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1. Introduction

In this paper, we study the existence of three nonnegative solutions to a type of three-point

boundary value problem for the second-order impulsive differential equation

—2"(t) = f(t,z(t)) for t e (0,)\{t1,...,tm},

)
Ax|i=y, = I(z(tr)), k=1,2,...,m, (1.1)

where f € C([0,1] x R4,Ry), Ry = [0,40), 0 < t1 < ta < -+ < t,, < 1, B, € € (0,1),
I, € O(Ry, Ry), Axliy, = 2(t]) — 2(t;, ), and z(¢)) and z(¢;) denote the right limit and left
limit of z(t) at t = ¢y, k = 1,2,...,m, respectively. Also Az'|—, = 2/(t]) — 2/ (t;).

By means of the Leggett-Williams’s fixed point theorem, we obtain the sufficient conditions
for existence of three nonnegative solutions in which there is a positive solution at least.

In many problems of science and technology, the impulsive phenomenon exists widely, espe-
cially in engineering, physics, communication, science of life and economic field. Impulsive dif-
ferential equations describe processes which experience a sudden change of their state at certain

moments. They, under some circumstances, could express the certain regulation of the matters
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more accurately than the classical differential equations!!l. Therefore, it is very important to
study impulsive differential equations.
Guol?! used fixed point index theory for cone mappings to investigate the existence of multiple

positive solutions of a boundary value problem

—2"(t) = f(t, z(t), t#tgk=1,2,...,m,
Axli=y, = I(x(ty)), k=1,2,...,m,
ax(0) —ba’'(0) =60, cx(l)+dz'(1) = 0.

In [3], by using the Leggett Williams fixed point theorem, some results were obtained which
guarantee the existence of three nonnegative solutions to the second order impulsive differential
equations

y'(t) +o(t)f(y(t) =0 for t€ (0, )\{tr, .., tm},

Ayli=r, = Ie(y(ty)), k=1,2,....,m,

AY =, = T(y(ty)), k=1,2,...,m,

y(0) = y(1) = 0.

Hel¥ used the method of upper and lower solutions and monotone iterative to investigate the
existence of maximal and minimal solutions of the periodic boundary value problem for first
order impulsive functional differential equations. Zhang!® obtained results of existence for first
order non-homogeneous boundary value problem of impulsive differential equations by means
of the method of upper and lower solutions coupled with the monotone iterative technique. In
[6] was investigated the existence of solutions to the second order impulsive integro-differential

equations by using Leray-Schauder continuous theorem of the condensing mapping,

2. Preliminaries

Denote J = [0,1] and PC[J,R] = {z|x : J — R, x is continuous for ¢ # tj, right limit
z(t)) and left limit x(t;) exist, and x(ty) = z(t;) at t = t;, for k = 1,2,...,m}. Ob-
viously, PC[J, R] is a Banach space with norm ||z||pc = sup,c;|z(t)]. Denote Jy = [0,1],
J1 = (1, ta], ooy Ime1 = (Gme1ytm]s Im = (Em, 1], and J' = J\{t1,t2, ..., tm }-

Definition 2.1 =z is said to be a solution of boundary value problem (1.1), ifz € PC[J, R](C?[J', R]
and satisfies (1.1).

Lemma 2.1"1  H ¢ PC[J, R] is a relatively compact set if and only if H is uniform bounded
in J and equicontinuous in all Ji, k=1,2,...,m.
Let
s, s <&, s <t
1 Bs+(1-P)t, t<s<¢&
1-8) Be+s(1-p8), €<s<t
BE+E(1—-0), t<s,€<s.

Lemma 2.2 x € PC[J,R](\C?[J', R] is a solution of the boundary value problem (1.1) if and

G(t,s) =
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only if x € PC[J, R] is a solution of the integral equation

/G ds+— S L)+ Y Lt).  (21)

0<t <¢ 0<tp<t

Proof Suppose z € PC[J,R|(\C?[J', R] is a solution of the boundary value problem (1.1),

and let tg = 0. By virtue of mean value theorem of differentials, we obtain

:E(tk) — :E(tk — h) = I/(fk)h for 0<h<ty— te—1,
where &, € (ty —h,tx). By (1.1), we have Az’|,—y, = 2'(t;)—2'(t;,) = 0. Then the left derivative
a’_(ty) exists, and

. ;v(tk) - $(tk - h) . _
v () = lim, h mm o) =)

Set @' (ty) = 2'(t, ), k =1,2,...,m. Then

2/ (t) = 2'(0) — /0 f(s,x(s))ds for 0 <t <t

st =0~ [ " fls,a(s))ds. (2.2)
It follows from (1.1) and (2.2) that
ot / o no)as =2'0) = [ s, o)as +5/(01) ' 0)
for t; <t < to. Similarly, we have
2 (t) =2’ /fsx s)ds+ > [a/(tf) — 2/ (tx)] for all te.J.
O<tp<t

Therefore

:c(t)=w<0)+x'(0)t—/0 (t —s)f(s,x(s))ds for 0 <t <ty

x(t1) = z(0) + 2/ (0)t; — /0 1 (t1 —s)f(s,x(s))ds

and for t1 <t <ty

(1) :x(tf)—i—x’(o)(t—tl)—/ol(t—tl)f(s,x(s))ds—/ (t = ) (s, 2(s))ds + (2 (¢F) — 2/ (t)(t — t1)

=z(0) + 2/ (0)t — /0 (t —s)f(s,2(s))ds + (2 (t]) — 2" (1)) (t — t1) + (z(t]) — 2(t1)).

In the same way, we can show

x(t):I(OHI'(O)t—/O(t—S)f Dds+ Y [w ENE—te)+ Y [x(t) —=(t;)

0<tp<t 0<tp<t

forallt € J.
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Since Ax|i=t, = Ir(x(tr)), Ax'|i=, =0,k =1,2,...,m, we have

t
x(t):x(0)+x’(0)t—/ (t—s)f(s,a(s)ds+ Y In(x(te)) for all te.J. (2.3)
0 0<tr<t

Combining the boundary conditions of the problem (1.1), we obtain

L 1
—/O f(s,z(s))ds, x(O)Z/O f(s,z(s))ds

By (2.3), we have z(¢) = x(0) + 2'(0)¢ — fof(g —8)f(s,2(s))ds + >y, <¢ Ie(z(tr)). But
2(0) = Ba(§), we get

o0 = 125 [ ss.atonas - [(€-seatnas+ X )]

0<trp<§

Hence

p
ﬁ/ fs,x(s ds—m/ —s)f(s,z( ds—i—m Z I (x(tx))+

0<t, <€
/fs:zc ds—/(t—s)f(sx )ds + Z I (x(tr))
0<t, <t
19 For allt < ¢
_ (s ¢ Bs+t(1-p) PBE+t(1- )
:zr(t)—/o mf(s ,x(s))ds + ) ﬁf(s,x(s))ds—i- A Wf(s,x(s))ds—i—
% Y L)+ S @),
0<ty<é 0<tp<t
20 For allt > ¢
[t s 5§+51— 6§+t1—
x(t)_/o 1_ﬁf(s x ds—l—/ — 15 (s, x( ds—l—/ ,x(s))ds+
25 Y b))+ 3 D).
0<t, <€ 0<tr<t

Then for all t € J
/ alt Ns+ 755 30 Ilalt)+ D7 Iila(t))
0<t <& 0<tp<t

On the other hand, if z € PC[J, R] is a solution of the integral equation (2.1), it is easy to
obtain x € PC[J, R] (N C?[J', R] is a solution of the boundary value problem (1.1) by (2.1). O
The operator A : PC[J, R] — PC|J, R] is defined by

(Az)(t / G(t, s)f(s,x(s) ds—|— 6 Z I (x(tr)) Z I (z(ty)) for te J. (2.4)

0<tr<& 0<trp<t

Obviously, we have the following

Lemma 2.3 x € PC[J, R](\C?[J', R] is a solution of the boundary value problem (1.1) if and
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only if x € PC[J, R] is a fixed point of A.

Lemma 2.4 The function G satisfies

(1) G(t,s) < 125 for all t,s € J, and G(t, s) > % min{s, £} for all t € J;
(2) fol G(t,s)ds = 26@=8 44 142 and minge s fol Gt s)ds = 2629 4 5(2;5) for

2(1-5) 2(1-p)
max{tm,&} <6 < 1.

Lemma 2.5 A: PC|J,R] — PC|J, R] is a completely continuous operator.

Proof By (2.4), it is easy to see that A is a continuous operator. Since
e
(Az)' (t) = /0 Ef(s,x(s))ds, ted, t#ty, k=1,2,...,m

and |%—C§| < 1, A(S) is uniform bounded in J and equicontinuous in all Jj for any bounded set
SePC[JR],k=1,2,...,m.

Therefore, it follows from Lemma 2.1 that A is a completely continuous operator. O

Let E = (E,| - ||) be a Banach space and P C E be a cone on E. A continuous mapping
w: P —[0,400) is said to be a concave nonnegative continuous functional on P, if w satisfies
w(Az + (1= N)y) > Mw(z) + (1 — Nw(y) for all z,y € P and X € [0,1].

Let a,b,d > 0 be constants. Define Py = {z € P : |jz|| < d}, Py = {z € P : ||z|| < d}
and P(w,a,b) = {z € P:w(x) > a,|z| < b}. In order to prove our main results, we need the

following Legget-Williams fixed point theorem!”-8.

Lemma 2.6 Let (E,| -||) be a Banach space, P C E be a cone of E and ¢ > 0 be a constant.
Suppose there exists a concave nonnegative continuous functional w on P with w(z) < ||z|| for
allx € P.. Let A: P. — P, be a completely continuous operator. Assume there are numbers
a,b and d with 0 < d < a < b < ¢ such that

(Hy) {z € P(w,a,b) :w(x) > a} # & and w(Azx) > a for all z € P(w,a,b);

(Hy) ||Az| < d for all z € Py;

(H3) w(Az) > a for all x € P(w,a,c) with ||Az|| > b.

Then A has at least three fixed points x1,xs and x3 in P.. Furthermore,

71 € Py; 79 € {x € P(w,b,c) : w(x) >b}; x3 € P\ (P(w,b,c) UP,).

3. Main results

Let B = PC[J,R] and P = PC[J,Ry] = {z|z : J — R4, x is continuous for ¢ # t;, z(t])
and z(t, ) exist, z(ty) = z(t; ), k =1,2,...,m}. Then P is a cone of E = PC[J, R].

Take 0 satisfying max{t,,,{} < ¢ < 1. Define w : P — Ry with w(x) = min,c[5,1)2(¢). Then
w is a concave nonnegative continuous functional on P, and satisfies w(z) <|| z || for all z € P.

Denote 0 = maxq sesxs G(t,s), ix = infrcio o) Ik(z), kK = 1,2,...,m and a = 1 +
% D 0<tp<e bt Dk ke
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(Ag) There exist constants 0 < 7, v, < +00o such that mmﬁm@ < 4 holds uniformly
for t, and lim,_, 4 o0 I’“;w) <Y, fork=1,2,....,m

Theorem 3.1 Suppose Ag holds, and oy + % D o<ty<e Ve T Yope vk < 1. There exist
constants b and d with 0 < d < a < ﬁié < b, such that the following conditions hold

(A1) f(t,z) < (1-p)d for a]] (t,x) € J x [0,d];

(Ag) Ii(x) < min{ﬁn, 4mﬁ N k=1,2,...,m for all z € [0,d];

(As) f(t:7) > sem—emsmasya—g; for all (t,2) € [3,1] x [a,b].

Then the boundary value problem (1.1) has at least three nonnegative solutions x1,xs and
x3 in P.. Furthermore the nonnegative solutions r1 € P, and x5 € {x € P(w,b,c) : w(x) > b},
the positive solution x3 € P, \ (P(w,b,c) UP,).

Proof It follows from (Ag) that there exists 7 > 0 such that 0 < f(¢,z) < vz, Iy(x) <z for
allt € Jand x > 7.
Let M = maxq z)esx[o,r f(t,©), My = max,c(o - Ir(x). Then

0< f(t,z) <vzx+ M for teJ and >0
In(z) <ygx+ My for >0, k=1,2,...,m

oM+125 Y o, ce Mt 7, M
17(‘774'% Zo<pk<§ ’Yk+z;cn:1 ’Yk)

Take ¢ > . Then as ||z|| <c¢, for all t € J, we have

0 <[(Aa)0)] < ool + M) + 125 ST (el + M) + D ulel + M)
k=1

0<trp<§

<c.

Therefore, ||Az| < c.

By Lemma 2.5, we obtain that A : P, — P, is a completely continuous operator.

Take ug = a;ré’?g. Then w(ug) = a;rgéig > a and ||ug| = a;rg?g < b. Thus up € {z €
P(w,a,b) : w(z) > a} # @. For z € P(w,a,b), by (As), we have

w(Az) = min /Gts (s, )ds—l—m Z I (x(t)) + Z Ik(x(tk)))

te(d,1]

0<tp <& 0<tp<t
. 2(1— ) 6 .
G -
e (gg(z ) +o(2-0)(1-p / —60§<5%+;%)
=1+1L Y i+ ik=a
_60<tk<§ k=1

So the condition (H;) of Lemma 2.6 holds.
It follows from Lemma 2.4, (A1) and (Ay) that for # € Py = {x € P: ||z|| < d}

Ja] = sup ([ Gl s+ 12 Y L)+ Y L)

o<tk<5 0<tp<t
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/8 m
< 1—6/ sf(s,x( ds+—5 > Ik(a:(tk))—e—;lk(x(tk))

0<trp<§

5 mdl—p) _dm
<d‘/0 Sd8+m4ﬂ7m—’—ﬁ_d'

Hence, the condition (Hz) of Lemma 2.6 holds.
Since ||z|| < ¢, w(z) > a and ||Az|| > b as ¢ € P(w,a,c) and ||Az| > b, by Lemma 2.4 and
(As), we can show that

w(Ax) :tren}sri] /G )ds—i—m Z Ii(x Z Ik(:v(tk))

0<tr<€ 0<tp<t

] 1 € 1 m
- trerhlig] 1— 6 (/0 ﬁSf(S,.’L‘(S))dS +/€ ﬁff(s,;v(s))ds) O<tz<£ Ik ;Ik(w(tk))

BE 3 1 3
- 1—6(‘/0 Sf(svx(s))ds+/£ Sf(S,CC( )) ) —6 <§<£Ik tk +ZI;€

1

> s ([ Gltaf(salo)ds + 5 60§<5I’“ o)+ gk;tfk(x(tk)))
= p¢[|Az|| > a.

Therefore the condition (Hs) of Lemma 2.6 holds.

Then the boundary value problem (1.1) has at least three nonnegative solutions z1,z2 and
73 in P.. Furthermore the nonnegative solutions x; € P, and x5 € {z € P(w,b,c) : w(z) > b},
and the positive solution z3 € P, \ (P(w,b,c) U P,).

Therefore the theorem is proved. O

When the condition (Ag) holds, it is easy to see that for all by > b and = € [b, bg], there is no
restriction on the growth of f and I, k = 1,2,...,m. If the restriction of the condition (Ag),

for f and I,k =1,2,...,m as © — +00, is removed, we can get

Theorem 3.2 Suppose that there exist constants b,c,d with 0 < d < a < & < b < ¢ such
that (A1) and (As) hold, and

(Ay) f(t,z) < (1 —B)c for all (t,x) € J x [0,c];

(As) In(z) < s min{1, SBY forall z € [0, k=1,2,...,m

Then the boundary value problem (1.1) has at least three nonnegative solutions x1,xs and

r3 in P.. Furthermore the nonnegative solutions x1 € P, and 2o € {x € P(w,b,¢) : w(z) > b},
and the positive solution x3 € P, \ (P(w,b,c) U P,).

Proof Since zzm= 5)%85(72&)5)(1 —y < Oﬁf) < (1 ﬁ) < (1 = B)e, conditions (Ag) and (A4) are
reasonable. The condition (A4) implies (As).

As ||z|| < ¢, we can show that

Ja] = sup ([ Gl s+ 12 Y L)+ Y L)

o<tk<5 0<tp<t
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1 1
Sm/o sf(s,z(s ))d5+m Z Ly (tr) +Zlk

0<t), <&
1
me(l—pB)  om
d P -°
<C/OSS+1_6 16m +4 <c

Therefore, || Az|| < c.

The following proof is similar to that in Theorem 3.1, and the theorem is proved. O

Theorem 3.3 Suppose that there exists a constant b with 0 < a < gz < b such that (As)
holds. Either (Ag) holds, or both (A4) and (As) hold. And

(Ag) f(t,0) = 0 for t € J, lim,_o+ f(t %) < 1 — B holds uniformly on t. I;(0) = 0,
EzﬂmlkT(z) < mmln{l (1’#@}, k= 1,2,...,

Then the boundary value problem (1.1) has at least three nonnegative solutions x1, 2 and x3
in P.. Furthermore the 1 € P, and x2 € {x € P(w,b,¢) : w(z) > b}, and the positive solution
x3 € P.\ (P(w,b,c) UP,).

Proof By (Ag), there exists 0 < d < 1, such that 0 < f(t,z) < (1 — @)z for all ¢ € J and
0<z<d Iz) < £minfl E2Yafor0<a<d k=12,...,m
As ||z]| < d, it is easy to see

|4z = sup / Gt ) f(sa(Dds + = Y Biat)+ Y ()

1—
ﬁ0<t <& 0<tp<t

1
1
< (/0 sds + mmiﬂmﬁ) + )zl = J.

We get ||Az| < d.

The following proof is similar to that in Theorem 3.1, and the theorem is proved. O
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