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1. Introduction and preliminaries

Weak bialgebra and weak Hopf algebras given in [1] are generalizations of ordinary bialgebra
and Hopf algebras in the following sense: the defining axioms are the same, but the multiplica-
tivity of the counit and the comultiplicativity of unit are replaced by weaker axioms.

Many results of classical Hopf algebra theory can be generalized to weak Hopf algebras. For
examples, a duality theorem for weak module algebras[?! was given by Nikshych; a Maschke-type
theorem for weak module algebras(® was given by Zhang, which extends the famous Maschke
theorem!* for usual module algebras given by Cohen and Fishman; the fundamental theorem of

weak Doi-Hopf modules!®!

was given by Zhang and Zhu, which not only extends the fundamental
theorem of weak Hopf modules given in [1], but also extends the fundamental theorem of relative
Hopf modules given in [6].

In this paper, we firstly introduce the concept of two-sided weak smash products and give
some examples of two-sided weak smash products. Then, we give the Maschke-type theorem of
two-sided weak smash products over semisimple weak Hopf algebras, which extends Theorem 1
given in [3].

We always work over a fixed field k and follow Montgomery’s book!” for terminologies on
coalgebras and comodules.

We recall some concepts and results used in this paper.
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Definition 1.1 Let H be both an algebra and a coalgebra. If H satisfies the conditions
(1.1)—(1.3) below, then it is called a weak bialgebra given in [1]. If it satisfies the conditions
(1.1)—(1.4) below, then it is called a weak Hopf algebra with weak antipode Sp.

For any x,y,z € H,

(L1): Au(zy) = An(2)An(y).

(1.2): (a) A% (1w) = (Au(lm)@ly)1a®@Au(1m)); (b) A% (1) = (1e@Ar(1r)(An (1)@
ly), where A% = (Ay ®idy) o Ap.

(1.3): (a) en(ayz) = Yen(zy1)en(y22); (b) en(ryz) = Len(vy2)en (y12).

(1.4): (a) Xx1Sp(x2) = Teg(112)12; (b) LS (x1)xe = Lliey(xls); (¢) BSu(x1)xeSH(zs) =
Sp(z), where Ag(1y) = X1; ® 1a.

For any weak bialgebra H, define the maps M M& : H — H by the formulas

NE(z) = Beg(1i2)12;NE(2) = Sliey(xly).

Denote the image M& (H) by HY and the image M% (H) by HE.
Note that H is an ordinary bialgebra if and only if Ay (1g) = 1g ® 1, and if and only if
eg is an algebra map.

By [1], we have the following conclusions.

e (W1) HL and H® are subalgebras of H and Ay (1y) =21, ® 1o € Hf @ HL.
e (W2) Forany x € HV y € HE, xy = yz.

e (W3) For any z € HEy € HE, Ap(z) =YLz ® 1, An(y) =31 @yla.

o (W4) Mt oSy =k onk =Syork.

e (W5) Forany h € H, Mk (h1)®@he = £Sy(11)® 12k and Shy @ME (h) = Shli @ Sy (12).

So XMk (1) ® 1o =BS5Sk (11) ® 12,511 @ ME(12) = 11 @ Su(1a).

e (W6) For any h € H, X N (h1) ® hy = £11 @ hle; hy @ M (he) = L11h @ 1s.

According to [3], we have the following results:

o (W7) Sﬁl onkt =nko 5;11;5;11 onk =nko S;II.

e (W8) Yk (h)Su(z1) ® 2 = XSu(x1) ® 22 Nk (h), for any h,x € H.

Let H be a finite-dimensional weak Hopf algebra. Then, by [1], the weak antipode Sy is a
bijection with inverse S;'. Hence, by [8], we have

o (W9) ZhoSy' (k) =NESL' (h), for any h,x € H.

e (W10) Sgl is both an anti-algebra map and an anti-coalgebra map.

Definition 1.2 Let H be a weak bialgebra. A k-algebra A is called a weak left H-module
algebra in [2] if A is a left H-module via h ® a — h - a such that for any a,b € A,h € H,

(1.5) h-(ab) =X(h1-a)(ha-b)

(1.6) h-14=n%(h)-1a.

Similarly, we can define a weak right H-module algebra.

Definition 1.3 Let H be a weak Hopf algebra, and A a weak left H-module algebra. A weak
smash product A#H in [2] can be defined as follows:
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A#H = A®pyr H (relative tensor product) as a k-module and its multiplication is given by

the formula
(a#h)(b#g) = Ta(hy - b)#hag
for any a,b€ A,g,h € H.
Note here that H is a left H*-module via its multiplication, and A is a right H"-module via
defining: for any a € A,z € H,

a+—x=S5(r) - a=a(r-1s).

By [2], we know that A#H is an algebra with unit 14#1y.

2. Two-sided weak smash products

Definition 2.1 Let A be a weak left H-module algebra and B be a weak right H-module
algebra. A two-sided weak smash product A#H#B is defined as follows:

A#H#B = Ay H Qgr B(relative tensor product) as a k-module and its multiplication
is given by the formula

(a@h®b)(a @K @b)=Xa(hy — a’) @ hah| @ (b — hH)V
for any a,a’ € A,h,h' € H,b,b' € B.
Note here that H is both a left H*-module and a right H®-module via its multiplication,
and A is a right H"-module via defining:
a—x=S,"(z) a=a(z-14)
for any a € A,x € H', and B is a left H*-module via defining:
y—b=(1p-y)
for any y € H® b € B.
Then, by the above multiplication, A#H#B is an algebra with unit 14 #15#1p.
As a matter of fact, for any a € A,h € H,b € B, we have
(La#la#1p)(a#h#b) = X(11 - a)#12hi#(1p - ha)b
=%(11 - a)#1oh#(1p - Mg (he))b
W5
w (11 a)#12h114 (15 - Su(15))b (Ap(1g) = X1) @ 15)
Wi
"1 - a) - Lgh#1 - (15 - Su(15)D)
1.5
(1 - a) (1o L)AL 1) (15 - Su(15)D
W5
" Sagthi(1s 1) (15 - ML)
= Ya#th#(lp - 17)(1p - 15)b
= a#h7tb,
(a#h#b)(La#1u#1p) = Ba(hy - 1a)#Fho 1194 (b - 15) = Za(hy - La)Fho# 1y - (b 15)
= Sa(h1 - 1a)#he#(1p - 17)(b- 13)
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= Ya(hy - 14)#ho#tb = Sa(NE (hy) - 1) F#ho#b
" Sa(Sn(11) - La)#shdth = S(a(Th (11) - 1)) - Loehsth
= Sa(Mf(11) - 1a) (L2 - La)#hath = a1y - 1a)(12 - La)#hth
= a#h#b.
It is easy to prove that the associativity of A#H#B is satisfied, so A#H#B is an algebra
with unit 1a#1g#1p.

Remark 2.2 (1) By [2], A = HF is a weak left H-module algebra via the trivial action
h-ht =nk(hhY). Then A#H#B = HL#H#B =~ H#B with muitiplication given by
(h#b) (W' #') = Shhi 44 (b - 7o)V
and hence H#B is an algebra with unit 1g#1p.
(2) By [1], B = H® is a weak right H-module algebra via the trivial action hft - h =
NE(hRh). Then A#H#B = A#H#H"™ =~ A#H (the weak smash product in Definition 1.3)

with muitiplication given by
(a#th)(a’'#h') = Sa(hy - o )#ho b/
and so A#H is an algebra with unit 14#1gy.

Example 2.3 (1) Let B be a weak right H-module algebra with the right H-module action
“2— 7 On the opposite algebra B°P, we may define the left H-module action “— 7 as follows:
for any h € H,b € B°P,
h—=b=b+ Sy(h).
Since for any h € H,

W4
ﬂll{l(h) —1gp=1p +~— SH(ﬂ}Lr{(h)) (:) 1p — HZSHUL)

=1g ;SH(h) =h— lB,
it is easy to prove that (B°P,—) is a weak left H-module algebra. Then, by Definition 2.1,

BP#H#B is a two-sided weak smash product with multiplication as follows: for any b,0' €
B°? h,h € H,p,p' € B,

(b#Eh#tp) (U'#h'#p") = BV — Sp(ha))bdthah i #(p — ha)p'.

(2) Let A be a weak left H-module algebra with the left H-module action “— 7. On
the opposite algebra A°P, we may define the right H-module action “— ” as follows: for any
he Hae€ A,

a+—h=_Sg(h)—a.

It is easy to prove that (A°P, <) is a weak right H-module algebra. Then, by Definition 2.1,
A#HH#A is a two-sided weak smash product with multiplication as follows: for any a,a’ €
A h, B € Hp,p' € A°P,

(a#th#tp)(a'#h #p') = Sa(hy — o' )#hohy #p'(Su (hy) — p).
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(3) Let H be a weak bialgebra, and A a weak (H, H)-bimodule algebra (that is, A is both an
(H, H)-bimodule and a weak left H-module algebra and a weak right H-module algebra). Then,
by Definition 2.1, A#H#A is a two-sided weak smash product with the following multiplication:
for any a,a’,p,p’' € A,h,h’' € H,

(a#thdtp)(a'#h'#p") = Ta(hy — o) #hohi#(p — hy)p'.

(4) Let H be a finite-dimensional weak Hopf algebra. Define the actions as follows: for any
heH, feH",
f—=h=3%(fha)hi; h = f=3(f hi)hs.

It is easy to prove that (H,—) is a weak left H*-module algebra, and (H,+~) is a weak
right H*-module algebra. So H#H*#H is a two-sided weak smash product with the following
multiplication: for any h,h',g,9' € H, 3,53’ € H*,

(h#B#9) (W #03'#g') = Sh(Br — I')#B281# (9 — 82)g’
= Shh (B, ho)#8281#(55, 91) 929’

3. Maschke-type theorem for two-sided weak smash products

Let H be a weak bialgebra, and (A, —) a weak left H-module algebra, and (B, +) a weak
right H-module algebra, and A#H#B be a two-sided weak smash product.
It is easy to show that the following maps are injective algebra maps:
i1:A— A#H#B,a — a#ly#lp
1o H — A#H#B, h— 1#h#1p
i13: B — A#H#B,b v 1441 g#b
ia: A#H — A#H#B, a#h — aF#h#lp
is : H#B — A#H#B, h#b — 1a#h#b.

So A, B, H, A#H, H# B are thought as subalgebras of the two-sided weak smash product A#H#B.
Denote a#:h#b by ahb.

Lemma 3.1 Let H be a finite-dimensional weak Hopf algebra with a bijective weak antipode
Su, and A#H#DB a two-sided weak smash product. Then, for any a € A, g,h € H, b€ B,

(1) g(ahb) = X(g1 — a)g2hb;

(2) (ahb)g = Thaga(Sy' (higr) = a)(b = gs).

Proof (1) For anya € A, g,h € H, b € B,
g(ahb) = (La#g#1E)(a#h#d) = (g1 — a)#g2hi#(1p “— h2)b
= X(g1 = a)#gaha#(1p — M} (h2))b
") S(gr = a)#gahLi#(1p — S (12))b
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(2) By (1), for any h € H,a € A,
ha = X(h; — a)hs. (A)
The following equality (B) holds. For any a € A, h € H,
Sho(Sy' () = a) = ah. (B)

As a matter of fact, we have

A)

Sha(S5 () = a) & S(hy = (S5 (1) = a))hs

= N(haS5 () — a)hs 2 SR (S5 () — a)hs

5551 (M (h1) = a)hs = £(S5 (S (11) = a))1zh
= 2(11 — a)lgh
= ah.

By (A), it is easy to prove that (B) is equivalent to the following equality: for any a € A,h €
H

7 ah = Ehl (a — h2) (C)
So
(ahb)g = (ah)(bg) "= Sho(S5 (h1) = a)gr (b — g5)

D Shs g2 (S (g1) = (Sg* (1) = @))(b = gs)

(

W10 _
2 Shoga(S5t (hagr) — a)(b — gs).

Lemma 3.2 Let H be a finite-dimensional weak Hopf algebra, and A a weak left H-module
algebra, and B a weak right H-module algebra, and A#H#B a two-sided weak smash product.
Letz € f;l (that is, for any h € H,zh = zM%& (h)). Assume that V,W are left A#H# B-modules,
and there is a left (A, B)-module map X : V. — W, that is, A : V. — W is both a left A-module
map and a left B-module map, and for any h € H,b € B,

(3.2) Lb+— ha®hy =3b+ hi ® hs.

Then the following map \ is a left A#H+# B—module map.

AV =W, v ESH(z1) - AMz2 - v).

Proof Firstly, we prove that A : V — W is a left H-module map.
As a matter of fact, for any h € H, by zh = x % (h) we know

EIlhl X .IQhQ = AH(Ih) = AH({E I_Ig (h))
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(

W3
=Y ﬂg (h)l & X9 |_|§ (h)g :) Y111 ® 2o |_|§ (h)lg

(\lQ) Yri1li ® zols I‘Iﬁ (h) (151) Yx1 ® a0 I‘Iﬁ (h)

So we have
Yx1hy @ zohe @ hy = Y21 ® T2 ﬂg (hl) ® hs. (D)

Then, for any g € H,v € V,
g+ Mv) = Su(h) - Mv) = £Sp (h) S (1) - Mz - v)
=XSu(h1)haSu (h3)SH(z1) - Ma2 - v)
= %Sy (h1) s (he)Su(x1) - Mo - v)
) 528 (h1)Sat (21) - Alas Ml () - )
= XSy (z1h1) - M(w2haSy (hs) - v)
D 55 (1) - Mao TE (7)) Sp (ha) - v)
=ESu(x1) - Ma2Sm(h) - v) (NG (h)Su(he) = Su(h))
=g -v).
Secondly, we prove that A:V — W is a left A-module map.
For any a € A, then, by (B), we get
aSu(z) =XSu(z1)(z2 — a) (E)
and hence
a-Av) = ZaSp(z1) - Mzz - v) L £Sp(x1) (22 — a) - Mzs - v)
=XSu(x1) - M(z2 — a)zs - v) © YSu(z1) - AM(z2a - v)
= Xa -v).
Then, we prove that X:V — W is a left B-module map.
As a matter of fact, for any b € B,v € V,

b-Av) = SbSu (1) - A@s - v) = SSx (22)(b — Sx (1)) - Mz - v)
= ESu(z2) - AM(b = Su(z1))zs - v) = ESu(x2) - Mzs(b — Su(z1)z4) - v)
(3.2) SSu(x1) - Maa(b — Sg(3)za) - v) = ESh (1) - AM@2(b — M (23)) - v)
— 2Su (1) - Maz(d — ME(22)) - v) "2 £85(21) - Maz1a(b — 11) - v)
b))

Spr(x1) - Maz 11 (b — 1) 0) L S8y (1) - Awab - v)
=Xb-v).

Lemma 3.3 Let H be a finite-dimensional weak Hopf algebra. Then, by [1], the following are
equivalent.

(1) H is semisimple;

(2) There exists a normalized right integral e € [;; such that N (e) = 1y.
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Lemma 3.4 Let H be a finite-dimensional semisimple weak Hopf algebra, and e € f ;I be a
normalized right integral. Let A be a weak left H-module algebra, and B a weak right H-module
algebra, and A#H#B a two-sided weak smash product. Let M be a left A# H+# B-module, and
W a left A#H# B-submodule of M, and (3.2) hold. If W is a direct summand of M as (A, B)-
modules, then W is a direct summand of M as A# H# B-modules.

Proof Let A : V — W be a projection of left (A4, B)-modules. That is, A is both a left A-module
map and a left B-module map, and for any w € W, A(w) = w.
Define
AV — W,v0— 2Sk(e1) - Meg - v).

Then, by Lemma 3.2, we know that A is a left A4 H# B-module map. In the following, we
have only to check that Ais a projection.

As a matter of fact, for any w € W,
Mw) = 2Sw(e1) - Meg - w) = £Sg(e1) - (e - w)
= %Sy (er1)ez - w =Mk (e) - w
= lH W = w.
By the above lemmas, we have

Theorem 3.5 (Maschke theorem) Let H be a finite-dimensional semisimple weak Hopf algebra,
and e € f;l be a normalized right integral. Let A be a weak left H-module algebra, and B a
weak right H-module algebra, and A#H#B a two-sided weak smash product, and (3.2) hold.
If A and B are semisimple algebras, then A#H+#B is also a semisimple algebra.

By Remark 2.2 and Theorem 3.5, we obtain Theorem 1 given in [3].

Corollary 3.6 Let H be a finite-dimensional semisimple weak Hopf algebra. Let A be a weak
left H-module algebra, and B a weak right H-module algebra.

(1) If A is semisimple, then A#H is also semisimple.

(2) If B is semisimple and (3.2) holds, then H#B is also semisimple.

Let H be a finite-dimensional semisimple weak Hopf algebra. If H is cocommutative, then
it is easy to see that H* = H®. So, by Theorem 6.9 in [9], H* is semisimple. Hence, according
to Example 2.3 and Theorem 3.5, H** = H as Hopf algebras, we obtain

Corollary 3.7 Let H be a finite-dimensional weak Hopf algebra. If H is commutative and
cosemisimple, then the two-sided weak smash product H#H*#H is semisimple.

Let H be a finite-dimensional weak Hopf algebra. Then, by [10], A is a weak left (right)
H-comodule algebra if and only if A is a weak right (left) H*-module algebra. It is obvious that
by (W3) H” is a weak left H-comodule algebra via Ay and H® is a weak right H-comodule
algebra via Agy, so H” is a weak right H*-module algebra and H? is a weak left H*-module

algebra. According to Proposition 2.11 in [1], HY and H® are separable algebras, so we have

Corollary 3.8 Let H be a finite-dimensional commutative and cosemisimple weak Hopf algebra.
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Then HE#H*#H" is semisimple.

Corollary 3.9 Let H be a finite-dimensional cocommutative semisimple weak Hopf algebra,
and A be a weak (H, H)-bimodule algebra. If A is semisimple, then A#H# A is also semisimple.
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