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Abstract In this paper, we find the orders of the Renner monoids for 7-irreducible monoids
K*p(G), where G is a simple algebraic group over an algebraically closed field K, and p: G —
GL(V) is the irreducible representation associated with the highest root.
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1. Introduction

A linear algebraic monoid is an affine variety defined over an algebraically closed field K
together with an associative morphism and an identity. An algebraic monoid is irreducible if
it is irreducible as a variety. The unit group of an algebraic monoid is an algebraic group. An
irreducible monoid is reductive if its unit group is a reductive group.

Let M be a reductive monoid with unit group G, and let B C G be a Borel subgroup, T' C B
be the maximal torus, and W = Ng(T')/T be the Weyl group. Let N (T) be the Zariski closure
of Ng(T) in M. Then R = Ng(T)/T, called the Renner monoid of M, is an inverse monoid
with unit group W. Let T be the Zariski closure of T in M and E(T) = {e € T | €? = ¢} be the
set of idempotents in 7. Then we have R = (W, A), where A = {¢ € E(T) | Be = eBe} is the

cross-section lattice of M.

Definition 1.1 Let M, G, B, T C B, W be as above. Let A be the fundamental root system
relative to T and B, and S = {so | @« € A} be the set of simple reflections that generate the Weyl
group. The Putcha’s type map X\ : A — 22 is defined by A(e) = {a € A | 5o = €54, 54 € S}.

Definition 1.2[7 Let M be a reductive monoid with zero. The monoid M is called J-irreducible
if A\ {0} has a unique minimal idempotent.

Let G be a simple algebraic group, and let p : G — GL(V) be an irreducible representation.
Then M = K*p(G) is a J-irreducible monoid!® Corollary 8:3.3] Lot X, () = Ny A(f), M*(e) =
Ni>eA(f), and W(e) = W), the associated parabolic subgroup of W as in Section 7.5 of

Ref. [9]. Then we have the following theorem!!!, which offers a general formula for the order of a
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Renner monoid of a reductive monoid with zero.

Theorem 1.1 (Theorem 3.2 of Ref. [1]) Let M be a reductive monoid with zero and type map
M. Let \* and A\, be defined as above. Then the order of the Renner monoid R of M is:
w2

Rl=1+ > [WeW|=1+ > .
ccnio} cenioy @ X [Wa o)l

Note that A\*(e) and A«(e) are subsets of the set S given in Definition 1.1. Let Wy () and
W, (ey be the parabolic subgroups associated with A*(e) and A.(e) of W respectively. We put
a brief and alternate proof of the above theorem in the next section, and after that we give a
complete list of the orders of the Renner monoids of all J-irreducible monoids for adjoint type

in Section 3.

2. An alternate proof of Theorem 1.1

Let W x W act on R by: (w1, ws) -r = wirw, *. Then the set of (W x W)-orbits of R is
isomorphic to A as a lattice and R = | | ., WeW. Clearly, |R| = > ., |[WeW]|. This tells us
that as long as a formula for the number of elements in each WelV is obtained, where e € A,
then the order of R is done. We give a basic proof here. First of all, we need the following
results, which are due to Putcha and Rennerl? Section7.5.1],

(i) M(e) ={a € A|sqe=esq #e}.

(i) A(e) ={a € A spe =esy =€}

(iii) For e € A, A(e) = N*(e) U A«(e).

(iv) Fore e A, W(e) = Wy- (o) x W), () and w*w, = w,w* for w* € Wy«() and w, € Wy ().

Then let e and f be two arbitrary idempotents in E(R)(= E(T)) and let w be an arbitrary
element in the Weyl group W. Firstly, if we = f, then f = we = wee = fe. Since we = f, we
get e = w lf =w ' ff = ef. Therefore, e = f. Similarly, if ew = f then e = f. Secondly, if

1 1 = e. Hence, ew = we = e. Similarly, if ew = e,

we = e, then wew™ w = e, which means wew™
then we = e. Finally, we come to the conclusion that {w € W |we =ew =€} ={w e W | we =
e} = {w € W | ew = e}. Hence, it follows from Definition 1.1, Definition 1.2 and (ii) that if
e € A, then Wy(o) = {w e W | we = ew}, and Wy (o) ={w e W |we =e} = {w e W | ew = e}.

For e € A, let (W x W), = {(w1,w2) € W x W | wy,we € W ,wiew, " = e} be the isotropic
group of e. Now we prove that (W x W), = {(w,ww.) € W | w € Wyyandw. € Wy (o) }-
Actually, it is straightforward to check that the set on the right-hand side is contained in the one
of the left-hand side. On the other hand, for any (w1, ws) € (W x W)., wiew, ' = e and then
wyew; H(wiwy ') = e. According to the former argument, we know it means that wiew; ' = e.
Hence wi € Wy(¢). Similarly, we € Wy(). It follows from wlewfl = e and wlewflwlwgl =e

' =e. Thus, wiwy"' € Wy_(e), and (wy,ws) = (wi, w1 (w 'ws)) belongs to the set

that ewjwy
on the right-hand side. As a natural result, we finally get
(1) [(W X W)e| = [Wxe)l X [Wa, ()] = Wi )| X Wi, ()%

. wpE w2
(i) (WeW| = mmawy = Wi W o
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Then Theorem 1.1 follows from (ii).

3. Application to J-irreducible monoids

For completeness, we list all Dynkin diagrams and orders of the Weyl groups of simple groups

here for the reference of the next subsections.

All

Cr:

Egl

E7Z

1 2 -1 1
O—O— -+vns —0—0

ag=M+N=ar+oa+-Fa; [W=(0+1), I>1

Qo= =aj +2ag + - +2a;; |W|= ()2 1>2.

ap =2\ =201 + -+ 2011 +ag; W= (D2, 1> 3.

-1

ag =X =a; +200+ - +201 0+ +ap;  |W|=(11)21 1> 4.

1 5
O—0C o—=oO
06
ap = g = a1 + 200 + 3az + 204 + a5 + 206;  |W| = 27345,

5 6 7
o—C0O0—=0

1 3 4
o—0C
bo

ag = A1 = 2a1 + 20 + 3az + 4ay + 3as + 2a + ar; |W| = 210345 x 7.
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1 2 3 4 5 6 7
Es: o—o—o—o—?—o—o
08
ap = A1 = 201 + 3ag + 4ag + 5ay + 6as + dag + 2ar + 3ag; |[W| = 21435527,

1 2 3 4
Fio O—0=0—0

ag = A1 = 207 + 3as + dag + 2ay; |W| = 2732,

1 2
Ga: Oo=0
ag = A1 = 201 + 3ag; |W| =12.

Note that the number above or beside each node is the index of the associated fundamental
root, ag is the highest root and A; is the i-th fundamental dominant weight relative to the

fundamental root system A.

3.1. Type map of J-irreducible monoids

Putcha and Renner found the type maps of the J-irreducible monoids in Ref. [7].

Theorem 3.1 (Theorem 4.16 of Ref.[7]) Let M be a J-irreducible monoid associated with a
dominant weight p and Jy = {a € A | (i, ) = 0}(see [9, p.16] for the bracket { , }). Let eq be
the unique minimal idempotent in A\ {0}. Then

(i) M*(A\{0}) ={X C A| X has no connected component that lies entirely in Jy}.

(i) A*(e) € X*(A\{0}) and Ai(e) = {a € Jo \ N*(e) | sa53 = sgsq for all § € X*(e)} for
e € A\ {0}. Specially, A(eg) = Ai(eo) = Jo.

For the remainder of this paper, we assume that M = W(G) where G is a simple algebraic
group over K, and p : G — GL(V) is an irreducible representation associated with the highest

root ay.

3.2. Orders of Renner monoids for adjoint type

The orders of Renner monoids of 7-irreducible monoids associated with the first fundamental
dominant weight \; were found by Li, Li and Caol!). Since the highest root is just the first
fundamental dominant weight in the cases of type Er, Eg, Fy, G2, and two times in the case of
C;. For these cases the orders of the Renner monoids are completely the same as those in Ref. [1].

Therefore, we list the orders for all the cases but omit the proof for types C;, E7, Eg, Fy and Gs.

Theorem 3.2 Let R be the Renner monoids of J-irreducible monoids M associated with the
highest root. Then

(A1) R =20+17 202 () r+ i S () G+ 015 G+ -1t =28 - 32—
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A= 1+ (1 +1)
(By) |R| =S _47(1)2(r + 1) — 200% + 403 — 2812 + 2411 - 11 4 2111,
(C) IRl = X2} 4r () r + 211,
(D) |R| =X _ 4 (i)2(r + 1) —200% + 4013 — 2812 — 2271 (1 + 1)V + 20 - 11 4 2010,
(Es) |R| = 113068225 = 52 x 4522729,
(E7) |R| = 44520456709 = 281 x 158435789.
(Es) |R| = 332011601568001 = 4969 x T187 x 9296867
(F1) |R|=103105 = 5 x 17 x 1213.
(Go) |R| =121 =112

Proof The main procedure of the proof for each case is to calculate the orders of two-sided W
orbits WeW for e € A\ {0} by using Theorem 1.1.

(a) Type A;: Jo = {ag,as,...,a;-1}. It follows from Theorem 3.1 that
A(ANA{0}) ={¢, {aa}, {en, aa}, ... {ar, a2, .. ),

{Oél}, {Oélfl,al}, AR {012,043, .. .,O[l},

{on, 00, ...} {oa, .o aq .o 1< i <l—j—1< 12}

If e = eg is the minimal idempotent in A\ {0}, we get A*(eg) = &, A«(e0) = Jo. Hence
WE WA (1Y
Wil2— W(A)2 (1 -1))?
If e is any idempotent other than eg in A \ {0}, and when A\*(e) = {ay,...,a,} with 1 <
r <1 —1, then by Theorem 3.1, A(e) = {ay42,...,a;-1} for 1 <r <1 —3 and A.(e) = ¢ for
r=1-2and!—1. Hence, for 1 <r <1 —3, Wye(o) ZW(A,), Wy, (e) 2 W(A_,_2).
Forr=1—2and [ =1, Wy«(o) 2 W(A,), Wy, (o) = 1.
So, [Wi=(e)l = (r + 1)V and [Wy ()| = (I =7 —1)! for 1 <r <[ — 1. It follows from Theorem

[WeoW| = =1+ 1) (1)

1.1 that,
((1+1)1)?
WeW| = . 2
WeW| = Ca = r — 112 2)
Obviously, when A (e) = {aj—ry1,Q—r,...,oq} with 1 <7 <[ —1, this case is complete the

same as the above case.

When M\*(e) = {a1,as,...,q;}, e is the identity element in A \ {0}. Hence,
[WeW|=|W|=(+1). (3)

When A*(e) = {au, ..., i1, i, 001, ..., ), 1 <i <l—j—1<1—-2, we have \(e) =
{aiye, igs,...,q—j_9,qp_j_1} for l —j—i >3 and A(e) = ¢ for [ — j —i = 2 and 1. Hence,
for I —j —i >3, Wye(ey = W(A;) x W(A;), Wy, (e) = W(A_j_i—2) and for [ —j —i = 2 and
L Wye(e) = W(A) x W(A;), Wy, () = 1. Thus, [Wy(oy| = (i + DI(j + 1)! and [Wy, (o] =
(l—j—i—1Lfor1<i<l—j—1<1[-2. Hence,

(1 + 1)
WeW! = GG+ i@ -7 == DF @
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Therefore, from (1)—(4) and Theorem 1.1, we have

-1
g2 2 (t+1)n?
|R| =1+ +1) +2;(T+1)l((l_r_l)!)2 +(I+1)4+

(+1)nH?
2 (E+ DG+ —J—i=1DH)?

1<i<l—j—1<1-2

—2(l+ 1)2213 (i)Qr! 4 1_2 1-111 <i:)2(z 4 1)!<jl, N i>2(j F

=0 =1 j=

=23 =312 — 4l — 1+ (14 1)
(b) Type B;: Jo = {a1,as,...,a;}. It follows from Theorem 3.1 that
A\{O} {(ba {a2} {062,063} {a27a37"'7al}7

{a1, a2}, {a1,ag,as}, ..., {a1, aq, ... ,ozl}}.

If e = eg is the minimal idempotent in A \ {0}, we get

W|? W(B)|? 2011)2
Wt = i = iy W a7 ~ iz~ O
If e is any idempotent other than ep in A \ {0}, and when A*(e) = {ag2,as,...,ar41} with
1 <r <1-—1, by Theorem 3.1, A.(e) = {ar13,...,} for 1 < r <1 —3 and A\.(e) = ¢ for
r=1—2and [ — 1. Therefore, for 1 <r <1—3, Wy-() = W(A,), Wy, (e) = W(Bi__2), where
By = Ay whenr =1—3,forr =1—2, Wxe(o) 2 W(A1—2), Wy, () 2 1, and for r =1 =1, Wys(e) =
W(Bi-1),Wx, () = 1.
So, [Was (o] = (r+1) and [W), (o)) = 27" 2(1—r—=2)l for 1 < r < 1=2, [Wye (o] =271 (1-1)!
and [Wy, ()| = 1 for r = [ — 1. It follows from Theorem 1.1 that for 1 <7 <1 -2,

Wew| = ) S TAEY (R WY (6)
(DI - = 2))2 r+1 B
and for r =1-1,
(2'11)? 141
It is similar to calculate the remaining cases:
For A*(e) = {a1,a2,...,ap41} with 1 < r < [ —1, we have \.(e) = {art3,...,q} for
1<r<l—3and M\ (e)=¢ forr=1—2and ] —1. It is easy to get that for 1 <r <[—2,
(2111)2 ol 1Y
— = 4" 2)!.
WeWl = a2 —r =2 ry2) U2 ®
and for r =1 —1, A*(e) = {a1,a9,..., 1}, e is the identity element and so
[WeW| = |W| =24 (9)

Therefore, from (5)—(9) and Theorem 1.1, we have
1—2 1 \2
R| =1+4(-1)*? A2 (r + 2 2)1 421
|R| =1+ 4( )+; (r+2)(, L) r+2)+ +
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-2 I 2
Z4T+2( N 2) (r 4 2)! + 24!
r

r=1

l 2
l
=> :4’“< ) (r+1)! — 200" 4 4003 — 2812 4 211 - 11 4 2111,
r

(d) Type Di: Jo ={ai,as,...,q;}. It follows from Theorem 3.1 that

A\{O} {(b, {ag} {042,043} {ag,a3,...,al_2},

{ag,...,q—9, 41}, {ag, ..., aq—o, aq}, {aa, ..., o, cq_1, 1},
{a17a2}5 {a17a25a3}7 ceey {0417042,063, .. '7041*2}7
{a17"'7al_27al_1}7{a17'"7al_27al}7{a17'"7al_27al_l7al}}'

If e = eg is the minimal idempotent in A \ {0}, we get

w2 _ (W (D)2 _ et

(Wil2 — [W(A) x W(Di2)[? (21273 (I - 2)1)?
For 1 <r <1—-5 and A(e) = {ag,a3,...,0r41}, by Theorem 3.1, we have A.(e) =

{arys, ... ai}. So, Wye (o) 2 W(A,) and W) (o) = W(D;_,_2), where D3 = A3 when r = [ — 5.

Thus, [Wy«(¢)| = (r + 1)l and [Wy, ()| = 2!7"73(1 — r — 2)!. Therefore,

|WeoW| = =4(1—-1)% (10)

(2!111)2
(r+ 1)I2r=3(1 —r — 2)1)2

For r =1 —4 and X\*(e) = {az,..., 3}, we have \.(e) = {aq—1,u}. So, Wys (o) = W(A;_4)

[WeW| =

— 42 4 9) (Ti2> (r+ 2). (11)

and W _ ey = W(A1) x W(A;). It follows that [Wy«(ey| = (I — 3)! and [W)_(.)| = 4. Therefore,
(2l—1“)2 B

For r = [ —3 and A*(e) = {ag,...,q_2}, we have A\.(e) = ¢. So, Wy-(o) = W(A;_3) and
Wi, (e) = 1. We have [Wy.(o)| = (I = 2)! and |[W), ()| = 1. Therefore,
(2'-hn?
(-2)!
For r = | — 2, it follows that A\*(e) = {ao,...,a1_2,y—1} or X*(e) = {aa,...,a1_2,},
we have both )\*(6) = gf), Wk*(e) = W(AZ,Q) and Wk*(e) = 1. Thus, |W)\*(e)| = (l - 1)' and
|W. (ey| = 1. Therefore,

[WeW| = =222 — 1)1 -1, (13)

(2l—1“)2
(-1

For r = 1 — 1, X(e) = {ag,...,}, we have A\.(e) = ¢. So, Wye(ey = W(D;—1) and
W)\*(e) = 1. Thus, |W>\*(e)| = 2l72(l — 1)' and |W)\*(e)| =1 Hence,

(2!7111)2
20-2(1 - 1)!

[WeW| = =222 .1, (14)

[WeW| = =211 (15)

The argument is similar for the remaining cases. It is easy to find that:
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For1 <r <[-5and \*(e) = {a1,

101
ari1}, by Theorem 3.1, we have A, (e) = {arys, ..., qu},
and
(21-171)2 ol 1Y
WeW| = =4" 2)L 16
Wew] (r+2)!1(2=m=3(1 —r —2)!)2 r+2 (r+2) (16)
For r =1—4 and A*(e) = {au,...,a1_3}, we have \.(e) = {a;_1, s}, and
(21112 _
For r =1—3 and A*(e) = {au,

., a—2}, we have \.(e) = ¢, and
21112

=222, (18)
OS]
For r =1 — 2, it follows that \*(e) = {a1,...,q—2,;_1} or A*(e) = {aq,...,a1—2, ¢}, and
for both of the cases, \.(e) = ¢,
2l71“ 2
|[WeW| = % =2%=2),
For r =1—1, X*(e) = {a,

(19)

a;}. Then e is the identity element in A\ {0}, and hence
[WeW| = |W| =211
Therefore, by (10)—(20), and Theorem 1.1, we have

-5 2
|R| _1+4(l—1)2z2+24’“+2(r+2)< 12) (r+ 2!+ 22751 —2)(1 = 1)1 - 11+
T
r=1

22l—2(l -1

(20)

-5 2

l

-1 4+2x 22721 014 24 - 1! 4r+2 2)!
-1 +2 % + +) rt9 (r+2)!+

r=1

2261 — 1)1 1+ 22720 1 42 x 2272 4 9l

2

_Z4T< > (r 4 1)! — 200* 4+ 401% — 2812 — 22711 + 1)1+ 2 - 11 2171
r=0

(eg) Type Eg: Jop = {1, a9, a3, aq,a5}. It follows from Theorem 3.1 that

A*(AN\{0}) :{éf), {as}, {as, a3}, {as, a3, a2}, {ag, a3, a4}
{a670437a27041}7{04670437a47045} {046,043,CY276Y4}

{CYG, a3, (g, Oy, 041}7 {a67 a3, g, 4, CY5}, {0467 a3, a2, Qy, 041,045}}

If e = eg is the minimal idempotent in A \ {0}, we have

W|? W (Es)|?

27345)2
- = s = ( 2) = 2034, (21)
(Wil2 [W(As5)] (61
For X\*(e) = {as}, by Theorem 3.1 we have \.(e) = {a1,az,a4,a5}. So, Wy«(o) = W(A)
and W) _ ¢y = W(Az) x W(Az). Therefore,

— (27345)2 _ 09942

(22)
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For \*(e) = {as,a3}, we have A\i(e) = {a1,a5}. So, Wy-(o) = W(A2) and Wy () =
W (A1) x W(A;1), Therefore,
(27345)2
3142
For A*(e) = {ag, a3, aa}, this case is the same as \*(e) = {as, a3, as}. By Theorem 3.1, we
have A (e) = {as}. So, Wx«(e) = W(As3) and Wy () = W (A1), Therefore,
(27345)2
41(2!)2
For A\*(e) = {ag, ag, ag, a1}, this case is the same as A\*(e) = {ag, a3, a4, a5}. By Theorem
3.1, we have A (e) = {as}. So, Wy-(o) = W(A4) and Wy () = W (A1). Therefore,
(27345)2
5122
For \*(e) = {ag, a3, az, a4}, by Theorem 3.1, we have A.(e) = ¢. So, Wy-(.) = W (Dy) and
Wi, (e) = 1. Therefore,

|WeW| = = 293752, (23)

[WeW| = = 293752, (24)

[WeW| = = 29375, (25)

(27345)2
2341
For A\*(e) = {ag, as, az, a4, a1}, this case is the same as \*(e) = {ag, a3, a2, ag,a5}. By
Theorem 3.1, we have M. (e) = ¢. So, Wix«(¢y = W(Ds) and W) (o) = 1. Therefore,
(27345)?
245!
For \*(e) = {as, a3, a2, a4, a1, a5}, e is the identity element, and hence

|WeW| = = 283752, (26)

|WeW| = = 27375, (27)

|WeW| = |W(Eg)| = 273%5. (28)
It follows from (21)—(28), and Theorem 1.1 that
|R| = 113068225 = 52 x 4522729.

The proof for the case Eg is completed. O
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