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1 qluqZI Ω R n ≥ 3 s-T�q.'t7�	�|�Æ6xf�
{

−∆u = h(|x|)uτ + λu, x ∈ Ω;
u > 0, x ∈ Ω; u = 0, x ∈ ∂Ω.

(1.1)-� h R�MEJ��℄\� λ R�M�\� τ = (n + 2)/(n − 2).� p := τ + 1 R Sobolev 4A H1
0 (Ω) → Lp(Ω) .�}7��-M4A�R�.��=j��G?�S��r��I-�Æ)�z%	���:�℄\�q4q.4A�l

H̊1
s(Ω) = {u ∈ H1

0 (Ω) : u(x) = u(|x|), ∀x ∈ Ω}.I h R Ω .EJ��℄\�� Lp
h(Ω) �Q�M Banach �q�1�\r
‖u‖p, h, Ω =

(

∫

Ω

h|u|p
)1/p

.�v.�Mg�z!R��Z hR��:�.��℄\�$D h(0) = 0,+4A H̊1
s(Ω) → Lp

h(Ω)R�. (�vO>I p = 2n/(n− 2)).) h R Hölder ��℄\L� Ni[6] 2' (1.1) P���:�{�) h 9R��L Ni[6] .B?�)S��z%��2'xf (1.1) ���{�e2'�E��{��F,a3�g �q�!!xf (1.1), �vRW!�1!�z%.B?
!RXA.xf�W}��|���pY 1.1 (Lions ��) I�DM Banach �q X1, X2, X3 $D4AV{ X1 ⊂ X2 ⊂ X3,�64A X1 → X3 R�.�+4A X1 → X2 R�.)6�): >O ε > 0 "* K(ε) > 0,N-
‖x‖X2

≤ ε‖x‖X1
+ K(ε)‖x‖X3

, ∀x ∈ X1.eNb_: 2005-04-08; Ufb_: 2005-07-28



964 ℄ � � � " . " 27�x^ }~��I {xn} R X1 =.�}�� ‖xn‖ ≤ M , z%Æ2'b�B�* X2 =V��>O ε > 0, Q���.iu�"* K = K(ε) > 0, N-��=.�0P���� 4A
X1 → X3 R�.�U"* {xn} .B��?lr {xn}, * X3 =V�� R: ε′ = ε/K > 0,"* N > 0, N) m, n > N L� ‖xm − xn‖X3

< ε/K. -�) m, n > N L��
‖xm − xn‖X2

≤ ε‖xm − xn‖X1
+ K‖xm − xn‖X3

≤ (2M + 1)ε.-_'B� {xn} R Banach �q X2 =. Cauchy ���=RV���|����4A X1 → X2 R�.�4AV{ X1 ⊂ X2 ⊂ X3 �\4A X1 → X3 .�;���|2'! Berger[1] =.B?p<�l�U �{S 1 �E��RQ� Lions ��L�. (tv� [1] = 1.3 y), ?�4r Lions ���%v9��4A.Æiu�hn4A X1 → X3 .�;�iua�Æiu�R�Giu�|���X Hebey i Vaugon[4] 3>=��pY 1.2 I Ω R n ≥ 3 s't7� h R1E��:�.EJ��℄\�$D h(0) = 0.�Z>O ε > 0, "*�M7�*%4.7 Bε ⊂ Ω, N-
‖u‖p, h, Bε

≤ ε‖∇u‖2,Ω, ∀ u ∈ H̊1
s(Ω),+4A H̊1

s(Ω) → Lp
h(Ω) R�.�x^ �DI r = 0R h .T��4��=.� h1(r) = r +h(r) :&�2'��z!�-R�r�0P h(r) ≤ h1(r) �\4AV{ Lp

h1
(Ω) ⊂ Lp

h(Ω).>O ε > 0, Q���.iu�"*�M7�*%4.7 Bε ⊂ Ω, N-
‖u‖p, h, Bε

≤ ε‖∇u‖2,Ω, ∀ u ∈ H̊1
s(Ω). (1.2)I Bε .	�r 2η, l A = {x ∈ Ω : η ≤ |x| ≤ 1} ��EJx9℄\ µ ∈ C

1[0, 1] $D
{

µ(r) = 0, 0 ≤ r ≤ η;
µ(r) = 1, 2η ≤ r ≤ 1,6 µ(r) ≤ 1, |µ′(r)| ≤ 2/η. A� µu ∈ H̊1

s(A), (1 − µ)u ∈ H̊1
s(Bε).*d$ A E�4A H̊1

s(A) → Lp(A) ⊂ Lp
h(A) ⊂ L2

h(A) R�. [5]. Q� Lions ���:aO ε > 0, "* K1(ε) > 0 N-
‖µu‖p, h, A ≤ ε‖∇µu‖2, A + K1(ε)‖u‖2, h, A. (1.3)A�* ∇µu = µ∇u + u∇µ, |∇µ| ≤ 2/η, �

‖∇µu‖2, A ≤ ‖∇u‖2, A + (2/η)‖u‖2, A. (1.4)Cl mη = inf{ h(x) : x ∈ Ā }, +
∫

A

|u|2dx ≤ 1

mη

∫

A

h|u|2dx. (1.5)Q��0P (1.3), (1.4) i (1.5) -
‖µu‖p, h, A ≤ ε‖∇u‖2, A + K2(ε)‖u‖2, h, A, (1.6)



40 qw<�1��N5B��j2�� 9651=� K2(ε) = K1(ε) + 2/η
√

mη.~*�z%� u = µu + (1 − µ)u, �� Minkowski �0P�-
‖u‖p, h, Ω ≤ ‖µu‖p, h, Ω + ‖(1 − µ)u‖p, h, Ω.Q� µ(x) .:?�EP�r

‖u‖p, h, Ω ≤ ‖u‖p, h, A + ‖u‖p, h, Bε
, (1.7): K(ε) = K2(ε), ��0P (1.2), (1.6) i (1.7) m-

‖u‖p, h, Ω ≤ 2ε‖∇u‖2,Ω + K(ε)‖u‖2, h, Ω.Q� Lions ���4A H̊1
s(Ω) → Lp

h(Ω) R�.�
2 znV\LY 2.1 I Ω R n ≥ 3 s't7� h R1E��:�.EJ��℄\��Z h(0) = 0,+4A H̊1

s(Ω) → Lp
h(Ω) : p = 2n/(n − 2) R�;.�x^ O5 ε > 0, :7�*%4�	��G�.7 Bε, N) x ∈ Bε L� h(x) ≤ εp.  L�

(

∫

Bε

h|u|p)1/p ≤ ε(

∫

Bε

|u|p)1/p, ∀u ∈ H̊1
s(Ω). (2.1)�� Sobolev 4A5��-

(

∫

Bε

|u|p)1/p ≤ (

∫

Ω

|u|p)1/p ≤ Kn(

∫

Ω

|∇u|2)1/2, (2.2)1= Kn R9�� n .�\�� (2.1) i (2.2) P-
‖u‖p, h, Bε

≤ Knε‖∇u‖2,Ω, ∀ u ∈ H̊1
s(Ω).���� 1.2 �-z!�l λ1 r H1

0 (Ω) E Laplace `B.2�e/6�z%�|�5�LY 2.2 C h 6≡ 0 $D5� 2.1 .iu�6 λ ∈ (−∞, λ1), +xf (1.1) :G��M��:�{�x^ l
Σ = {u ∈ H̊1

s(Ω) : ‖u‖p ,h = 1},

Sλ = inf
Σ

(‖∇u‖2
2 − λ‖u‖2

2).z%3,�4A H̊1
s(Ω) → Lp

h(Ω) R�.��=E[ inf 
r(�EJ℄\ v = v(λ) :*��f-�M Lagrange �B µ = Sλ, $D
−∆v = µh(x)vτ + λv.



966 ℄ � � � " . " 27�) λ < λ1 L� µ > 0. Q�h$6%��* Ω E v `0��J µ, z%-*xf (1.1) .{�-{Y H1
0 (Ω)

⋂

L∞(Ω)[2].|&	�<{��r 
���? inf. l
Σ∗ = {u ∈ H1

0 (Ω) : ‖u‖p ,h = 1},

S∗

λ = inf
Σ∗

( ‖∇u‖2
2 − λu‖2

2).W}� S∗

λ ≤ Sλ. ) λ ≤ 0 6 h R0�\L�: a��}9$� S∗

λ 8�+
#* [2]. �=��Ms'.!2�'�) h r��EJ℄\L� S∗

λ �+:*�-�) λ ≤ 0 L� S∗

λ < Sλ.Q�����: �G�. λ > 0 � S∗

λ < Sλ.��B&�p5 h = h(|x|) $D|�Kniu�
{

h �GWb�* (0, 1) *.(4 r0 #*E$6 ;
h′(r0) = 0, n = 4; h′(r0) = h′′(r0) = 0, n ≥ 5,

(H)+Q� Escobar[3] .�MzZ�) λ ∈ (0, λ1) L� S∗

λ 

(M v∗ = v∗(λ) #*�: �G�. λ > 0, v∗(λ) 6= v(λ) (H+ S∗

λ = Sλ). v∗(λ) �R��:�.�H+ S∗

λ = Sλ. �J S∗

λ, �-*E��{�CEa[�z%�|&5�LY 2.3 *5� 2.1.iu|�pI ΩR n ≥ 4s't7��Z h 6≡ 0�$D5� 2.1.iuoe$Diu (H), +:�G�. λ > 0, xf (1.1) m���:�{���E��:�{�JWik�
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An Embedding Lemma and Its Applications
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Abstract: The article discusses an elliptic problem on a ball involving critical nonlinearities. Radial and
nonradial solutions are given by establishing embedding theorems for symmetric functions of Sobolev
space into weighted L

p spaces.
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