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Abstract Let K be a nonempty bounded closed convex subset of a real reflexive Banach space
FE with a uniformly Gateaux differentiable norm. Let T' : K — K be a uniformly continuous
pseudocontractive mapping. Suppose every closed convex and bounded subset of K has the
fixed point property for nonexpansive mappings. Let {\,} C (0, %] be a sequence satisfying the
conditions: (i) limp—oco An = 0; (ii) Y07 An = oo. Let the sequence {z,} be generated from
arbitrary 1 € K by n+1 = (1 — An)@n + AnTxn — An(2n — 1), n > 1. Suppose limp—oo ||2n —
Txy|| = 0. Then {z,} converges strongly to a fixed point of T'.
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1. Introduction and preliminaries

Let E be a real Banach space with dual £*. We denote by J the normalized duality mapping
from E to 2€" defined by

J(@) ={f" € E": (x,f*) = ||l=* = I£*I*},

where (-, -) denotes the generalized duality pairing.

It is well known that if E is smooth, then J is single-valued. In the sequel, we shall denote the
single-valued normalized duality mapping by j. We use D(T) and R(T) to denote the domain
and range of T, respectively. An operator T : D(T') — R(T) is called pseudocontractive if there
exists j(z — y) € J(x — y) such that

(Tx =Ty, j(x —y)) < |z -yl

for all z,y € D(T).
Within the past 30 years or so, many authors have been devoted to the iterative construction

[1=6] In 1974, Ishikawal” introduced an iterative

of fixed points of pseudocontractive mappings
scheme to approximate the fixed points of Lipschitzian pseudocontractive mappings. He proved

the following result.
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Theorem IS If K is a compact convex subset of a Hilbert space H, T : K — K is a

Lipschitzian pseudocontractive mapping. For xo € K, define the sequence {x,} by
Tn+1 = (1 - O‘n)xn + anTyn; Yn = (1 - ﬁn)xn + ﬁnTxna n > 07

where {aw,}, {8n} are sequences of positive numbers satisfying the conditions:
(i) 0 <y < B < 1; (if) limy oo B, = 0; (111) D07 anfBn = 00.
Then the sequence {x,} converges strongly to a fixed point of T.

We note that G, # 0 for all n > 0 in Theorem IS. In connection with the iterative ap-
proximation of fixed points of pseudocontractions, the following question is still open: Does the
Mann iterative algorithm always converge for continuous pseudocontractions or even Lipschitz
pseudocontractions? However, in 2001, Chidume and Mutangadural® provided an example of
a Lipschitz pseudocontractive mapping with a unique fixed point for which the Mann iterative
algorithm failed to converge. In 2003, Chidume and Zegeye!® introduced a new iterative scheme

for approximating the fixed points of pseudocontractive mappings.

Theorem CZ[! Let E be a real reflexive Banach space with a uniformly Gateaux differentiable
norm. Let K be a nonempty closed convex subset of E. Let T : K — K be an L-Lipschitz
pseudocontractive mapping such that F(T) # (). Suppose that every nonempty closed convex
bounded subset of K has the fixed point property for nonexpansive self-mappings. Let {\,}

and {0,} be two sequences in (0, 1] satisfying the following conditions: (i) lim,_, 6, = 0; (ii)

On—1 _
An(1460,) € 1,5 Abhy = 00, limy—oe 32 = 0; (i) limy oo S22 = 0. For arbitrarily
given x1 € K, let the sequence {x,} be defined iteratively by
Tpp1 = (1= Ap)xn + A Txp — Apbn(2n — 1), n > 1. (1)
Then {x,} converges strongly to a fixed point of T.
Prototypes for the iteration parameters are, for example, A\, = m, 0, = m, 0<b<a

and a+b < 1. But we observe that the canonical choices of A\, = %, 0, = % are impossible. This
brings us a question: Under what conditions, lim, ., A, = 0 and Zflo:o A, = 00 are sufficient
to guarantee the strong convergence of the iterative scheme (1) to a fixed point of T'? Tt is our
purpose in this paper that we introduce a new iterative scheme to approximate the fixed points
of Lipschitzian pseudocontractive mappings. Our results improve and extend many results in

the literature.

We need the following lemmas for proving our main results.

10]

Lemma 1.1! Let E be a Banach space. Suppose that K is a nonempty closed convex

subset of E and T : K — FE is a continuous pseudocontractive mapping satisfying the weakly
inward condition: T(x) € Ik (z) (Ix(z) is the closure of Ik (x)) for each x € K, where Ik (z) =
x+{c(u—x):u € Eandc > 1}. Then for each z € K, there exists a unique continuous path

t—y: € K,t €10,1), satisfying the following equation

ye =tTy + (1 —t)z.
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Furthermore, if E is a reflexive Banach space with a uniformly Gateaux differentiable norm and
every nonempty closed convex bounded subset of K has the fixed point property for nonexpansive

self~mappings. Then ast — 1, y; converges strongly to a fixed point of T .

Lemma 1.2[!1] (i) If E is smooth Banach space, then the duality mapping J is single valued

and strong-weak* continuous.

(ii) If E is a Banach space with a uniformly Gateaux differentiable norm, then the duality
mapping J : E — E* is single valued and norm to weak star uniformly continuous on bounded
sets of E.

Lemma 1.3 Let {a,} be a sequence of nonnegative real numbers satisfying an+1 < (1 —
ap)ap + apBn,n > 0, where {ay, } C (0,1) and {8,} are two sequences of real numbers such that

Yool o @n =00 and limsup,, o, B, < 0. Then {a,} converges to zero as n — oc.

2. Main results

Theorem 2.1 Let K be a nonempty bounded closed convex subset of a real reflexive Banach
space E with a uniformly Gateaux differentiable norm. LetT : K — K be a uniformly continuous
pseudocontractive mapping. Suppose every closed convex and bounded subset of K has the
fixed point property for nonexpansive mappings. Let {\,} C (0, %] be a sequence satisfying the
conditions: (i) limp—oc An = 0; (i) Yo" o An = 00. Let the sequence {x,} be generated from

arbitrary x1 € K by
Tnp1 = (1= Ap)xn + ATy — A (20 — 1), 1> 1. (2)
Suppose lim,, . ||y, — T2n|| = 0. Then {x,} converges strongly to a fixed point of T
Proof First, we note that (2) can be written as
Tnt1 = A1 + (1= 202 + \yTan, n > 1.

Therefore, as A, € (0,1], we have {z,} C K,¥n > 1. Take p € F(T). Let S = I — T. Then we

have

(Sz — Sy, j(x —y)) = 0. 3)

From (2), we obtain

Ty =Tn+1 + AnTp — AT Ty + Ay, — Ap2y
=Tp41 + MZp + AnSTy — ATy
=Tpt1 + An[Trt1 + Ao + A STy — Anz1] + A Sz — Ay
=(14+ X)) Zng1 + A2 (2 + Szp) — Ny + A\ Sz — Ay
=14+ M\)Tpt1 + AnSTpy1 + /\i(xn + Sx,) — /\ixl—l—
An(SZp — STpy1) — A2y, (4)
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From (4), we have

Tp — P :(1 + /\n)(anLl —p) + /\n(anqu - Sp)+
N (2 4 Sn) — N2y + M\ (S — STpi1) + An(p — 1), (5)

Combining (3) and (5), we have

(T —p— N2 (2 + S20) + X221 — M(S20 — STrs1) + M1 — ), (Tnt1 — D))
= 1+ A)llznts = plI* + A {Sznt1 — Sp, j(zn41 — p))
> (14 An)l[wnsr = pl*. (6)
Next we prove that limsup,,_, . (1 — p, j(z, —p)) < 0. Indeed, taking z = z1 in Lemma 1.1, we
have z; — 2, = (1 — ¢)(T2t — xp) + t(x1 — ). Hence
ot = @ll2 =(1 = (T2 =, a1 = 2a)) + 1 = 20,320 = )
=1 =t)(Tz —Txp, j(ze —xn)) + (1 = t)(Tay — zp, j(2e — 2n))+
ton = 20,320 — ) + ]z — 2l
<Nzt = 2l + (U= DT =zl = 2all + a1 = 20,3z — 20))
Therefore,

. 1-1¢ 1-1¢
(2t —21,§(2 = @n)) £ ——[T2n = znllllze = 2all < M——Tzn — zall,

where M > 0 is some constant such that ||z; — x| < M for t € (0,1],n > 1. Letting n — oo,

we have

limsup(z; — x1,j(2t — xn)) < 0.

n—oo

From Lemma 1.1, we know z; — p (as ¢ — 0). Since the duality mapping J : E — E* is norm

to weak star uniformly continuous, we have from Lemma 1.2

limsup(z1 — p,j(zn —p)) < 0. (7)

From (6), we get
(L4 A)llnsr = pl* <{wn = p = A% (2 + Sz0)+
MNxy — Ay (Szp — Sxpi1) + M1 — D), 5 (@01 — p))
<llzn = pllllznrs = pll + MAL + MAn||Sznr1 — Szall+
An (@1 =, j(Tnt1 — p))
S%(llwn = pl? + J@nss = plI*) + MXS + M| Szni1 — S|+
An (@1 = p, j(Tnt1 — ),

that is,

2
lzn 1 = plI* <[L = ZAn]len = pl* + 2MA7+
2MAp||Sznt1 — Sapll + 2An (21 — P, j(Tn41 — P))- (8)
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Note that
[Zn+1 = 2|l < Aallznll + Anl|Ton|| + Anllzn — 21]] — 0(n — o).

By the uniform continuity of T, we have
|1Szni1 — Szp| — 0(n — o0).
Finally applying Lemma 1.3 to (8), we can conclude that x,, — p. This completes the proof. O

Theorem 2.2 Let E be a uniformly smooth Banach space and K a nonempty bounded closed
convex subset of E. Let T : K — K be a uniformly continuous pseudocontractive mapping. Let
{An} C (0,2] be a sequence satisfying the conditions: (i) lim, oo Ay = 0; (i) Y00 ( Ay = 00.
Let the sequence {x,,} be generated from arbitrary 1 € K by

Tpg1 = (1= Ap)xn + ATy — A (20 — 1), n>1.
Suppose lim,, . ||y, — T2p|| = 0. Then {x,} converges strongly to a fixed point of T

Proof Since every uniformly smooth Banach space is reflexive and whose norm is uniformly
Gateaux differentiable. At the same time, every closed convex and bounded subset of K has
the fixed point property for nonexpansive mappings. Hence, from Theorem 2.1, we can obtain

desired result. This completes the proof. O

Remark It is clear that our iterative scheme (2) with mild restrictions on parameters is simpler
than the iterative scheme (1). We can choose \,, = % for all n > 1. It is worthy of mentioning

that our methods are different from those in the literature.
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