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Abstract In this paper, let A be a finite dimensional associative algebra over an algebraically

closed field k, modA be the category of finite dimensional left A-module and X1, X2, . . . , Xn

in modA be a complete exceptional sequence, and let E be the endomorphism algebra of

X1, X2, . . . , Xn. We study the global dimension of E, and calculate the Hochschild cohomology

and homology groups of E.
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1. Introduction

In studying vector bundles in P
n Moscow school discovered exceptional sequences and the

action of braid groups[1−4]. The natural setting is in the context of triangulated categories. At the

1992 Canadian Mathematical Society Annual Seminar, A. N. Rudakov lectured on exceptional

sequences of vector bundles for P
n. In 1993, W. Crawley-Boevey[5] introduced the concept of

exceptional sequences into the categories of the representations of quivers. He proved that the

action of the braid group with (n − 1) generators on the set of complete exceptional sequences

in categories of representations of quivers with n simple representations is transitive. C. M.

Ringel[6] generalized this result to the module categories of general hereditary Artin algebras,

and gave the relation between complete exceptional sequences and tilting sequences. Since then,

some problems on exceptional sequences[7−10] have been studied.

Let A be a finite dimensional associative algebra with identity over a field. The Hochschild

cohomology groups Hi(A,X) of A with coefficients in a finitely generated A-A-bimodule X were

defined by G.Hochschild in 1945[1]. We write Hi(A) instead of Hi(A,A) in case of X = A, and

we call Hi(A) the ith-Hochschild cohomology group of A. The lower degree groups (i ≤ 2) have
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a very concrete interpretation of classical algebraic structures such as derivations and extensions.

It was observed by Gerstenhaber[13] that there are connections to algebraic geometry. In fact,

H2(A,A) controls the deformation theory of A, and it was shown that the algebra satisfying

H2(A) = 0 is rigid. In Ref. [14], P. Gabriel gave the relation between H2(A) and the structure of

A. But, in general, it is not easy to compute the Hochschild cohomology groups of a given algebra.

Computations for semi-commutative Schurian algebras and algebras arising from narrow quivers

have been provided in Refs. [12] and [15] respectively. The cases of monomial and truncated

algebras have been studied in Refs. [16,17]. However, the actual calculations of Hochschild

cohomology groups have been fairly limited.

Hochschild homology groups of algebras were not introduced by G. Hochschild himself.

It seems that it appeared firstly in the book ‘Homological algebra’ written by H. Cartan &

S.Eilenberg[18]. It plays an important role in studying cyclic homology groups. Hochschild Ho-

mology groups are not the duality of Hochschild cohomology group in the sense of categories.

Perhaps it is easy to calculate the Hochschild homology groups of some algebras, but maybe it is

difficult to calculate their Hochschild cohomology groups. The converse probably happens, too.

Thus, we might say, Hochschild cohomology and homology groups give expressions of properties

of different aspects for an algebra. Readers who hope to find the results on Hochschild homology

groups may refer to the references [19 − 24].

The aim of this paper is to investigate the Hochschild (Co)homology groups and the global

dimension of the endomorphism algebras of exceptional sequences over hereditary algebras.

2. Preliminaries

Throughout this paper let k be an algebraically closed field, A be a finite-dimensional heredi-

tary algebra with identity over k, and modA be the category of finitely generated left A-modules.

An indecomposable module X is said to be exceptional if Ext1A(X,X) = 0. Note that End(X) is

the field k in this case. A set of exceptional modules X1, X2, . . . , Xr is said to be an exceptional

sequence if HomA(Xj , Xi) = 0 and Ext1A(Xj , Xi) = 0 for j > i. The set {X1, X2, . . . , Xr} is

said to be a complete exceptional sequence if r = n is the number of isomorphic classes of simple

modules in modA. EndA(X1 ⊕X1 ⊕ · · · ⊕Xn) = HomA(X1 ⊕ · · · ⊕Xn, X1 ⊕ · · · ⊕Xn) is said

to be the endomorphism algebra of the complete exceptional sequence {X1, X2, . . . , Xn}.

Let C be a set of modules in modA. Then

C⊥ = {M | HomA(X,M) = 0,Ext1A(X,M) = 0,M ∈ modA,X ∈ C}

and
⊥C = {M | HomA(M,X) = 0,Ext1A(M,X) = 0,M ∈ modA,X ∈ C}

are respectively called the right and left perpendicular categories determined by C. When C

contains only one module X , we write ⊥C =⊥X , C⊥ = X⊥.

The following lemma is from Ref. [25].

Lemma 2.1 Let H = k~∆, where ∆ is a quiver with n vertices, and E = (X1, X2, . . . , Xr) be
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an exceptional sequence in modH . Then E⊥ and ⊥E are respectively equivalent to modkQ(E⊥)

and modkQ(⊥E), where Q(E⊥) and Q(⊥E) are quivers containing n− r vertices without oriented

cycles. Especially, ifX is an exceptional module in modH , thenX⊥ = modHr and ⊥X = modHl,

where Hr = k~∆r and Hl = k~∆l, with ~∆r and ~∆l each having one vertex less than ~∆.

Lemma 2.2 Let {X1, X2} be an exceptional sequence in modA. If HomA(X1, X2) 6= 0, then

Ext1A(X1, X2) = 0.

Proof Since Ext1A(X2, X1) = 0, the nonzero map f ∈ Hom(X1, X2) is either injective or

surjective. If f is surjective, then f induces a surjective Ext1A(X1, X1) −→ Ext1A(X1, X2). Thus,

Ext1A(X1, X1) = 0 implies Ext1A(X1, X2) = 0. If f is injective, then f induces a surjective

Ext1A(X2, X2) −→ Ext1A(X1, X2). Thus, Ext1A(X2, X2) = 0 implies Ext1A(X1, X2) = 0. This

completes the proof. 2

Now, let A be a basic, connected finite-dimensional algebra over the algebraically closed field k

and AXA be a finite-dimensionalA-bimodule. We define the Hochschild complex C∗ = (Ci, di)i∈Z

associated with this data as follows:

Ci = 0, di = 0 for i < 0, C0 = AXA, Ci = Homk(A
⊗i, X) for i > 0, where A⊗i denotes the

i-fold tensor product over k of A with itself, d0 : X −→ Homk(A,X) with (d0x)(a) = ax − xa

for x ∈ X and a ∈ A, di : Ci −→ Ci+1 with (dif)(a1 ⊗ · · · ⊗ ai+1) = a1f(a2 ⊗ · · · ⊗ ai+1) +
∑i

j=1(−1)jf(a1 ⊗ · · · ⊗ ajaj+1 ⊗ · · · ⊗ ai+1) + (−1)i+1f(a1 ⊗ · · · ⊗ ai)ai+1 for f ∈ Ci and

a1, . . . , ai+1 ∈ A.

Thus, we define Hi(A,X) = Hi(C∗) = ker di/imdi−1, and we call it the ith cohomology

group of A with coefficients in the bi-modules X .

Of particular interest to us is the case of AXA = AAA. In this case Hi(A,A) is denoted by

Hi(A). We call it the ith Hochschild cohomology group of A.

Clearly, H0(A,X) = XA = {x ∈ X |ax = xa for any a ∈ A}. In particular, H0(A) coincides

with the center of A. Let Der(A,X) = {δ ∈ Homk(A,X)|δ(ab) = aδ(b) + δ(a)b} be the k-vector

space of derivations of A on X . We denote by Der0(A,X) the subspace of inner derivations.

Thus, Der0(A,X) = {δx : A −→ X | δx(a) = ax− xa , x ∈ X}. It follows immediately from the

definition that H1(A,X) = Der(A,X)/Der0(A,X).

Let B be a finite dimensional k-algebra and M be a left B-module. By definition, the one-

point extension A = B[M ] of B by M is the finite dimensional k-algebra

(

k 0

M B

)

with

multiplication

(

a 0

m b

)(

a′ 0

m′ b′

)

=

(

aa′ 0

ma′ + bm′ bb′

)

, where a, a′ ∈ k, m, m′ ∈ M

and b, b′ ∈ B.

Lemma 2.3[12] Let A = B[M ] be a one-point extension algebra of B by M . Then there exists

the following long exact sequence connecting the Hochschild cohomology groups of A and B

0 −→ H0(A) −→ H0(B) −→ EndB(M)/k −→ H1(A) −→ H1(B) −→ Ext1B(M,M) −→ · · · −→

ExtiB(M,M) −→ Hi+1(A) −→ Hi+1(B) −→ Exti+1
B (M,M) −→ · · · .
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Again let A be a finitely dimensional associative algebra with identity over a field k and

Ae = A
⊗

k A
op be the enveloping algebra of A. Denote by A⊗i the i-fold tensor product k of A

with itself, and by (a1, a2, . . . , ai) the element a1 ⊗ a2 ⊗ · · ·⊗ ai in A⊗i. The Hochschild complex

(A∗+1, b) of A is defined via b : A⊗(n+1) −→ A⊗n with

b(a1, a2, . . . , an) =

n
∑

i=1

(−1)i−1(a1, . . . , aiai+1, . . . , an+1) + (−1)n(an+1a1, . . . , an)

and H∗(A) = H(A∗+1, b) is called the ∗-th Hochschild homology group of A. Then we have

Hi(A) ∼= TorA
e

i (A,A) = DExtiAe(A,D(A)) for i ≥ 0[18], where D = Homk(−, k) is the standard

dual functor.

Let H be a finitely dimensional hereditary algebra over k and TH be a tilting module in

modH . Then B = End(TA) is said to be a tilted algebra.

3. The global dimension and Hochschild cohomology groups of endo-

morphism algebras of exceptional sequences

Let A be a basic, connected finitely dimensional hereditary algebra over an algebraically

closed field k. Let {X1, X2, . . . , Xn} be a complete exceptional sequence in modA, and E =

End(X1 ⊕ · · · ⊕Xn) be its endomorphism algebra. Firstly we will study the global dimension of

E in this section. The following lemma is due to Ref.[26].

Lemma 3.1 Suppose T and U are artin algebras over R with T semi-simple where R is a

commutative artin ring with identity. Let UMT be a nonzero bimodule where R acts centrally (i.e.

rm = mr for any r ∈ R and m ∈M) and M is finitely generated over R. If Λ =

(

T 0

UMT U

)

,

then g.l.dimΛ = max{gl.dimU, pdimUM + 1}.

So we immediately get the following corollary.

Corollary 3.2 Let A = B[M ] be one-point extension ofB byM whereB is a finitely dimensional

associative k-algebra with identity and M be a left B-module. Then gl.dimA ≤ gl.dimB + 1.

Theorem 3.3 gl.dimE ≤ n.

Proof By induction on n.

The case of n = 1 is trivial, so we begin our proof from n = 2. In this case, E = End(X1⊕X2).

If Hom(X1, X2) = 0, then E =

(

k 0

0 k

)

, and it is easy to see that the theorem is true. If

Hom(X1, X2) 6= 0, then X1 ⊕X2 is a tilting module by Lemma 2.2, and E is a tilted algebra.

Thus, gl.dimE ≤ 2 from the well-known result that the global dimension of a tilted algebra is

less than or equal to 2.

Assume inductively that the theorem is true for the case in n(≥ 2). Now, we consider the

case in (n+ 1).
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Firstly,

E =













HomA(X1, X1) 0 · · · 0

HomA(X1, X2) HomA(X2, X2) · · · 0

· · · · · · · · · · · ·

HomA(X1, Xn+1) HomA(X2, Xn+1) · · · HomA(Xn+1, Xn+1)













.

Now that End(Xi) = HomA(Xi, Xi) = k for i = 1, 2, . . . , n+ 1.

Let

C =













k 0 · · · 0

Hom(X2, X3) k · · · 0

· · · · · · · · · · · ·

Hom(X2, Xn+1) Hom(X3, Xn+1) · · · k













and

M = (HomA(X1, X2), . . . ,HomA(X1, Xn+1))
T.

Then we have E =

(

k 0

M C

)

. It is easy to see that M is a left C-module. Thus, E is the

one-point extension of C by M .

According to Lemma 2.1, we have that {X2, X3, . . . , Xn+1} can be regarded as a complete

exceptional sequence over some hereditary algebra with n isomorphic classes of simple modules.

So, gl.dimC ≤ n according to the induction hypothesis. Hence, we learn that gl.dimE ≤

gl.dimC + 1 = n+ 1, due to Corollary 3.2. This completes the proof. 2

We need the following lemmas to prove the theorem about Hochschild cohomology of E.

Lemma 3.4[12] Let ~∆ be a finite quiver without oriented cycles and B be a finitely dimensional

tilted algebra which is tiltable to k~∆. Then H0(B) = k, dimH1(B) = dimH1(k~∆), and Hi(B) =

0 for i ≥ 2.

Lemma 3.5 Let ~∆ be a finite quiver without oriented cycles and ~∆ have two vertices. Let

(X1, X2) be a complete exceptional sequence in modk~∆ and E = End(X1⊕X2). ThenHi(E) = 0

for i ≥ 2.

Proof We have E ∼=

(

k 0

Hom(X1, X2) k

)

. Now consider it in the following two cases.

(1) If Hom(X1, X2) = 0, then E = k ⊕ k. It is easy to check the conclusion.

(2) If Hom(X1, X2) 6= 0, then Ext1A(X1, X2) = 0, and thus, X1 ⊕X2 is a tilting module in

modk~∆ due to Lemma 2.2. So, E is a tilted algebra over k~∆. We learn from Lemma 3.4 that

H0(E) = k and Hi(E) = 0 for i ≥ 2. This completes the proof. 2

Theorem 3.6 Hi(E) = 0 for i ≥ n+ 1.

Proof E =

(

k 0

M C

)

, M and C are as the above in the proof of Theorem 3.3. Thus
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E = C[M ] according to the Lemma 2.3. We have the following long exact sequence connecting

the Hochschild cohomology groups of E and C,

0 → H0(E) → H0(C) → EndC(M)/k → H1(E) → H1(C) → Ext1C(M,M) → · · ·

→ ExtiC(M,M) → Hi+1(E) → Hi+1(C) → Exti+1
C (M,M) → · · · . (*)

Now we prove the theorem by induction on n.

For n = 1, the theorem is trivial.

For n = 2, the theorem is true according to Lemma 3.5.

We assume inductively that the theorem is true for the case of n = l for l ≥ 1. Then we

consider the case of n = l+ 1. According to Theorem 3.3 and Lemma 2.2 we know gl.dimC ≤ l.

Thus, we have ExtiC(M,M) = 0 for i ≥ l + 1, so we have Hi(E) ∼= Hi(C) for i ≥ l + 2

due to the long exact sequence (*). But Hi(C) = 0 for i ≥ l + 1. Therefore Hi(E) = 0 for

i ≥ l + 2 = (l + 1) + 1 = n+ 1. This completes the proof. 2

4. The Hochschild homology groups of the endomorphism algebras of

exceptional sequences

Let A be a finitely dimensional k-algebra with identity, and e1, e2, . . . , en be a complete set

of primitive orthogonal idempotents in A. By P (i) we denote the indecomposable projective

A-module Aei, and S(i) = topP (i) be the corresponding simple A-module. Then {ei ⊗ ej} (1 ≤

i, j ≤ n) is a complete set of primitive orthogonal idempotents of Ae. So, {P (i, j) = Aeei⊗k ej ∼=

Aei ⊗k ejA|for 1 ≤ i, j ≤ n} is a complete set of representatives from the isomorphism classes

of indecomposable projective Ae-modules. By S(i, j′) = topP (i, j′) we denote the corresponding

simple Ae-module. Observe that S(i, j′) = topP (i, j′) ∼= Homk(S(i), S(j)).

Lemma 4.1[12] Let · · · → Rm → Rm−1 · · · → R1 → R0 → A → 0 be a minimal projective

resolution of A over Ae. Then

Rm =
⊕

i,j

P (i, j)dimkExtm
A (Si,Sj).

Proof Let Rm =
⊕

i,j P (i, j)rij . Then by definition we have that

rij = dimExtnAe(A,S(i, j′)) = dimExtnAe(A,Homk(S(i), S(j)))

= dimHn(A,Homk(S(i), S(j))) = dimExtnA(S(i), S(j)).

The last equality follows from Corollary 4.4, P.170 in Ref. [18].

Lemma 4.2[22,28] If A = k~∆/I, where ~∆ = (∆0,∆1), has no oriented cycles, then

Hi(A) =

{

k|∆0|, if i = 0,

0, if i > 0.

Proof Applying A⊗Ae-to the minimal projective resolution given in Lemma 4.1, we have

A⊗Ae P (i, j) = A⊗Ae Ae(ei ⊗ ej) ≃ ejAei.
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But ExtmA (Si, Sj) 6= 0 for some m ≥ 1 implies that there exists a path in ~∆ from j to i. As Q

has no oriented cycles, we have ejAei = 0. Therefore A⊗Ae Rm = 0 for m ≥ 1. This completes

the proof. 2

Proposition 4.3 Let A be a finite-dimensional hereditary k-algebra. Then there is no oriented

cycle in any exceptional sequence over A.

Proof Let (X1, X2, . . . , Xt) be any exceptional sequence over A. Since Ext1A(Xj , Xi) = 0 for

j > i, any nonzero map ϕ : Xi −→ Xj is either a monomorphism or an epimorphism. Thus,

for any Xi, Xj and Xs with i < j < s, if we have Xi
ϕ

−→ Xj
ψ

−→ Xs, then ϕ and ψ are both

injective or both surjective, or ϕ is injective and ψ is surjective.

If there is an oriented cycle X1
ϕ1

−→ X2
ϕ2

−→ · · · −→ Xm
ϕm
−→ X1, then the maps ϕi are all

injective or all surjective. Thus, they are all isomorphism. But this is impossible. This completes

the proof. 2

Theorem 4.4 Let (X1, X2, . . . , Xn) be a complete exceptional sequence over a finitely dimen-

sional hereditary k-algebra A, and E = End(X1 ⊕ · · · ⊕Xn). Then H0(E) = kn and Hi(E) = 0

for i ≥ 1.

Proof E =

(

k 0

M C

)

is a one-point extension algebra of C by M , where M and C are as

in the proof of Theorem 3.3. According to Lemma 2.1, C can be regarded as an endomorphism

algebra of a complete exceptional sequence over a finite-dimensional hereditary k-algebra with

(n − 1) isomorphic classes of simple modules and so, C is also a one-point extension algebra.

Thus, E is a triangular algebra, whose ordinary quiver has no oriented cycle. So, it follows

immediately from Lemma 4.2 that the theorem is true.

Acknowledgement The first author would like to thank Professor I. Assem for his helpful

discussion when he visited the University of Sherbrooke in Canada.

References

[1] RUDAKOV A N. Exceptional Collections, Mutations and Helixes [M]. Cambridge University Press, 1990.

[2] BONDAL A I. Representations of associative algebras and coherent sheaves [J]. Izv. Akad. Nauk SSSR Ser.

Mat., 1989, 53(1): 25–44. (in Russian)

[3] GORODENTSEV A L. Exceptional bundles on surfaces with a moving anticanonical class [J]. Izv. Akad.

Nauk SSSR Ser. Mat., 1988, 52(4): 740–757. (in Russian)

[4] GORODENTSEV A L, RUDAKOV A N. Exceptional vector bundles on projective spaces [J]. Duke Math.

J., 1987, 54(1): 115–130.

[5] CRAWLEY-BOEVEY W. Exceptional Sequences of Representations of Quivers [M]. Amer. Math. Soc.,

Providence, RI, 1993.

[6] RINGEL C M. The Braid Group Action on the Set of Exceptional Sequences of a Hereditary Artin Algebra

[M]. Amer. Math. Soc., Providence, RI, 1994.

[7] YAO Hai-lou, PING Yan-ru. Representation type of endomorphism algebras of exceptional sequences of type

An [J]. Acta Math. Sinica (N.S.), 1998, 14(4): 555–562.

[8] YAO Hai-lou. Endomorphism algebras of exceptional sequences of type An [J]. Algebra Colloq., 1996, 3(1):
25–32.

[9] ASSEM I, ZHANG Ying-bo. Endomorphism algebras of exceptional sequences over path algebras ot type Ãn
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