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Abstract Based on the computerized symbolic, a new generalized tanh functions method is
used for constructing exact travelling wave solutions of nonlinear partial differential equations
(PDES) in a unified way. The main idea of our method is to take full advantage of an auxiliary
ordinary differential equation which has more new solutions. At the same time, we present a more
general transformation, which is a generalized method for finding more types of travelling wave
solutions of nonlinear evolution equations (NLEEs). More new exact travelling wave solutions
to two nonlinear systems are explicitly obtained.
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1. Introduction

In recent yeas, directly serching for exact solutions of nonlinear PDEs has become more
and more attractive partly due to the availability of computer symbolic systems like Maple. A
number of methods have been presented, such as inverse scattering method!*, Hirota’s bilinear
method[?, the truncated Painleve expansion®!, homogeneous balanced method®!,| the hyperbolic
tangent function series method!®!, the sine-cosine method!®!, the Jacobi elliptic function expansion
method!”) etc. One of the most effectively straightforward method for constructing exact solutions
of PDEs is the extended tanh function method!®. The purpose of this paper is to present a new
extended tanh-function method and to solve the (2+ 1)-dimensional dispersive long-wave system

(DLWs) and the reaction-diffusion equations.

2. The simple introduction of the algebraic method

The main idea of our method is to use the solutions of an auxiliary ordinary differential

equation to replace tanh(¢) in tanh-method. The desired auxiliary equation reads:

pe? = ap® +bp® + cp?, (1)
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where a, b, ¢ are real parameters. Eq.(1) admits the following solutions:

oy — 2a sec h(y/af)
Vdac — b2 tanh(y/a€) — bsec h(y/at)’

a>0 and 4ac—0b% >0,

B 2a sech (v/ag)
~ 2atanh (y/a&) — bsech (a&) +2a’

B 2asec (v/—af)
V2 — dactan (v/—=af) + bsec (v—a&)’

P2 a >0,

3 = a<0 and b —4ac>0,

B 2a sec (\/—_(15)
P4 VB — dac— bsec (v—af)’

a<0 and b%—4ac>0,

or = 2a sec (\/—_af)
5 btan (\/—_af) — bsec (\/—_(lf) +2\/__§,

For given partial differential equations (PDEs) with u(z,y,t) and v(z,y,t) in three independent

a<0 and ¢>0.

variables x,y,t
{ H(u, v, U, Vg, Uz, Vg, Uy, Uy, Ugg, Vgas -o.) = 0, @)
F(u, v, Uy, Vg, Uy, Uy, Uy, Uy U, Vg o) = 0.
By using travelling transform u(z,y,t) = U(§), v(z,y,t) = v(§) and £ = = + ly + At, where I, A
are constants to be determined later, the PDEs.(2) reduces into ordinary differential equations
(ODE5)
{Hl(U, v,u', v, u" v o v =

R v,u, v, o vhot vt = 3)

We seek its solutions in the form

ni "\
U=ap+) (aip +b; (Zi) )s

=1

n2 ( /)i (4)
V= Ao+ Y (A + B ),

=1

where ¢(&) satisfies Eq.(1), and ao, Ao, ai, b;, A;, B; are constants to be determined later.
The values of n1,no are obtained by balancing the highest nonlinear terms and the highest-
order partial differential terms in Eqs.(3) or Egs.(2). Substituting Eqgs.(4) along with Eq.(1) into

Eqgs.(3), collecting coefficients of polynomials of ¢* and ¢*(y/ap? + b3 + cpt)? (i=0,1,2,...,
j=0,1), and setting each coefficient to be zero, we get a system of algebraic equations. Using

Maple to solve the above algebraic equations, one can easily find the exact solutions.

In the following we illustrate the method by considering the reaction-diffusion system and

the (2 4 1)-dimensional dispersive long-wave system.

3. The reaction-diffusion system
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The reaction-diffusion system reads:
{ut—dum—u%—l—pu—o,
v — dvge + uv —pu =0.

(5)

We make the travelling transformation v = U(§),v = V(&) and £ = x4+ At. Then Eqs.(5) reduces

to

{ U —dU" — UV +pU =0, ©

AV —aV" + UV — pU = 0.
Balancing the U,, with U2V and V,, with U?V, we can set the leading order n, = 1,ny = 1.

Therefore, we may choose the following ansétz

U =ao+arp(§) +b1%,

Pe @)
V = AO + A1<p(§) + B1?7

where £ = = + At, and ag, a1, b1, Ag, A1, B1, A are arbitrary constants to be determined later.

Substituting Eqs.(7) into Egs.(6) along with Eq.(1) and setting the coefficients of * and

o ( a@2+b(p3+04p4)J7 i=0,1,2,...,5=0,1
to zero, we get the following set of algebraic equations namely:

— 2pag + 4apb1Bra + 2 ag?Ag + 212 Aga = 0,
4darbyBic+2a12A; — 4dAic+2b1°A1e =0,
2a0?Bra — 2 pbia + 4 agby Aga + 2 b12B1a® = 0,
4carbr Ay + 22012By — 4*dBy + 2 ca’By = 0,
—2¢%012By — 2ca1?By — 4caib Ay — 4 c2dby = 0,
—2a9?Ap — 2b12Aga — 4agby Bra + 2 pag = 0,
—4a1b1Bic—4dajc— 2 blelc —2a,%4; = 0,
2pbia — 4agbi Aga — 2b1°Bra® — 2a0’Bra = 0,
4 apai1Bra + 4b1>°Biab — dBiab — 2 pbib + 2 X Aa + 4 agby Ara+
2a0?B1b+ 4 agbi Agb + 4 a1by Aga = 0,
4 aghy Arb + 2612 B1b? + 4 apa; Bib + 2a12Bia — dB1b* — 4 cdBa+
4deagbiAg — 2¢epby +2 X A1b+ 4¢cbi®Bia + 4a1by Agb + 2 cag’ By + 4a1by Ara = 0,
2eA Ay — 5cdBib + 4 cagay By + 4 carby Ag 4+ 4 ¢by> Bib 4+ 4 aiby A b+
2a12B1b+ 4 cagh A1 = 0,
4aghi Bib — 2par + 2 a0 Ay +2b1240b — 2dAra + X\ Bib+
4apa; Ag +4a1b1Bra+ 2012 A1a = 0,
2a1%Ag + 4 agb1 Bic — 3dA1b+4a1by Bib+ 2\ Bic +4apar Ay +2b1* Ayb +2b1° Age = 0,
— 2012410 — 2dara — 4agar Ag + 2 par + Abib — 2b,% Agb—
4a1byBra — 2 ag? Ay — 4aghy B1b = 0,
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— 4daph1Bic+ 2Abic — 3darb — 4aib1 Bib — 4agar Ay — 2b1° Age — 2a12Ag — 2612416 = 0,
— 4capbi Ay — dagar Bib — 4¢b1*Bra — 4aibi Ara — 4aghi A1b — 2b12B1b% + 2 a1 b—
4 arby Agh — 2 cag®By — 4 edbra — db1b? — 2a12Bia + 2 cpby = 0,
—dagaiBra — 2ag?B1b — 4 agb1 Agb — 4agby Ara + 2 Aaja — dbiab—
4arbyAga — 4b,°Brab + 2 pbib = 0,
— 4 cagb1 A1 — 4 caga1 B1 — 5edbib — 4carbiAg +2char—
4¢by?Bib — 4ayby Ajh — 20,2 Bib = 0.

With the aid of Maple or Mathematica, we find the following results

Case 1
V2ed V2ed V2da (da + p) V2da (da —p)+/a
a1: 7A1:_ ) 0:776110: 7A:_77
2 2 2da 2 a
Bl = _@7 bl = ﬂa
2
Case 2
V2ed V2p+d V2ced V2d
Ay =— 20 ,A0:¥,/\:2\/2dp+d2a, a; = 20 ,blZ_Tv
V2d Vip+2da
Bl = , ap = ;
2 2
Therefore, we can get the following solitary wave solutions and periodic solutions to Eqgs (9):
ur 2da n V2cdasec h (v/ag) n 4a’cd — adb?
! 2 V4ac —b2tanh (yag) — bsech (y/af)  —v4ac — b2 tanh (v/a€) + bsech (v/a&)’
V2da (da + p) V2cdasec h (v/af) 8a?cd — 2adb?
v = —

2da (V4 ac — b2 tanh (y/a&) — bsec h (v/af)) +2\/4 ac — b2 tan h (y/af) — bsec h (v/ag)’

where a > 0,d > 0,c¢ > 0 and 4ac — b* > 0.

- V2da V2cdasec h (\/a€) B V2da? (tanh (y/ag) + 1)
2 2 2 atanh (v/a&) — bsech (v/a€) +2a  2atanh (y/a&) — bsech (v/a&) +2a’
~ V2da (da + p) V2cdasec h (v/a&)
V2S5 00 (2atanh(yag) —bsech (vag) + 2a) |

V2v/da?/? (tanh (y/a€) + 1)
2 atanh (y/af) — bsech (v/a€) +2a’
where a > 0,d > 0 and ¢ > 0.

b _V2da V2cdasec (v/=af) B 8a’cd — 2adb?

579 Vb2 — dactan (v=a€) + bsec (v=af)  Vb? —4dactan (v/—af) + bsec (\/—ag)7
; V2da (da + p) V2cda sec (\/—ag) N

3 =

2da * Vb2 — dactan (v/=a&) + bsec (v/—af)
8a’cd — 2adb?
2 (Vb? — 4actan (vV=af) + bsec (v/—ak)) ’
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where a < 0,d < 0,c¢ < 0 and 4ac — b* < 0.
~ V2da n Vv 2cda sec (\/—af) n 8a%cd — 2adb? tan (\/—aﬁ)
2 Vb2 —4dac—bsec(v/=a&) 2 (Vb?> —4dac— bsec (\/—af))’
V2da (da + p) V2cda sec (\/—aﬁ) N 8 a%cd — 2adb? tan (\/—aﬁ)

Ug

Vg = —

2da V02 —4dac—bsec (v=a&) Vb2 —4dac—bsec (v/—af)’

where a < 0,d < 0,¢c < 0 and 4ac — b? < 0. In solutions u; ~ ug,v1 ~v4, € = — Mt.

Vap+2da V2cdasech (\/a€)
v 2 * V4 ac — b2 tanh (y/af) — bsec h (\/5§)+
8a?cd — adb?
2 (V4 ac — b2 tanh (y/a&) — bsec h (/ag)) 7
T V3(ed)asech (/a)
T2 T td(VAac — B tanh (vag) — bsech (vag))
8 a?cd — adb?

2v/4 ac — b2 tanh (\/at) — bsech (va&)’
where a > 0,d > 0,¢ > 0,4ac — b*> > 0 and 2p + da > 0.

- VaAp+2da V2cdasec h (v/a€) N V2da? (tanh (af) + 1)
6 2 2 atanh (v/a€) — bsech (v/a&) +2a  2atanh (v/af) — bsech (v/a&) +2a’
v :\/m B V2cdasec h (v/af) V2v/da?/? (tanh (ya&) + 1)

2 \/a(QQta,nh (\/aé') — bsech(\/ag) + 2@) B 2 atanh (\/55) — bSGCh(\/ag) + 2a’
where a > 0,cd > 0,4ac — b> > 0 and 2p + da > 0.

Vip+2da V2cdasec (y/—=af)

o 2 Vb2 —4actan (vV—=a&) + bsec (v—af) *
8acd — 2adb?
V% — dactan (v/—=a€) + bsec (v=af)’
v — V2p + da V2cdasec (v/=af) B

+
2 Ved (b2 — 4actan (v/—a€) + bsec (vV—af))
8a’cd — 2adb?
2 (Vb? — 4actan (v=af) + bsec (v/—ak)) ’
where a < 0,¢cd > 0,4ac — b*> < 0 and 2p + da > 0.

_ VAp+2da N V2cdasec (v=af) B 8a?cd — 2adb? tan (v/—af)
e = 2 Vb2 —4dac—bsec(v/—al) 2 (Vbz—4ac—bsec(\/—_a§))7
V2p+da V2cdasec (v/=af) 8 a’cd — 2adb? tan (v/—af)
vg = — —

2 Ved (V02 = 4ac — bsec (v—=at)) (Vb2 —4ac — bsec (v=af))’

where a < 0,cd > 0,4ac — b?> < 0 and 2p + da > 0, In solutions us ~ ug,vs ~ vg, & =
x + 2+/2dp + d?at.

4. Exact solutions of (2 + 1)-dimensional dispersive long-wave system (DLWs)!
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{ Uyt + Vgz + UgUy + Ulzy = 0, (8)
Vi + Ug + UV + UVy + Uggy = 0.

We assume that Eqs.(8) have the solutions in the form

u(@,y,t) = U(E), v(w,y,t) = V(E), E=a+1ly+ AL, 9)
where [ and A are constants to be determined later. Substituting Eq.(9) into Eqgs.(8) yields
{ AlUge + Vee + 1(Ue)* + 1UUge = 0,
AVe + UV +UVe + Ue + WUgge = 0.
Through balancing Uge with (Ug)? and UVg with Ugee in Egs.(10), we get ng = 1,12 = 2. So we

assume that

(10)

U=f+h<p+p%,

pe |, pe” (1D
v :F+H¢+G¢2+P?+QF,

where (&) satisfies Eq.(1) and f, h,p, F, H, G, P,Q are constants to be determined later.

Substituting Eqs.(11) into Eqs.(10) along with Eq.(1), collecting coefficients of ¢ and ¢ (\/ap? + bp® + cp?)’
(i =0,1,2,...,5 = 0,1), and setting it to be zero, we get a set of over-determined algebraic

equations with respect to f,h,p, F, H,G, P,Q and I, \. Using Maple to solve the above system

of algebraic equations, we find

Case 1
4 dacl — bl +4 41
o Qca+4ac + 07G:_2ZC_QC’P:ﬂ7p:_7Q:Q,,\:)\,l:l7
4c c c
b l —2Xc—+/cb
g bQetlo)  2Ae—veb o, o 2
c 2c
Therefore, we can obtain solitary solutions and periodic solutions of Egs.(8) as follows
—2Xc—+/cb 4+/casec h (\/af)
uy = —

2¢ V4 ac — b2 tanh (y/af) — bsec h (\/a&) *
4/4a%c — ab?l
¢ (—V4ac — b% tanh (\/a&) + bsec h (€))
_4c+4an+4acl—b21 . b (le + Qc) asech (v/a) n
4dc ¢ (VA ac — b? tanh (v/ag) — bsech (\/af))
(—Qc — 21¢) a2 (sec h (v/at))? ~ a(—4ac+0b%)Q -
(V4 ac — b2 tanh (v/ag) — bsech (\/55))2 (—V4ac — b% tan (y/a&) + bsec (\/Ef))Q
a’?/dac —b2Q
V4ac— b2 tanh (v/ag) — bsec h (y/at)’
where a > 0,4ac — b*> > 0 and ¢ > 0.
—2Xec— /b 4+/casec h (\/a&)
B 2¢ ~ 2atanh (\/af) —bsech(\/af)+2a+
8a*/?1 (tanh (\/a&) + 1)
¢ (—2atanh (v/a) 4 bsech (v/a&) — 2 a)

v =

4

U2
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dc+4aQc+ dacl — b2l 2b (le + Qc) asec h (1/a&)
a 4¢ ~ ¢(2atanh (\/a€) — bsec h (Vat) + 2a)
4(Qc + 21c) a’sec h? (ag) N 443 (tanh (y/aé) + 1) Q B
(2atanh (vag) — bsech (vag) +2a)®  (—2atanh (\/af) + btanh (\/at) — 2a)’
2Qa/? (tanth (y/ag) + 1)
¢ (2atanh (y/a&) — bsech (v/al) +2a)’

where a > 0 and ¢ > 0.
_—2Xe— \/cb N 4y/casec (v/—af)
2¢ V—4ac+b?tan (v=af) + bsec (v/—af)

44 a%c — ab?l

¢ (Vb2 — dactan (v=a€) + bsec (vV=af)) ’

_dc+daQetdad WL, b (lc + Qc) asec (v/=af)
4c ¢ (V—4ac+b%tan (v/=af) + bsec (vV=af))

4(—Qc — 2lc) a®sec? (v/—af) N
(V=Fac+ 52 tan (v=a€) + bsec (v—at))”
(—4 ac+ b2) a@

(4ac—2b2) (sec (\/—_aﬁ))Q — 2V —4dac+b?tan (vV=af) sec (v/—a&) b+ b2 — lac
aQv/4ac — ab?®

¢ (V0% — 4actan (v/—=a€) + bsec (v—at))’

where a < 0,4ac — b% < 0 and ¢ > 0.

Vg =

us

V3 = +

—2Xc—/cb Veasec (v/—af) 414 a%c — b? tan (v/—al)
=T e T Hac B —bsec (voaf) | (VB —Zac— bsee (v=at)) ¢
4e+4aQc+4dacl — bl b(lc+ Qc) asec (v—al)
ne de _QC(m—bsec(\/—_ag))_
4(Qc+ 21c) a® sec? (v/—al)

(V=Tac+ 5 — bsec (v—at))’
(—4ac+b?) a (1l —sec? (vV—af))Q N
dac— b2 +2bvV/—4dac — b2 sec (vV=af) + b2 (sec (\/—_ag))2
aQv/4a® — b2 tan (v/—af)
¢ (Vb2 = 4ac — bsec (v=af))’

where a < 0 and ¢ > 0.

_—2Xc— b 4 \/easec (v=ag)

us 2c + (btan (v—a&) — bsec (vV—=af) +2,/=2) +
4 (2 tan (v=a&) /=< —b) v/—al
(oo (v=a) — bsee (v—a€) +2/5)
US__4c+4an+4acl—b21 2b (lc + Qc) asec (v/—af) N

4c * ¢ (btan (yv=a&) — bsec (vV—=af) +2,/=%)
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4 (=Qc —21c) a® (sec (\/—_aﬁ))2
(btan (v=a&) — bsec (v/=af) + 2 \/—_§)2
(=2 tan (V=at) /=Z +b)*a2Q
(N sec(v/—a&) + 2 ab? tan(y/—af) sec(v/—af) — 4btan(v/—af)\/—Za + 4 ¢+ b%a)

V—aaQ (2 tan (v=a&) \/—< —b) T IS
¢ (btan (v=a&) — bsec (v—=af) +2/=2)’ N=4b \/7a 2ba,

where a < 0 and ¢ > 0. In solutions w1 ~ us,v1 ~ vs, & =x + ly + At.

5.

Conclusions

In summary, by giving more types of solutions of auxiliary equations, we obtain more types

of exact solutions of the reaction-diffusion system and (2 + 1)-dimensional dispersive long-wave

system. These solutions contain solitary waves solutions and periodic solutions. The method can

be applied to other nonlinear evolution equations. These new solutions cannot be obtained by

the
the

tanh-method and its generalizations. This indicates that our method is a new extension of

tanh-function method which can be used to find the exact travelling wave solutions to other

NLEEs.
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