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Abstract This paper studies Morita duality of semigroup-graded rings, and discusses an equiva-

lence between duality functors of graded module category and bigraded bimodules. An important

result is obtained: A semigroup bigraded R-A-bimodule Q defines a semigroup graded Morita

duality if and only if Q is gr-faithfully balanced and Ref(RQ), Ref(QA) is closed under graded

submodules and graded quotients.
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The concept of Morita duality plays a central role in module theory and ring theory. In

[1]–[4] authors studied Morita duality of associative rings[5] and group graded rings[4]. The aim

of this paper is to investigate the semigroup graded version of this concept and extends some

corresponding results.

1. Semigroup graded rings

Let S be a semigroup with identity e. For every x, y ∈ S, we define

[xy−1] = {t ∈ S|ty = x}.

For each pair t, y ∈ S we have t ∈ [(ty)y−1], so that for fixed y the collection {[xy−1]|x ∈

S, [xy−1] 6= ∅} is a partition of S. Similarly, for the semigroup Ω and for every σ, τ ∈ Ω, we

define

[σ−1τ ] = {ω ∈ Ω|σω = τ},

and for fixed σ the collection {[σ−1τ ]|τ ∈ Ω, [σ−1τ ] 6= ∅} is a partition of Ω.

A subset I ⊆ Ω is called a right ideal if for any σ ∈ I, τ ∈ Ω we have στ ∈ I.

Let S be a semigroup with identity e. A unital ring R is called an S-graded ring (or graded

by S) if there is a family {Rs| s ∈ S} of additive subgroups of R such that R =
⊕

s∈S Rs, and for
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each pair s, t ∈ S we have RsRt ⊆ Rst. A left R-module M is called S-graded if there is a family

{Ms| s ∈ S} of additive subgroups of M such that M =
⊕

s∈S Ms, and for each pair s, t ∈ S we

have RsMt ⊆ Mst. If M is a graded left R-module, the elements of h(M) =
⋃

s∈S Ms are called

homogeneous elements of M .

In this paper, let R (resp. A) be an S-graded (Ω-graded) ring, where S and Ω are semigroups

with identity. (R, S)-gr (resp. gr-(A, Ω)) will denote the category of graded left R-modules (resp.

right A-modules).

Let A be an Ω-graded ring and R an S-graded ring. For each pair σ, τ ∈ Ω and a ∈ A,

we set Aσ−1τ =
⊕

ω∈Ω
σω=τ

Aω, aσ−1τ =
∑

ω∈Ω
σω=τ

aω. For each pair x, y ∈ S and r ∈ R, we set

Rxy−1 =
⊕

t∈S
tx=y

Rt, rxy−1 =
∑

t∈S
tx=y

rt.

Proposition 1.1 Let A be an Ω-graded ring. Suppose N ∈ gr-(A, Ω) and set σ, τ, ω ∈ Ω. Then

(1) NσAσ−1τ ⊆ Nτ ;

(2) (na)σ = Στ∈Ωnτaτ−1σ for all a ∈ A, n ∈ N ;

(3) If n ∈ Nσ, a ∈ A, then (na)τ = nσaσ−1τ for each τ ∈ Ω;

(4) If n ∈ Nσ, then n = n1σ−1σ, while n1σ−1τ = 0 for each σ 6= τ ;

(5) Nσ−1τAω ⊆ Nσ−1τω;

(6) If I is a right ideal of Ω, then NI = NIA is a graded A-submodule of M , where

NI =
∑

σ∈I nσ.

Proof (1) is obvious and (2) follows directly from (na)σ = Σω∈ΩΣ τ∈Ω
τω=σ

nτaω = Στ∈Ωnτaτ−1σ.

Statement (3) is a special case of (2).

For each n ∈ Nσ, note that n = nσ and that nσ = (n1)σ = nσ1σ−1σ, we have n = n1σ−1σ,

while 0 = (nσ)τ = (n1)τ = nσ1σ−1τ = n1σ−1τ , so (4) holds.

Let υ ∈ [σ−1τ ]. Then συ = τ , and thus συω = τω ⇒ υω ∈ [σ−1τω], which implies that

Nσ−1τAω ⊆ Nσ−1τω, so (5) holds.

Finally for (6), if I is a right ideal of Ω and τ ∈ I, then for each σ ∈ Ω, nτ ∈ Nτ and aσ ∈ Aσ

we have τσ ∈ I, nτaσ ∈ Nτσ ⊆ NI , so that NIA ⊆ NI . Conversely because A has the identity,

the relation NI ⊆ NIA obviously holds and the result follows. 2

For M ∈ (R, S)-gr and s ∈ S, set M(s)t = Mts−1 for all t ∈ S, then M(s) =
⊕

t∈S Mts−1 is

an S-graded left R-module. For each s ∈ S, we define sP = R1ss−1 , which is a graded submodule

of R(s) by setting (sP)t = Rts−11ss−1 for all t ∈ S.

Similarly, for N ∈ gr-(A, Ω) and σ ∈ Ω, (σ)N =
⊕

τ∈Ω Nσ−1τ is an Ω-graded right A-module.

For each σ ∈ Ω, we define Qσ = 1σ−1σA, which is a graded submodule of (σ)A by setting

(Qσ)τ = 1σ−1σAσ−1τ for all τ ∈ Ω.

Proposition 1.2[7] The collection {sP}s∈S defined above forms a system of finitely generated

projective generators of (R, S)-gr.

Proposition 1.3 Let A be a unital ring graded by the semigroup Ω and let σ ∈ Ω.
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(1) For N ∈ gr-(A, Ω), the map ϕσ(N) : Homgr-(A,Ω)(Q
σ, N) −→ Nσ given by

ϕσ(N) : f 7→ f(1σ−1σ)

is an isomorphism of abelian groups.

(2) The functor Homgr-(A,Ω)(Q
σ,−) is isomorphic to the functor (−)σ.

Proposition 1.4 The collection {Qσ}σ∈Ω defined above forms a system of finitely generated

projective generators of gr-(A, Ω).

2. Bigraded bimodules

In this section, we denote by S and Ω two semigroups and R =
⊕

s∈S Rs and A =
⊕

σ∈Ω Aσ

two rings graded by S and Ω, respectively.

An R-A-bimodule RQA is said to be a bigraded R-A-bimodule if there is a family { sQσ | s ∈

S, σ ∈ Ω } of additive subgroups of Q such that Q =
⊕

s∈S
σ∈Ω

sQσ and for every s, t ∈ S, σ, τ ∈ Ω,

we have Rs · tQσ · Aτ ⊆ stQστ .

For every s ∈ S, σ ∈ Ω, set sQ =
⊕

σ∈Ω
sQσ and Qσ =

⊕
s∈S sQσ, then sQ is a graded right

A-submodule of QA and Qσ is a graded left R-submodule of RQ. Thus for every M ∈ (R, S)-gr

Hom(R,S)-gr(M, Q) = {f ∈ Hom(M, Q) | f(Ms) ⊆ sQ, ∀ s ∈ S},

has a natural structure of right A-module. For every σ ∈ Ω set

M∗
σ = { f ∈ Hom(R,S)-gr(M, Q)|Imf ⊆ Qσ}.

Thus M∗ =
∑

σ∈Ω M∗
σ , which is an A-submodule of Hom(R,S)-gr(M, Q), can be considered as a

graded right A-module by setting (M∗)σ = M∗
σ .

Now let M1, M2 ∈ (R, S)-gr and f ∈ Hom(R,S)-gr(M1, M2). Then for every σ ∈ Ω and

α ∈ (M∗
2 )σ, Im(fα) ⊆ Im(α) ⊆ Qσ so that fα ∈ (M∗

1 )σ. Thus the transpose of f induces a

morphism f∗ : M∗
2 → M∗

1 of graded right A-modules and we have the following two duality

functors:

HR(−, Q) : (R, S)-gr −→ gr-(A, Ω), M 7→ M∗, f 7→ f∗

HA(−, Q) : gr-(A, Ω) −→ (R, S)-gr, N 7→ N∗, g 7→ g∗.

Proposition 2.1 Let RQA =
⊕

s∈S
σ∈Ω

sQσ be a bigraded R-A-bimodule and let M ∈ (R, S)-gr, N ∈

gr-(A, Ω). Then there is an isomorphism

η : HomR(M, HomA(N, Q))→̃HomA(N, HomR(M, Q)).

Moreover, it can induce an isomorphism

η : Hom(R,S)-gr(M, HomA(N, Q))→̃Homgr-(A,Ω)(N, HomR(M, Q))

natural in each of the three variables.

Let RQA be a bigraded R-A-bimodule. We define the functors by

ω = ω1 : 1(R,S)-gr → (−)∗∗ = HA(−, Q) ◦ HR(−, Q)
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ω = ω2 : 1gr-(A,Ω) → (−)∗∗ = HR(−, Q) ◦ HA(−, Q).

For every M ∈ (R, S)-gr, m ∈ M, f ∈ M∗, [(m)ω1
M ](f) = (m)f and for every N ∈ gr-(A, Ω), n ∈

N, g ∈ N∗, (g)[ω2
N (n)] = g(n).

Proposition 2.2 For every M ∈ (R, S)-gr, (ωM )∗ ◦ ωM∗ is the identity map 1M∗ and for every

N ∈ gr-(A, Ω), (ωN )∗ ◦ ωN∗ is the identity map 1N∗ .

Proof By the definition (ωM )∗ : M∗∗∗ → M∗, ωM∗ : M∗ → M∗∗∗. Let γ ∈ M∗. Then for every

m ∈ M

(m)[(ωM )∗ ◦ (ωM∗(γ))] = (m)[ωm∗(γ) ◦ ωM ] = [(m)ωM ](γ) = (m)γ,

which implies that (ωM )∗ ◦ ωM∗ = 1M∗ . 2

Definition 2.3 Let RQA be a bigraded R-A-bimodule and let M ∈ (R, S)-gr (resp. N ∈

gr-(A, Ω)). M (resp. N) is called Q-reflexive if ωM (resp. ωN ) is an isomorphism.

We will denote by Ref(RQ) (resp. Ref(QA) the full subcategory of R-gr (resp. gr-A) consist-

ing of Q-reflexive graded left R-modules (resp. right A-modules). Obviously, if M is Q-reflexive,

so is M∗.

Definition 2.4 Let ℜ be a family of graded left R-modules. An graded left R-module M ∈

(R, S)-gr is called gr-cogenerated by ℜ if ℜ cogenerates M in (R, S)-gr, i.e., if there is an em-

bedding, in (R, S)-gr, of M into a direct product, in (R, S)-gr, of elements of ℜ.

Lemma 2.5 Let ℜ be a family of graded left R-modules. Then

(1) M ∈ (R, S)-gr is gr-cogenerated by ℜ iff for every 0 6= x ∈ h(M) there exists a C ∈ ℜ

and an f ∈ Hom(R,S)-gr(M, C) such that (x)f 6= 0.

(2) ℜ is a set of cogenerators in (R, S)-gr iff ℜ gr-cogenerates any graded left R-module.

Lemma 2.6 Let RQA be a bigraded R-A-bimodule and let M ∈ (R, S)-gr. Then the following

statements are equivalent:

(1) ωM is a monomorphism.

(2) M is gr-cogenerated by the family {Qσ|σ ∈ Ω}.

Let Q =
⊕

s∈S
σ∈Ω

sQσ be a bigraded R-A-bimodule. Note that Rts−1 ·1ss−1 ·sQ = Rts−1 ·sQ ⊆ tQ

and that Qσ · 1σ−1σ · Aσ−1τ = Qσ · Aσ−1τ ⊆ Qτ by [7, Lemma 2.4], for every s, t ∈ S and every

σ, τ ∈ Ω there exist canonical group homomorphisms λs,t : (sP)t −→ Homgr-(A,Ω)(sQ, tQ)

defined by

[(r)λs,t](q) = rq, for every r ∈ (sP)t, q ∈ sQ

and ρσ,τ : (Qσ)τ −→ Hom(R,S)-gr(Qσ, Qτ ) defined by

(p)[ρσ,τ (a)] = pa, for every a ∈ (Qσ)τ , p ∈ Qσ.

Definition 2.7 A bigraded R-A-bimodule RQA is said to be gr-faithfully balanced if for every

s, t ∈ S and for every σ, τ ∈ Ω the group homomorphisms λs,t and ρσ,τ are isomorphic.
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Proposition 2.8 Let RQA =
⊕

s∈S
σ∈Ω

sQσ be a bigraded R-A-bimodule. The following statements

are equivalent:

(1) RQA is gr-faithfully balanced.

(2) For every s ∈ S and every σ ∈ Ω, sP and Qσ are Q-reflexive.

Proof For every s ∈ S, sP is finite generated by Proposition 1.2, and (sP)∗ = Hom(R,S)-gr(
sP , Q) ∼=

sQ by [7, Proposition 2.11], so (sP)∗∗ ∼= (sQ)∗ = Hom(R,S)-gr(sQ, Q) =
⊕

t∈S Hom(R,S)-gr(sQ, tQ);

On the other hand, we have sP =
⊕

t∈S
sPt. Thus RQA is gr-faithfully balanced iff sP is Q-

reflexive. Similarly, for every σ ∈ Ω, (Qσ)∗ = Homgr-(A,Ω)(Q
σ, Q) ∼= Qσ by Propositions 1.3 and

1.4 and RQA is gr-faithfully balanced iff Qσ is Q-reflexive. 2

3. Semigroup graded Morita duality

Proposition 3.1 Let R =
⊕

s∈S Rs and A =
⊕

σ∈Ω Aσ be two rings graded by S and Ω

respectively. Let C, D be full subcategories of (R, S)-gr and gr-(A, Ω) respectively and assume

that the contravariant functors F : C → D and F ′ : D → C yield a duality between C and D.

If for all s ∈ S, sP ∈ C, then there exists a bigraded R-A-bimodule Q =
⊕

s∈S
σ∈Ω

sQσ such that

F ′ ≃ HA(−, Q).

Proof For every s ∈ S we set sQ = F (sP) ∈ D, which is a graded right A-module, then

Q =
⊕

s∈S sQ is a bigraded R-A-bimodule. Let N ∈ gr-(A, Ω). Then we have F ′(N)s
∼=

Hom(R,S)-gr(
sP , F ′(N)) by [7, Proposition 2.11] and thus

F ′(N) =
⊕

s∈S

F ′(N)s
∼=

⊕

s∈S

Hom(R,S)-gr(
sP , F ′(N))

F
∼=

⊕

s∈S

Homgr-(A,Ω)(FF ′(N), F (sP)) =
⊕

s∈S

Homgr-(A,Ω)(N, sQ)

∼=Homgr-(A,Ω)(N, Q) ∼= HA(N, Q).

Theorem 3.2 Let R =
⊕

s∈S Rs and A =
⊕

σ∈Ω Aσ be two rings graded by S and Ω, respec-

tively, C and D full subcategories of (R, S)-gr and gr-(A, Ω) respectively and assume that for

every s ∈ S and σ ∈ Ω, sP ∈ C and Qσ ∈ D. Let F : C → D and F ′ : D → C be a duality. Then

there exists a bigraded R-A-bimodule Q =
⊕

s∈S
σ∈Ω

sQσ such that:

(1) For every s ∈ S and σ ∈ Ω, sQ ≃ F (sP), Qσ ≃ F ′(Qσ).

(2) There are natural isomorphisms F ∼= HR(−, Q), F ′ ∼= HA(−, Q).

(3) C ⊆ Ref(RQ) and D ⊆ Ref(QA).

(4) RQA is gr-faithfully balanced.

Proof Statements (1) and (2) follow by Proposition 3.1. Note that (2) and (3) are equivalent, we

only prove that statement (3) is true. For every s ∈ S, we have (sP)∗ = Hom(R,S)-gr(
sP , Q) ∼=

sQ, then (sP)∗∗ ∼= (sQ)∗ = (F (sP))∗ ∼= F ′(F (sP)) ∼= sP , which implies that sP ∈ Ref(RQ).

Similarly, we have Qσ ∈ Ref(QA).

Definition 3.3 Let RQA be a bigraded R-A-bimodule. We say that RQA defines a semigroup
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graded Morita duality if

M1) For every s ∈ S and σ ∈ Ω, sP and Qσ are Q-reflexive.

M2) Ref(RQ) and Ref(QA) are closed under graded submodules and graded quotients.

Lemma 3.4 Let RQA be a bigraded R-A-bimodule and let M ′ f
−→ M

g
−→ M ′′ −→ 0 be an

exact sequence in (R, S)-gr. Then 0 −→ (M ′′)∗
g∗

−→ M∗ f∗

−→ (M ′)∗ is an exact sequence in

gr-(A, Ω).

Recall a graded right A-module N ∈ gr-(A, Ω) is gr-injective if the functor HR(−, N) is exact.

Lemma 3.5 Let RQA be a bigraded R-A-bimodule. Then the following assertions are equivalent:

(1) The contravariant functor (−)∗ = HR(−, Q) is exact.

(2) For every s ∈ S and for every left ideal I of sP , the dual j∗ of the inclusion j : I →֒ sP

is surjective.

(3) For every σ ∈ Ω the graded left R-module Qσ is gr-injective.

Proof Straightforward. 2

Proposition 3.6 Let ℜ be a family of gr-injective left R-modules. Then the following assertions

are equivalent:

(1) ℜ is a set of cogenerators in (R, S)-gr.

(2) ℜ gr-cogenerates every gr-simple left R-module.

Proof (1)⇒(2) is clear.

(2)⇒(1) Let M ∈ (R, S)-gr and let 0 6= x ∈ h(M). Then H = Rx contains a gr-

maximal graded submodule N (see [5], Lemma 1.7.4) and there exists a C ∈ ℜ and f ∈

Hom(R,S)-gr(H/N, C) such that (x + N)f 6= 0. Let p : H → H/N be the canonical projec-

tion. Then pf extends to a graded R-morphism h : M → C, as C is gr-injective, and we have

(x)h = (x)pf = (x + N)f 6= 0. Apply now Lemma 2.5. 2

Proposition 3.7 Let R be an S-graded ring and assume that sP is defined as above. Then

every gr-simple left R-module M is isomorphic to some quotients of sP .

Proof Let M be a gr-simple left R-module. Then for every 0 6= m ∈ h(M)x, Rm = M

and we have a epimorphism α : sP −→ M defined by α(r) = rm, which is graded since
sPt · Ms · Rts−1 · 1ss−1 · Ms ⊆ Mt. Thus there exists an isomorphism sp/kerα ∼= M . 2

Theorem 3.8 Let R and A be rings graded by semigroups S and Ω respectively and let

RQA =
⊕

s∈S
σ∈Ω

sQσ be a bigraded R-A-bimodule. Then the following statements are equivalent:

(1) RQA defines a semigroup graded Morita duality.

(2) For every s ∈ S and σ ∈ Ω every graded submodules and graded quotient of sP ,Qσ, sQ, Qσ

is Q-reflexive.

(3) RQA is gr-faithfully balanced, {Qσ |σ ∈ Ω } is a set of gr-injective cogenerators of

(R, S)-gr, { sQ | s ∈ S } is a set of gr-injective cogenerators of gr-(A, Ω).
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Proof (1)⇒ (2) Assume that RQA defines a semigroup graded Morita duality, we have that
sP and Qσ are Q-reflexive and for every s ∈ S and σ ∈ Ω sQ ∼= HR(sP , Q) = (sP)∗ and

Qσ
∼= HA(Qσ, Q) = (Qσ)∗ are Q-reflexive too.

(2)⇒ (3) From Proposition 2.8 we deduce that RQA is gr-faithfully balanced. Now consider

the canonical short exact sequence

0 −−−−→ I
j

−−−−→ sp
p

−−−−→ sp/I −−−−→ 0

for every graded ideal I of xP .

Let H = Imj∗ ⊆ I∗ the image of the dual of j. Then HA is isomorphic to a graded quotient

of (sP)∗ i.e. (sP)∗/Kerj∗ ∼= Imj∗ = H and hence Q-reflexive from (2).

Let i : H →֒ I∗ the inclusion and k : (sp)∗ −→ H the corestriction of j∗. Then we have the

following commutative diagram with exact rows.

0 −−−−→ I
j

−−−−→ sp
p

−−−−→ sp/I −−−−→ 0
xi∗◦ωI

xω(sp)

xω(sp/I)

0 −−−−→ H∗ k∗

−−−−→ (sp)∗∗
k∗

−−−−→ (sp)∗∗/I −−−−→ 0

From (2) the maps ω(sP/I) and ω(sP) are isomorphic, therefore i∗ ◦ωI is isomorphic and I ∼= H∗.

Because H is Q-reflexive, H∗ is Q-reflexive by Proposition 2.2. Thus I and I∗ are Q-reflexive

and i∗ is isomorphic. This implies that i∗∗ is always an isomorphism.

Let L = I∗. Then ωL is an isomorphism. Thus i = ωH i∗∗ωl
−1 is an isomorphism and j∗ is

epimorphic. By Proposition 3.5 for every σ ∈ Ω the graded left R-module Qσ is gr-injective.

Finally, by Proposition 3.7 every gr-simple left R-module is a graded quotient of sP for some

s ∈ S. Let C be a gr-simple left R-module. We have C ∼= sP/I for some graded submodule I of
xP , then C is Q-reflexive and ωC is isomorphic. Thus {Qσ |σ ∈ Ω } gr-cogenerates C by Lemma

2.6 and {Qσ |σ ∈ Ω } is a set of gr-injective cogenerators of (R, S)-gr by Proposition 3.6.

(3)⇒ (1) By Proposition 2.8 for every s ∈ S and σ ∈ Ω sP and Qσ are Q-reflexive.

Let L be a graded submodule of a Q-reflexive graded left R-module M . Now consider the

commutative diagram

0 −−−−→ L −−−−→ M
p

−−−−→ M/L −−−−→ 0
xωL

xωM

xω(M/L)

0 −−−−→ L∗∗ −−−−→ M∗∗ −−−−→ (M/L)∗∗ −−−−→ 0

As every Qσ(σ ∈ Ω) and every sQ(s ∈ S) are gr-injective the bottom row is exact by Proposition

3.5. As {Qσ |σ ∈ Ω } is a family of cogenerators of (R, S)-gr and {sQ | s ∈ S } is a family of

cogenerators of gr-(A, Ω) the maps ωL and ω(M/L) are monomorphisms by Lemma 2.6. Then by

Snake’s lemma, they are epimorphisms.

Theorem 3.9 Let R and A be rings graded by semigroups S and Ω respectively and let

RQA =
⊕

s∈S
σ∈Ω

sQσ be a bigraded R-A-bimodule. Then RQA defines a semigroup graded Morita

duality if and only if RQA is gr-faithfully balanced and Ref(RQ) and Ref(QA) are closed under
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graded submodules and graded quotients.

Proof The necessity follows from the definition of semigroup graded Morita duality and Theorem

3.9. For the sufficiency, since RQA is gr-faithfully balanced, for every s ∈ S and σ ∈ Ω we have sP

and Qσ are Q-reflexive by Proposition 2.8, thus Qσ
∼= (Qσ)∗ and sQ ∼= (sP)∗ are also Q-reflexive.

This completes the proof by Theorem 3.8. 2
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