"8����;6^
&�� P ∈ Cn×n, P ∗AP F
n vI"8���mR 2 = A ∈ Cn×n, A FI"8��� B > 0, �	
&�� P ∈ Cn×n B

P ∗BP = En, P ∗AP =





















a1

. . . ∗
ar

λ1

0
. . .

λs





















, (5)-+ En F n v,[��� ak ∈ R+, k = 1, . . . , r, Reλj > 0, j = 1, 2, . . . , s, r + s = n.tW � B > 0, U	
&�� Q ∈ Cn×n B Q∗BQ = En, �� Schur 8��(����
U ∈ Cn×n B U∗(Q∗AQ)U =





















a1

. . . ∗
ar

λ1

0
. . .

λs





















, ��� 1 f\d [2] %� ak > 0,

Reλj > 0. � P = QU , � P 
&.B (5) C���mR 3
[2] = A ∈ Cn×n, A FI"8����

(1) A 06|.1�{FI"8��� (2) A 
&�. A−1 {I"8�
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[2] = A ∈ Cn×n, A FI"8����;6|�3 1 ≤ k ≤ n − 1 0!I k, Ak Y

A 0 k vLp.1��� A/Ak {FI"8���mR 5
[10] = a1, a2, . . . , an F"?I��= 0 < r ≤ s, � (

∑n
k=1 as

k)
1

s ≤ (
∑n

k=1 ar
k)

1

r .mR 6 = a1, a2, . . . , an F"?I� ∀r > 0 . ar
n ≥ ∑n−1

k=1 ar
k, � ∀t ≥ r, at

n ≥ ∑n−1
k=1 at

k.�R 1 = A, B ∈ Cn×n, n ≥ 2, A F n vI"8��� B > 0, �
|det(A + B)| > |detA| + |detB|. (6)tW ��� 2 %(�
&� P ∈ Cn×n, B (5) C���U	

|detP ∗P |2|det(A + B)|2 = |det(P ∗AP + P ∗BP )|2 = |
r

∏

k=1

(1 + ak)

s
∏

j=1

(1 + λj)|2

=
r

∏

k=1

(1 + a2
k + 2ak)

s
∏

j=1

(1 + |λj |2 + 2Reλj) >
r

∏

k=1

(1 + a2
k)

s
∏

j=1

(1 + |λj |2)

= (1 + a2
1)

r
∏

k=2

(1 + a2
k)

s
∏

j=1

(1 + |λj |2),� Hölder 5?�2C%
(1 + a2

1)
r

∏

k=2

(1 + a2
k)

s
∏

j=1

(1 + |λj |2) > (1 + a2
1)(1 +

r
∏

k=2

a2
k

s
∏

j=1

|λj |2)

= 1 + a2
1 +

r
∏

k=2

a2
k

s
∏

j=1

|λj |2 +

r
∏

k=1

a2
k

s
∏

j=1

|λj |2

≥ 1 + 2

√

√

√

√

r
∏

k=1

a2
k

s
∏

j=1

|λj |2 +
r

∏

k=1

a2
k

s
∏

j=1

|λj |2 =
(

1 +

√

√

√

√

r
∏

k=1

a2
k

s
∏

j=1

|λj |2
)2

= (|detP ∗BP | +
√

|detP ∗AP |2)2 = |detP ∗P |2(|detB| + |detA|)2,�1 |detP ∗P |2 ��Bh/ (6) C����R 2 = A, B ∈ Cn×n, n ≥ 2, A FI"8��� B ≥ 0 �
|det(A + B)| > |detA|. (7)tW � 0 < r ≤ n − 1 f B ≥ 0 %	
&�� P ∈ Cn×n B P ∗BP =

(

Er 0
0 0

)[8]

, l
P ∗AP = Ā =

(

C D
F G

)

, C Y r vB�� A F n vI"8������ 1 % P ∗AP FI"8���'>��� 4 % Ā/G FI"8���.
|detP ∗P ||det(A + B)| = |det(P ∗AP + P ∗BP )| = |det[

(

C D
F G

)

+

(

Er 0
0 0

)

]|

= |det[

(

Ā/G 0
F G

)

+

(

Er 0
0 0

)

]| = |det(Ā/G + Er)||detG|,�8� 1 % |det(Ā/G + Er)| > |detĀ/G| + 1, '>
|detP ∗P ||det(A+B)| > |Ā/G||detG|+ |detG| > |Ā/G||detG| = |detA| = |P ∗AP | = |P ∗P ||detA|,



952 J r x ~ � * � 27��1 |detP ∗P |, h/ (7) C����R 3 = A, B ∈ Cn×n, n ≥ 2, A FI"8��� B > 0, �
(det(A + B))

2

n > (detA)
2

n + (detB)
2

n . (8)tW � A FI"8��� B > 0, S��� 2 %(�
&� P ∈ Cn×n, B (5) C����F
|detP ∗P | 2

n |det(A + B)| 2

n = |det(P ∗AP + P ∗BP )| 2

n = |
r

∏

k=1

(1 + ak)

s
∏

j=1

(1 + λj)|
2

n |

= (

r
∏

k=1

(1 + ak)2
s

∏

j=1

(1 + λj)
2)

1

n = [

r
∏

k=1

(1 + a2
k + 2ak)

s
∏

j=1

(1 + |λj |2 + 2Reλj)]
1

n

> [

r
∏

k=1

(1 + a2
k)

s
∏

j=1

(1 + |λj |2)]
1

n , � Hölder 5?�2C
|detP ∗P | 2

n |det(A + B)| 2

n > [
r

∏

k=1

(1 + a2
k)

s
∏

j=1

(1 + |λj |2)]
1

n ≥ 1 +
r

∏

k=1

a
2

n

k

s
∏

j=1

|λj |
2

n

= |detP ∗BP | 2

n + |detP ∗AP | 2

n = |detP ∗P | 2

n (|detB| 2

n + |detA| 2

n ),�1 |detP ∗P | 2

n , h/ (8) C����8� 3 f�� 5 
/bU 1 = A, B ∈ Cn×n, n ≥ 2, A FI"8��� B > 0, � ∀α ≥ 2
n
, 	

(det(A + B))α > (detA)α + (detB)α. (9)tW � α ≥ 2
n
/ 2

nα
≤ 1, S��8� 3 f�� 5 
/

|det(A + B)|α = (|det(A + B)| 2

n )
nα

2 > (|detA| 2

n + |detB| 2

n )
nα

2

= [(|detA|α)
2

nα + (|detB|α)
2

nα ]
nα

2

≥ (|detA|α)1 + (|detB|α)1 = |detA|α + |detB|α.bU 2 = A, B ∈ Cn×n, A FI"8��� B > 0, �	
(det(A + B))

1

n >
1

2
(|detA| 1

n + |detB| 1

n ). (10)w �V�L"�"Q 1 0x��tW � A1 =

(

A 0
0 En

)

, B1 =

(

B 0
0 En

)

, ��� A1 F 2n v0I"8��℄
B1 > 0, '>�8� 3 
~/-

|det(A1 + B1)|
2

2n = (2n|det(A + B)|) 2

2n = 2|det(A + B)|) 1

n

> |detA1|
2

2n + |detB1|
2

2n = |detA| 1

n + |detB| 1

n ,'> (10) C����R 4 = A ∈ Cn×n, A F n(n ≥ 2) vI"8���� ∀t ≥ 2
n
, 	

|detA|t > |detH(A)|t + |detS(A)|t.



4, ��H�J#9��1l�D�3D 953tW �\d [11] 08� 2 %. |detA| 2

n > |detH(A)| 2

n + |detS(A)| 2

n , ∀t ≥ 2
n
, ���� 6%. |detA|t > |detH(A)|t + |detS(A)|t, P�40 t = 1 >� |detA| > |detH(A)| + |detS(A)|.�l = A F n vI"8��� n ≥ 2, �;6|�3 1 ≤ k ≤ n − 1 0!I k, Ak Y A0 k vLp.1��8 n vI�� A =

(

Ak B
B∗ D

)

, �� A F k- �� Hermite ����8
k vLp.1� Ak {F Hermite ����� A F k- ��W2 Hermite ��� (D = D∗, ��
A F k- ��W2 Hermite ��).; k- ��W2 Hermite ���	~bx���R 5 = A, B ∈ Cn×n, n ≥ 2, AF k-��W2 Hermite���.FI"8���B > 0,�

|det(A + B/(Ak + Bk))| > |det(A/Ak)| + |det(B/Bk)|. (11)tW � AF k-��W2 Hermite���.FI"���B > 0,�
= A =

(

Ak A12

A∗

12 Ã

)

,

B =

(

Bk B12

B∗

k B̃

)

, �� A I"8��� B > 0, U��� 4 % A/Ak, B/Bk �YI"8����F A/Ak + B/Bk I"8�� (A + B)k = Ak + Bk, '>
M =(A + B)/(A + B)k − (A/Ak + B/Bk)

=Ã + B̃ − (A∗

12 + B∗

12)(Ak + Bk)−1(A12 + B12) − (Ã − A∗

12A
−1
k A12) − (B̃ − B∗

12B
−1
k B12)

=A∗

12A
−1
k A12 + B∗

12B
−1
k B12 − (A∗

12 + B∗

12)(Ak + Bk)−1(A12 + B12)−
A∗

12(Ak + Bk)−1B12 − B∗

12(Ak + Bk)−1A12.��$ [3]

A−1
k − (Ak + Bk)−1 = (Ak + AkBkAk)−1,

B−1
k − (Ak + Bk)−1 = B−1

k Ak(Ak + AkB−1
k Ak)−1AkB−1

k ,

(Ak + Bk)−1 = (Ak + AkB−1
k Ak)AkB−1

k ,

(Ak + Bk)−1 = B−1
k Ak(Ak + AkB−1

k Ak)−1,��� A∗

k = Ak, B∗

k = Bk, U
M = (A∗

12 − B∗

12B
−1
k A∗

k)(Ak + AkB−1
k Ak)−1(A12 − AkB−1

k B12)

= (A∗

12 − AkB−1
k B12)

∗(Ak + AkB−1
k Ak)−1(A12 − AkB−1

k B12).� Ak > 0, Bk >0,� B−1
k >0,'> Ak+A∗

kB−1
k Ak =Ak +AkB−1

k Ak > 0, (Ak +AkB−1
k Ak)−1 > 0,�& M ≥ 0 . �8� 1 Æ8� 2 %

|det(A + B/(Ak + Bk))| = |det(M + A/Ak + B/Bk)| ≥ |det(A/Ak + B/Bk)|
> |detA/Ak| + |detB/Bk|.bU 3 �8� 5 0Srb	

|det(A + B)| > |detA|(1 +
|detBk|
|detAk|

) + |detB|(1 +
|detAk|
|detBk|

). (12)
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Ek 0
A∗

12A
−1
k En−k

) (

Ak A12

A∗

12 Ã

)(

Ek −A−1
k A12

0 En−k

)

=

(

Ak 0
0 A/Ak

)

,0k�C/ detA = detAkdetA/Ak, h detA/Ak = detA
detAk

, �8� 5 f:C/-
|det(A + B)| > (|detAk| + |detBk|)(

|detA|
|detAk|

+
|detB|
|detBk|

)

= |detA|(1 +
|detBk|
|detAk|

) + |detB|(1 +
|detAk|
|detBk|

).<Pdf�
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Some Determinantal Inequalities on Complex Positive Definite

Matrices

ZHAO Li-feng
(Department of Mathematicas, Nanjing University of Post and Telecommumications, Jiangsu 210003, China )

Abstract: In this paper, some mistakes in papers [3–6] are pointed out. Some Determinantal inequalities
on complex positive definite matrix are also presented.

Key words: complex positive definite matrix; inequality; determinant; Schur complement.


