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Abstract The total chromatic number x:(G) of a graph G(V, E) is the minimum number of
total independent partition sets of V' |J E, satisfying that any two sets have no common element.
If the difference of the numbers of any two total independent partition sets of V' |J E is no more
than one, then the minimum number of total independent partition sets of V |J E is called the
equitable total chromatic number of G, denoted by x.t(G). In this paper, we have obtained the
equitable total chromatic number of Wy, \/ Ky, Fin \/ K» and Sy, K, while m > n > 3.

Keywords equitable total coloring; equitable total chromatic number; join graph; equitable

edge coloring.

Document code A
MR(2000) Subject Classification 05C15
Chinese Library Classification 0157.5

1. Introduction

In this paper we only consider finite simple graphs and we use the standard notation of graph
theory. Definitions not given here may be found in [2]. Let G(V, E) be a graph with the set of
vertices V and the edge set E. Total coloring was introduced by Vizing[ and Behzad[!l. They
both conjectured that for any graph G the following inequality holds:

A(G) +1 < xi(G) < A(G) +2.

It is obvious that A(G) + 1 is the best possible lower bound. The conjecture is proved so far for
some specific classes of graphs. And the concept of equitable total coloring was presented in [3]
and [5]. In general the equitable total coloring problem is more difficult than the total coloring
problem. In [6], the equitable total chromatic numbers of some join graphs were given. In this
paper, the equitable total coloring of W,,, \/ K, F,,, \V K, and Sy, \/ K, (m > n > 3) have been
studied.

Definition 1 For a k-proper edge coloring f of graph G, if ||E;(G)| — |E;(Q)|| < 1, i,j =
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0,1,...,k — 1, where E;(Q) is the set of edges of color i in G, then f is called a k-equitable edge
coloring of graph G, and

X.(G) = min{k|there is a k-equitable edge coloring of graph G'}
is called the equitable edge chromatic number of G.

Definition 26 For a simple graph G(V,E), the edges and vertices are called the elements
of G(V, E), and elements are called independent if any two of them are neither incident nor
adjacent. If k is a natural number and V| JE = Uf;ol (V; U E;) satisfies:

(1) The elements of V;|J E; are independent, i = 0,1,2,...,k —1;

2 V;UE)NV,;UE;)=0,4,7=0,1,2,....,k—1, and i # j;

(3) IViUE| = V;UEjl| €1,i,j=0,1,2,.... k=1,
then the partition {V;|JFE; | 0 <1i <k — 1} is called a k-equitable total coloring of G, and

Xet(G) = min{k|there is a k-equitable total coloring of graph G}
is called the equitable total chromatic number of G.
Definition 312! The join graph G'\/ H of disjoint graphs G and H is defined as follows:
v(c\/H) =V (&) |JV(#H), EG\/H)=E@G)|JE®H)| J{ulueV(G),veV(H)}

Definition 4 Let m > 2, n > 3, We define star S,,, fan F,, and wheel W,, as follows:

V(Sm) ={ui|i=0,1,2,...,m},

E(Sy) = {uou; | i=1,2,...,m};

V(Fy) ={u; |i=0,1,2,...,m},

E(Fp) = {uou; | i=1,2,....m}| {uwuwipr |i=1,2,...,m—1}
VW,) ={v;|i=0,1,2,...,n},

EW,) = {vov; | i = 1,2,...,n}U{Uivi+1 |i= 1,2,...,n—1}U{vnv1}.

2. Main results

Lemma 112 For a complete graph K, of order p,

, ) if p = 1 (mod 2)
X(Kp>_{p—1 if p = 0 (mod 2)

Lemma 2 For any subgraph H of a graph G, x'(H) < x'(G).
Lemma 3 For a finite simple graph G, x.(G) = x'(G).

Proof Let f; be a k-proper edge coloring of G, where k = x'(G). If there exist two colors i and j,
such that || E;(G)|—|E;(G)|| > 2, then notice that the graph G;; is composed of the edges colored

with color ¢ and color j, each branch of Gj; is either a path or an even cycle. It is obvious that we
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can recolor the edges of G;; just with color ¢ and j, such that ||E;(Gy;)| — |E;(Gij)|| < 1. After
recoloring the corresponding edges of GG, we get a new edge coloring fs of G. Under edge coloring
f2, ||1E:(G)| — |E;(G)]] < 1. If there also exist two colors 41 and j1, such that ||E;, | — |Ej, || > 2,
repeat the process above. After finite steps, we can get a k-proper edge coloring f of G. Under
edge coloring f, for any 4,5 =0,1,....k — 1, ||E;(G)| — |E;(G)|| < 1.

Lemma 47 For a simple graph G, x:(G) > x:+(G) > A(G) + 1.

Lemma 5 For a simple graph G of order p, if A(G) = p—1, and X'(G \/{w}) = p forw ¢ V(G),
then xet(G) = p.

Proof By Lemma 3, x.(G\/{w}) = x'(G\/{w}). Notice that G’ = G \/{w} is obtained by
adding a new vertex w to G and adding an edge joining w to each vertex in G. Let g be a
p-equitable edge coloring of G \/{w}. Now we turn g into a p-equitable total coloring f of G as
follows:

Vv eV(G), fa(v) =ge(wv);V e € E(G), fa(e) = ge(e).
It is obvious that f is a p-equitable total coloring of G. By Lemma 4, x.(G) > x:(G) >
A(G) +1=p,s0 xet(G) = p.

Lemma 6 For an edge coloring of a graph G, E;(G) denotes the set of edges of color i. Let the
color of some edges of graph G be restricted to be j. Under this restriction, if there exists an
a-edge coloring of graph G, such that | E;(G) |= |e/a] or [¢/a], where e =| E(G) |, o = X' (G),

then under this restriction there exists an a-equitable edge coloring of graph G.

Proof Let g be an a-edge coloring of graph G under the restriction. So the coloring under
G — E;(G) is an (a — 1)-edge coloring. By Lemma 3, there exists an (o — 1)-equitable edge
coloring ¢, of G—E;(G). Then E;(G) combining with the edge independent sets of g, constitutes
an a-edge coloring of graph G.

Case 1 If | E;(G) |= |e/a], we denote |¢/a] by c. Soc<e/a<c+1,ca<e< (c+ 1),
cla—1)<e—c<cla—1)+a,c<(e—c)/(a—1) < c+ a/(a —1). We will show that
(e—¢)/(a—=1) > (c+ 1) does not hold:

Else, e > (c+1)a—1,and (c+1)a—1 < e < (¢+ 1), a contradiction because € is an integer.
So we have ¢ < (e —¢)/(a—1) < c+1, and E;(G) combining with the edge independent sets of

gL constitutes an a-equitable edge coloring of G.

Case 2 If | E;(G) |= [e/a], we assume that €/a is not an integer. Otherwise, [e/a] = |e/a],
it is the same as Case 1. Now we denote [e/a] by ¢. Soc<e/a<c+1,¢c—1/(a—1) <
(e—c—1)/(a—1) < c+ 1, we will show that (¢ —c¢—1)/(av — 1) < ¢ does not hold:

Else, ¢ < ca+ 1, and ca < € < ca + 1, a contradiction because € is an integer. We have
c<(e—c—1)/(a—1) < ¢+ 1, so E;(G) combining with the edge independent sets of g,

constitutes an a-equitable edge coloring of G.

Lemma 7 For a graph G, z,y € V(G), vy ¢ E(GQ), w,z ¢ V(G), let G* = (G\/{w} —
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{wa}) U{zz}. If g is an a-equitable edge coloring of graph G*, and g(zx) = g(wy), then there

exists an a-equitable total coloring of graph G.

Proof We define an a-total coloring f of graph G as follows:

(1) For Ve <€ E(G), fa(e) = ga=(e).

(2) For any vertex v € V(G), v # x, fa(v) = go+(wv); and fa(z) = fa(y).
It is obvious that f is an a-equitable total coloring of graph G.

Theorem 1 Form >n >3, xet(Win V Kp) = m+n+1.

Proof For W, \V K, = C, \| Kpi1, let G = G \/{w}, where G = W,,, \/ K,,, w ¢ V(G). So we
have G' = Cp, V K1 V{w} = Cu \V Kiy2. And by Lemma 4, xet (W, V Kp) > m +n+ 1.

Case 1 If m + n is even, then m + n + 2 is even, and for G’ C K,,4nt2, by Lemmas 1
and 2, X'(G') < X' (Kmint2) = m+n+ 1, and for x'(G') > A(G') = m +n + 1, we have
X' (G') =m+n+1. For A(G) =m+n, by Lemma 5, xet Wy, \V K,) = m+n+ 1.

Case 2 If m + n is odd.
Case 2.1 Whenm=n+1>4. For G=W,,VV K,, =Cp,, \| Kny1 = Cpy1 V Kpnt1, let

V(Kpt1) = {vo,v1,...,0n}, V(Cng1) = {Vn41,Unt2, -, Vant1}s
E(Cpnt1) = {Un+1Un42, Un42Un43, - - -, V2nV20 41, UV2n41Un41 }-

Case 2.1.1 When m =n+ 1 = 4. We define a total coloring f of Cy\/ K4 as follows:

f(vo) = f(vive) = f(vava) = f(vsvr) =0, f(vs) = flvovs) = f(vivr) = f(vave) = 3,

f(v1) = f(vovr) = f(vavs) = f(vsva) =1, f(va) = f(vs) = f(vovs) = f(vivs) = f(vovr) = 4,
f(v2) = f(vove) = f(viva) = f(vsvs) =2, f(vs) = f(vr) = f(vova) = f(viv2) = f(vsvg) =5,
flvovr) = flvavs) = f(vavs) = f(vgvr) =6, f(vov2) = f(vivs) = f(vavr) = f(vsve) = T.

Thus xe:(Wa\/ K3) =
Case 2.1.2 When m =n+ 1 =5. We define a total coloring f of C5\/ K5 as follows:

f(UO):97 f(’l}7):5, f(US):77 f(’Ug):G, f(vi):iu 7;:17273747576;
floov;) = 2i, 1 =1,2,3,4; f(vous) =0, f(uov;) =2i—2 (mod 9), i =6,7,8,9;
(
(

~

vjvg) =j+k (mod 10), for 1 <j <4, 1<k <9;
vsve) = 3, f(usvg) = f(vrvg) =4, f(vevr) =2, f(vsvg) = 8.

For every color of {0,1,2,...,9}, 5 elements are colored exactly. So f is an equitable total
coloring of W5 \/ K4, and x.:(Ws \/ K4) = 10.

~

Case 2.1.3 When m =n+1 > 6, and n is odd. Let G* = (G \/{w} — {wvay, }) U{zv2n}, where
w,z ¢ V(G). We define an edge coloring g of G* as follows:

g(vov;) =2j, 1 <j <m; g(vovns1) = 0; g(vov;) =2j —2 (mod 2n +1), n+2<j < 2n+1;
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glvjop) =j+k (mod 2n+2), 1 <j<n, 1<k<2n+1,
g(wvo) =2n+1, g(wvans1) = 2n, glwy;) =j, 1 <j<2n—1;
9(vanvant1) = n+2, g(Vant1Vnt1) =0, g(Vng1Vnt2) =n — 1, g(zven) = g(wopy1) =n + 1.

Case 2.1.3.1 When n =1 (mod 4). Let n =4k + 1.

g(vn+2vn+3) = Q(Un+4vn+5) = = g(Vntok—2Vnt2k-1) =n+ L.

gvjvjp1)=7—1, forn+3<j<2n-1, and j#n+2,n+4,...,n+2k —2.

So g is a (2n + 2)-edge coloring of G*, x'(G*) = 2n + 2. All the edges of color n + 1 are listed
below:

VoU(n41)/2, V1Un; V2Un—1, -+ V(n-1)/2V(n+3) /2>

WUn 41, ZV2n, Un42Un+4-3, Un4-4Un+5, - - -y Un4-2k—2Un4-2k—1-

So | BEny1(G*) |=(n+1)/24+(k+1) =3k+2. Whenn=>5,1e. k=1, | Es(G*) |=6=3k+3 =
[3n/4 + 2]. When n > 5, we have | E(G*) |= (n+ 1)(3n/2 4+ 4), and || E(G*) | /x'(G*)] =
[3n/4+2] = 3k+2, by Lemmas 6 and 7, there exists a (2n + 2)-equitable total coloring of graph
G, thus xet(Wpt1 V Kp) = 2n + 2.

Case 2.1.3.2 When n =3 (mod 4). Let n = 4k + 3.

9(Wn12Vny3) = g(VntaVnys) = - = g(Unt2kVnrokr1) = n + 1.

gvjvjp1)=j—1,forn+3<j<2n—1,and j#n+2,n+4,...,n+2k.

So g is a (2n + 2)-edge coloring of G*, x'(G*) = 2n + 2. All the edges of color n + 1 are listed

as follows:

VoV(n41)/2, V1Un; V2Un—1, - -5 V(n-1)/2V(n+3)/2>

WUnp+1, 2V2n, Un4-2Un+3; Un44Un+5; -« +; Un42kUn42k+1-

So | Ent1(G*) |=(n+1)/24 (k+2)=3k+4. For || E(G*) | /X (G*)] = |3n/4+ 2] = 3k + 4,
by Lemmas 6 and 7, there exists a (2n + 2)-equitable total coloring of graph G. Hence we have
Xet(Wn—i-l v Kn) =2n+2.

Case 2.1.4 When m =n+1> 7, and n is even. Let G* = (G \/{w} — {wvzns1}) U{zv2n+1},
where w, z ¢ V(G). g(vov;) = 27, for 1 < j < n; g(vovn+1) = 0; g(vov;) = 25 — 2 (mod 2n + 1),
forn+2<j<2n+1;

glvjuop) = j+k (mod 2n+2), 1 < j < n,1 <k < 2n+1; glww) = 2n + 1, glwy;) = 7,
1 <7 <2n; g(van—1v2n) = 2n—4, g(vapvant1) = 2n—2, g(V2p+1Vn+1) =Ny G(Vp41Vn42) = n—1,
9(2v2n41) = g(wvpi2) = n + 2.

Case 2.1.4.1 When n =0 (mod 4). Let n = 4k, k > 2. g(vn43Vnta) = g(VntsUnt6) = -+ =
9(Untok—1Vntok) =n+2. g(vjvjp1) =j— 1, forn+2<j<2n—-2,andj #n+3,n+4,...,n+
2k — 1. Hence g is a (2n + 2)-edge coloring of G*, x'(G*) = 2n 4 2. All the edges of color n + 2
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are listed below:

VoVUn /241, V1Un+1, V2Un, U3Un—1, - - ., Un/2Un /242,

WUp+2, 2V2n+1, Un+3Un+4, Un+5Un+6, - - -y Un4+2k—1Un+2k-
So | Ent1(G*) |= (n/24+ 1)+ (k+1)=3k+2. For || E(G*) | /X'(G*)| = |3n/4+ 2] =3k + 2,
by Lemmas 6 and 7, there exists a (2n + 2)-equitable total coloring of graph G. So we have
Xet Wht1 V Kn) = 2n 4+ 2.

Case 2.1.4.2 When n =2 (mod 4). Let n = 4k + 2. The coloring is the same as Case 2.1.4.1,
and | E,11(G*) |=(n/2+ 1)+ (k+1)=3k+3. || E(G*) | /X' (G*)| = |3n/4+ 2] =3k + 3, by
Lemmas 6 and 7, there exists a (2n 4 2)-equitable total coloring of graph G. It is obvious that
Xet Wht1 V Kn) = 2n 4+ 2.

Case 2.2 Ifm>n+3>6, for G =Cp, \ Kpni1 V{w} = Cpy \/ Ko, let

V(Cm) = {uo,u1, - s um-1}, E(Cn) = {uour, urtg, ..., Um—2Umn—1,Um—1Uo},
V(K, +2)={vg,v1,...,0n41}
We define an edge coloring g of Cy, \/ K42 as follows:
g(vov;) =24, 1 <j<n+1; glvow;) =2i+2n+4 (mod m +n), for 0 <i <m —3;

g \voUm— 2) m+n, g(voumfl) = 07 g(’UjUk) :j+k7 1S]ak < 7’L—|—1,

(
(
gluvj) =i+n+2+j(modm+n+1), for0<i<m-—-1,1<j<n+1;
glugur) =n+1, glujuip1) =i+n+2, for 1 <i<m—3, and i #m —4;
9(Um—aUm—3) =N, g(Um—2Um—1) =1+ 3, g(Um—_1ug) = n + 2.

It is easy to see that g is a proper edge coloring of Cp, \ K41 V{w}, so X' (Cr, V Kny1 V{w}) =
m+n+ 1. For A(Cy, \ Kny1) = m + n, by Lemma 5, we have xet(Cry V Kn41) = m+n + 1.
From all above, the theorem holds. |

Theorem 2 Xot(F \/ Kpn) = Xet (S V Kn) =m+n+1, form >n > 3.

The proof is similar to Theorem 1.
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