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Abstract In this paper, we prove the dual Toeplitz algebra Z (C(D™)) contains the ideal K of
compact operators as its semicommutator ideal, and study its algebraic structure. We also get
some results about spectrum of dual Toeplitz operators.
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1. Introduction

Let D™(n > 2,n € Z) be the unit polydisk with normalized Lebesgue measure dA. The
Bergman space L2(D") is defined by L2(D") = L*(D")(H(D"), where H(D™) denotes the
class of all the analytic functions on D™. For w € D", the Mdbius transformation is given by
Pw(2) = (Pui (21), - - -, P, (2n)), Where @y, (2;) = {255, 2 € D, 1 <i<n. For f,g € L?(D"),
we define the one rank operator f ® g as

(f®gh=(hg)f, heL*D").
Let P denote the orthogonal projection from L?(D") to L?(D™), which can be represented
by
(Ph)(z) = / h(w)K,(w)dA(w), he€ L*(D™),w € D",

where K (w) =[], m are the reproducing kernels for L2(D™). The functions k,(w) =
2
I, % are the normalized reproducing kernels.

For f € L°(D"), Toeplitz operator Ty : L2(D™) — L2(D™) is defined by

T¢(g) = P(fg), g€ Li(D").

Let Q = I — P and L2(D")* be the orthogonal complement of L2(D™) in L*(D™). Then two
other operators are given as follows:
Hankel operator Hy : L2(D"™) — L2(D™)* is defined by

Hy(h) = Q(fh), he Ly(D").
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Dual Toeplitz operator Sy : L2(D™)+ — L2(D")L is defined by
Sp(u) = Q(fu), ue Li(D™) .

Based on the definitions of these operators as above, we can decompose the multiplication
operator M¢(f € L>(D")) on L?(D") as

T, H*
My=|( "7 7).
Hy Sy

The identity My, = MM, implies

Tty :Tqu"’H}Hgv (1.1)
ng = Sng + Hng, (1.2)
Hpy = HiT, + SpH,. (1.3)

If f is analytic in (1.3), then we have
Hy, = S;H, = H,Ty. (1.4)

These identities show the tight relationships between dual Toeplitz operators and Toeplitz
operators, and Hankel operators. There have been many results about Toeplitz algebra. In 1969,

R.Douglas!!! obtained the short exact sequence:
(0) — comZ(L>(T)) — Z(L>(T)) — L>(T) — (0),

where Z(L>(T)) is the Toeplitz algebra on Hardy space H?(T) generated by {Ty : f € L>(T)},
and comZ(L>(T)) is the commutator ideal in Z(L*(T')). In [2], C.Yan and Sh.Sun completely
characterized the automorphism group of the Toeplitz algebra generated by continuous symbols.
G.McDonald and C.Sunberg!®l discussed the Toeplitz algebra with the symbols in C(M), where
M is the maximal ideal space of H>(D).

For the dual Toeplitz operators, K.Stroethoff and D.Zheng!* has proved the following short

exact sequence:
(0) — semiZ(L>(D)) — Z(L=(D)) — L=(D) — (0),
where semiZ (L (D)) is the semicommutator ideal in Z(L°°(D)). [4] also poved that semiZ(L>°(D))
is the class of all compact operators. This paper will extend these results to the polydisk.
2. Main resultes
The symbols 7, semi are the same as in introduction.
Theorem 1 The sequence
(0) — semiZ(L>*(D")) — Z(L=(D")) — L>*(D") — (0)

is short exact.
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When n = 1, Theorem 1 has been proved in [4] by using the functions

Guw,s(2) = (2 — W)Xw+sD(2),
where w € D, 0 < s < 1 — |w|. In the case of polydisk, we can use the functions G, s(z) =
[T, (zi — wi)Xw,+sp(2:), w € D™,0 < s < min{1 — |w;| : 1 <4 < n}. Since the proof is similar

to that in [4], we omit it here.

Theorem 2 K C semiZ(L>(D")), where K is the class of all the compact operators on L2(D™)*.
Before proving this theorem, we give some notations and lemmas. For any multi-index
a=(ai,...,a,), where oy, (1 < k < n) are the nonnegative integers, we write |o| = a1+ - -+ ay,.

For z = (z1,...,2n) € D™, 2% denotes 27" - - - 2.

Lemma 3 For w € D", the identity

n

ko @ ke = [[(I = 2Ty, Tp,, + T2, T2,) (2.1)
i=1

holds on L2(D"™).

Proof By the proposition 4.1 in [5], for w € D, we have that

kw @ ky =1—2T, Ty, + T2 T2,

on L2(D). Suppose f = 2* € L2(D"), where « is a multi-index. Then

n n

(kw ® k)2 = H<21a1, K, )kw, = H(I - 2T‘pwiT¢wi + Tgwi ngwi)zfi-

But
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Similarly, we have

So
(I = 2T, Ty, + T2, T2, )% = (1 = 2Ty, To, + T2, 72, )o) [[ 20

At last we have

H(I —2T,, Tp,, + T2, T2, )2 = (H(I - 2Ty, Tp,, + T2, T2, ))2".

=1 i=1

Since ky, ® k,, is linear, (2.1) holds for any f € LZ(D").
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In the following proof, we let S denote semiZ(L>(D"™)) briefly.
Lemma 4 For1<i,j<mn, Z; ® Z; € semiZ(L>(D")).

Proof We only prove the case n = 2, and the general case can be proved similarly. The following
identities are obvious:
Z1® % = (Hz1)® (Hz,1) = H,(1® 1)HZ,.

From Lemma 3 we have

1®1=ko®ko
2
— H(I — 2T, Ts, + T2T2)
=1
=I- 2(T21T51 + TzzTiz) + (TZ21T221 + Tz22T222 + 4T21T51T22T52)_

2T, T, T2 T2 + T, T, T2 T2 ) + T2 T2 T T?

zo Zo 2721721 217217227 29"
By (1.4), the identity HzT., = S.,Hz (1 <1i,j <2) holds. So
51 ® 22 :Hng;—kz - 2Sle51H§2551 - 2SZZH51H§2552+
S? H: H: S2 S2 Hs H: S2 +4S. H: T: T.,H Sz, — 2S., H; T, T2 H: S2 —
28.,H: T:,T7 H:, S2 + S2 H:, T2 T2 H:, S2,. (2.2)
By (1.2) we have
HEIH;; - S2122 - 851‘922 S S (23)
So first five items in (2.2) are in S. Since
Tfszz = T51Z2 = TZ251 = TZ2T51 + H,;QHEN
we know that

48, H: T T.,H;, Sz, =4S, H:, T.,T: H. Sz, +4S., H: H; H: H} S,

The above expression is in S by (2.3), in other words, the sixth item in (2.2) belongs to S.
Similarly, the other items in (2.2) arein S. So 21®22 € S. Similarly, we can also get 21 ®21, 2o ®2;

and Z; ® Zo are in S respectively.

Proof of Theorem 2 By Lemma 4 and Theorem 5.39 in [1], it suffices to prove that S
is irreducible in B(L2(D™)'), where B(L2(D™)*) denotes all the bounded linear operators on
L2(D™)*. Suppose N is a closed linear subspace of L2(D™)* which reduces S, we have to show
that N = L2(D")L. Firstly, we will prove that z; € N’ (1 < i < n).

Since N is nonzero, it contains a nonzero function ¢. Since the linear combinations of the
functions in {zo‘éﬁ : @, 3 are multi-indices} are dense in L?(D™), and thus there exist «, 3 such
that (p, 292°) # 0. Since ¢ € L2(D™)*, there exists 3; > 0, in other words, |3| > 0. Now we
have

(g, 228"z =222 [ 2 (o), 1) = (S0 -1 L (), zi)zi
JFi ! e
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= (5 ®Z)S5,, o M, =% ().

Following Lemma 4, (Z; ® Ei)szazfi’l M. € S. Since NV reduces S, (¢, 222°)z; € N. Because
(¢, 292%) # 0, we conclude that z; € /\/]' '

For j # 1, since z; ® z; € S and (%, ® %;)Z; = Z;, we have z; € N.

Now suppose 1 € L2(D")1 and L N. For any multi-indices «, 3, if |3] = 0, it is obvious
that (v, 2%2°) = 0. If not, then there exists 3; > 0 such that

($,2°2°)2 = (2 © Z)S_, s, 55 ().
zozt Il

Since N reduces S and z; € N, we have (¢, 2%2%) = 0. Thus 1 is zero almost everywhere on
D™, in other words, N’ = L2(D™)*. So we conclude that S is irreducible in B(L2(D"™)~).

Theorem 3 K = semiZ(C(D"™)).

Proof For f,g € C(D"), then Hy and H, are compact. By (1.2) we have
Sty —S§Sq=HyHj.

Thus semiZ(C(D™)) C K. Combining Theorem 2, we conclude that K = semiZ(C(D")).

Following Theorems 1 and 3, we have the short exact sequence
(0) — K — Z(C(D")) — C(D™) — (0).

If f is a measurable function on D", then we denote by R(f) the essential rang of f, and by
o(Sy) and o.(Sy) respectively the spectrum and essential spectrum of Sy. For a subset E of the
complex plane, let A(FE) denote the closed convex hull of E.

Since the proofs of the following theorems are similar to those in [4], we omit them here.
Theorem 4 If f € L°°(D™), then R(f) C o(Sy) C h(R(f)).

Theorem 5 If f € L>°(D"), and Hy and Hf are compact, then o.(Sy) = R(f).
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