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1. Introduction

Let G be a finite group. Irr1(G) denotes the set of non-linear irreducible complex characters
of G, and p always denotes a prime. For x € Irr(G), set v(x) := {g € G|x(g) = 0}. Clearly,
v(x) is a union of some conjugacy classes of G. An old theorem of Burnside asserts that v(x)
is not empty for any x € Irr1(G). In this paper, we consider the following problem: given the
number of zeros in character table of a finite group G, what can be said about the structure of
G? Our aim is to classify the finite meta-abelian group G satisfying the following hypothesis:

(HY) Each x € Irr1(G) vanishes on at most three conjugacy classes.

The main result of this paper is as follows.

Theorem A finite meta-abelian group G satisfies (HY) if and only if G is one of the following
groups:

(1) G is a Frobenius group with abelian kernel G' and a complement of order 2 or 3.

(2) G = Dg or Qs.

(3) G = G'P, where G’ is a normal and abelian 2-complement of G, P € Syl(G), |P| =
4, |Z(G)| = 2, and G/Z(G) is a Frobenius group with kernel (G/Z(G)) =2 G’ and a complement
P/Z(G) of order 2.

(4) G is a Frobenius group with kernel G' and a cyclic complement of order 4.

(5) G = (G'(t)) x (u), where (u) is a cyclic group of order 3, t is an involution and G’(t) is

a Frobenius group with kernel G’ and a complement of order 2.
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We will call a conjugacy class of G as a G-class. The rest of our notation is standard and

taken from [1].

2. Proof of Theorem
First, we give some lemmas for proving the theorem.

Lemma 1 Let G be a meta-abelian group. If |G : G'| = p, then G is a Frobenius group with

kernel G’ and a complement of order p.

Proof As G is abelian, the Hall p’-subgroup K of G’ is clearly a normal p-complement of G.
So G = KP with P € Syl,(G). Next [P: P'] = [G/K : (G/K)'] = |[G/K : G'/K] = p, forcing
P'=1and so K = G'. Note that Cs/(P) C Z(G) NG’ =1 (See [1, Theorem 5.6]). This implies
that P acts as fixed point freely on G’, and we are done.

For a finite group G, if G’ < G and |Cg(g)| = |Cq e/ (G'g)| holds for any g € G — G’, then
(G,@") is called a Camina-pair.

Lemma 22, Theorem 211 704 (G,G") be a Camina-pair. Suppose that G is not a p-group.
Then either G is a Frobenius group with kernel G’ or G/G' is a p-group for some prime p. In
this case, G has a normal p-complement M, M < G’ and Cg(m) C G’ for allm € M — {1}.

Lemma 3[3; Lemma 19.11 1ot P he 4 p-group of class < 2 and suppose that P acts non-trivially
on some p'-group Q such that Cp(x) C P’ for all x € Q — {1}. Then the action is Frobenius and

P is either cyclic or isomorphic to Qs.

Proof of Theorem The sufficiency is obvious. We need only to prove the necessity. Take ¢ €
Irr1 (G). Since G’ is abelian by the hypothesis, ¢ is not irreducible. It follows by [1, Theorem
6.22] that there exists a linear character A of a subgroup H with G’ < H < G such that ¢ = \.
Then G — H C v(y).

Assume that [H : G| = m and [G : H] = r. Then we have

G:H+Hw1+---+er_1,:Ei€H,

and
H=G+Gyu+ - +Gym1,y; €G".
It follows that

r—1lm-—1 r—1
G-H=> 3 Gymi+) Gu. (*)
i=1 j=1 i=1

Forz € G’, G'x is a G-class or a union of some G-classes, and so we conclude by the above equality
() that G — H consists of at least m(r — 1) G-classes. Bearing in mind that G — H C v(yp),
then G — H consists of at most 3 G-classes (since v(p) consists of at most 3 G-classes by the
hypothesis), and thus we obtain that m(r — 1) < 3, that is, [H : G'] (|G : H] - 1) < 3.

Since [H : G'| (|G : H] — 1) < 3, one of the following three cases occurs: (i) [G : G'] = 2 or
[G:GN=3; (1) [G:G]=4;(ili) [H:G]|=3,]G:H =2.
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(I) Suppose that [G: G| =2or [G:G'] =3.

In this case, by Lemma 1, we can easily conclude that G satisfies (1) of the theorem.

(IT) Suppose that [G: G'] = 4.

In this case, we have G — G' = G’z U G'y U G'z, where z,y,2 € G — G'. Note that G’ is
abelian, we obtain that G = K P, where K is an abelian normal 2-complement of G and P €
Syla(G). Clearly, K < G'. Then |P| > 4 and G/K = P. In particular, every element of Irr(P)
vanishes on at most 3 P-classes.

Suppose first that |P| > 8. Then P is of maximal class (see [4, P.375]). Assume that |P| > 16.
As P is of maximal class, one of the upper central series member must have index 16. Now every
group of order 16 has a non-linear irreducible character which vanishes on at least 4 classes (see
[5, P.300]). Thus P is either a group of order 4 or a non-abelian group of order 8.

Now suppose that G/K = P is a non-abelian group of order 8. Let x be the unique element
of Irr1(G/K). We can easily conclude that G — G’ C v(x). It follows from the hypothesis
that v(x) consists of at most 3 G-classes. Then G’z = 2%, G’y = y“ and G’z = 2. Thus
|ICa(g9)| = |Cq/a (G'g)| = 4 for every g € G — G'. Hence (G,G’) is a Camina-pair. If G is not a
2-group, then by Lemmas 2 and 3, we see that P = Qg and G is a Frobenius group with kernel
M and a complement isomorphic to QQg. Thus G has an irreducible character y with x(1) = 8
such that v(x) consists of at least 4 G-classes, and we obtain a contradiction. So if |P| = 8, then
G = P, and thus G satisfies (2) of the theorem.

Next suppose that G/K = P is of order 4. Notice that Ce/(P) C Z(G) NG =1 (See [1,
Theorem 5.6]), we have Cq/(P) = {1}. Since G’ is abelian and [G : G'] = 4, it follows by [1,
Theorem 6.15] that x(1) = 2 or 4 for every x € Irr1(G).

Assume that x(1) = 2 for all x € Irr;(G). Then, since Ce/(P) = {1}, we obtain that
|Z(G)| = 2 (see [1, Theorem 12.5 and Lemma 12.12]) and thus [G/Z(G) : (G/Z(G))'] = 2.
Bearing in mind that (G/Z(G)) = G’ is abelian, we get from Lemma 1 that G/Z(G) is a
Frobenius group with kernel (G/Z(G))’ = G’ and a complement of order 2. Thus G satisfies (3)
of the theorem.

Assume that there exists x € Irr1(G) such that x(1) = 4. Recall that [G : G'] = 4, we can
easily conclude that y = A“, where \ is a linear character of G’. It follows that G’z U G’y U
G'z = G- G = v(x), and thus G'g is a G-class for all ¢ € G — G’. So, we conclude that
|Ca(g)] =[G : G| =4=|P| for all g € P— {1}. It follows that G = G'P is a Frobenius group
with kernel G’ and a cyclic complement of order 4 (see [1, Problems (7.1), p.121] and [4, V,
theorem 8.7]), and thus G satisfies (4) of the theorem.

(IIT) Suppose that [H : G'] =3 and [G : H] = 2.

We have G— H = G'e UG'yUG'z, where x,y,2 ¢ H. Since G— H C v(p) and v(p) consists
of at most 3 G-classes, we conclude that G — H = v(p) and G’z = 2%, G'y = y“ and G’z = 2°.
It follows that |Cg(g)| =6 for allg € G — H.

Clearly, G — H contains an involution ¢, and |Cg(t)|] = 6 implies that |G| = 2. Thus
G = H(t) and |H| is odd.
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On the other hand, by the second orthogonality relation we have

ICa(9)l =1G/G'| + Y _{Ix(9)I* | x € Irry(G)}

for all g€ G —G'. Then x(g) =0 for all g € G — H and all x € Irr1(G), that is, G — H C v(x)
for all x € Irr1(G). So, we obtain that G — H = v(x) for all x € Irr1(G), and hence 8y is not
irreducible for every 6 € Irr1(G).

Now we claim that H is abelian. If else, let o € Irry (H) and 0 € Irr (G) with [0g, o] # 0.
Then 0y = a+ af and a® = 0. As G’ is abelian, ag: = B + (2 + (3 with ; € Irr(G’). Then
Ig(B1) = G’ so that (61) = a. Then § = a% = ((61)7)% = (41)¢. So G—-G' Cv(f) =G —H,
a contradiction. Hence H is abelian.

Clearly, C¢(t) contains an element u of order 3 so that v € H and as H is abelian, (¢, H) C
Cg(u) and so u € Z(G). As G'NZ(G) =1 (see [1, Theorem 5.6]), v € H — G’. Note that
Ca(t) = (t) x (u) with t,u € G'. Thus Ce(t) NG' =1 and so G = G'Cq(t) = (G'{t))(u). As
u€ Z(GQ), G=(G'{t) x (u).

Finally, C(t) NG’ = 1 implies that G’(t) is a Frobenius group with kernel G’ and a comple-
ment of order 2. Hence G satisfies (5) of the theorem. The proof is completed. O

Remark As in the proof of Theorem, we see that for such a group G, there exists a normal
subgroup N such that G — N contains 2 G-classes or 3 G-classes. Qian treated such groups G

in [6]. Of course, the set of such groups is big, and it is impossible to classify them completely.
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