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Abstract In this paper, we consider the following fourth order ordinary differential equation

x
(4)(t) = f(t, x(t), x′(t), x′′(t), x′′′(t)), t ∈ (0, 1) (E)

with the four-point boundary value conditions:

x(0) = x(1) = 0, αx
′′(ξ1) − βx

′′′(ξ1) = 0, γx
′′(ξ2) + δx

′′′(ξ2) = 0, (B)

where 0 < ξ1 < ξ2 < 1. At the resonance condition αδ + βγ + αγ(ξ2 − ξ1) = 0, an existence

result is given by using the coincidence degree theory. We also give an example to demonstrate

the result.
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1. Introduction

Boundary value problems for ordinary differential equations play a very important role in

both theory and applications. They are used to describe a large number of physical, biological

and chemical phenomena. In [1], Chen studied the equation x(4)(t) = f(t, x(t)), 0 < t < 1 with

the four-point boundary value conditions:

x(0) = x(1) = 0, αx′′(ξ1) − βx′′′(ξ1) = 0, γx′′(ξ2) + δx′′′(ξ2) = 0,

at non-resonance case: αδ +βγ +αγ(ξ2 − ξ1) 6= 0 by means of upper and lower solutions method

and fixed point theorems. In this work, by using coincidence degree theory, an existence result

for Equations (B) and (E) is established under non-linear growth restriction on f at resonance

case: αδ + βγ + αγ(ξ2 − ξ1) = 0.

In recent years, much research work has been done on boundary value problems at resonance

case. We refer readers to [2–5] for some recent results.
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Now we recall some notations and an abstract existence result.

Let Y, Z be real Banach spaces, L : domL ⊂ Y → Z be a Fredholm map of index 0 and

P : Y → Y, Q : Z → Z be continuous projectors such that ImP = KerL, KerQ = ImL and

Y = KerL ⊕ KerP, Z = ImL ⊕ ImQ. It follows that L|domL∩KerP : domL ∩ KerP → ImL is

invertible. We denote the inverse of that map by KP . If Ω is an open bounded subset of Y such

that domL ∩ Ω 6= ∅, the map N : Y → Z will be called L-compact on Ω if QN(Ω) is bounded

and KP (I − Q)N : Ω → Y is compact.

The theorem A we use is Theorem IV.13 of [6].

Theorem A Let L be a Fredholm operator of index 0 and let N be L-compact on Ω. Assume

that the following conditions are satisfied:

(i) Lx 6= λNx for every (x, λ) ∈ [(domL\KerL) ∩ ∂Ω] × (0, 1);

(ii) Nx /∈ ImL for every x ∈ KerL ∩ ∂Ω;

(iii) deg(∧QN |KerL, Ω ∩ KerL, 0) 6= 0 ,

where Q : Z → Z is a projection as above with ImL = KerQ, ∧ : ImQ → KerL is a linear

isomorphism. Then the equation Lx = Nx has at least one solution in domL ∩ Ω.

We use the classical spaces C3[0, 1] and L1[0, 1]. For the x ∈ C3[0, 1], we use the norm

‖x‖∞ = maxt∈[0,1] |x(t)|, ‖x‖ = max{‖x‖∞, ‖x′‖∞, ‖x′′‖∞, ‖x′′′‖∞}, and denote the norm in

L1[0, 1] by ‖ · ‖1. We also use the Sobolev space W 4,1(0, 1) defined by W 4,1(0, 1) = {x : [0, 1] →

R|x, x′, x′′, x′′′ are absolutely continuous on [0, 1] with x(4)(t) ∈ L1[0, 1]} with its usual norm.

2. Existence result for BVP (E) and (B)

In view of BVP (E), (B) and the resonance condition: αδ + βγ + αγ(ξ2 − ξ1) = 0, we discuss

existence of solutions to the BVP (E), (B) subject to the following case:

α 6= 0, γ 6= 0, αδ + βγ + αγ(ξ2 − ξ1) = 0.

Let Y = C3[0, 1], Z = L1[0, 1]. Define L to be the linear operator from domL ⊂ Y → Z with

domL = {x ∈ W 4,1(0, 1) : x(0) = x(1) = 0, αx′′(ξ1) − βx′′′(ξ1) = 0, γx′′(ξ2) + δx′′′(ξ2) = 0}

and Lx = x(4), x ∈ domL. We define N : Y → Z by setting

Nx = f(t, x(t), x′(t), x′′(t), x′′′(t)), t ∈ (0, 1).

Then the BVP (E), (B) can be written as Lx = Nx.

Lemma 1 If α 6= 0, γ 6= 0, 0 < ξ1 < ξ2 < 1, then there exists l ∈ {0, 1, 2} such that

αγ
∫ ξ2

ξ1

∫ s

0
τ ldτds + αδ

∫ ξ2

0
τ ldτ + βγ

∫ ξ1

0
τ ldτ 6= 0.

Proof Suppose the assertion fails to be true, then

αγ

2
(ξ2

2 − ξ2
1) + αδξ2 + βγξ1 = 0,

αγ

3
(ξ3

2 − ξ3
1) + αδξ2

2 + βγξ2
1 = 0,
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αγ

4
(ξ4

2 − ξ4
1) + αδξ3

2 + βγξ3
1 = 0.

Thus we have






1
2 (ξ2

2 − ξ2
1) ξ2 ξ1

1
3 (ξ3

2 − ξ3
1) ξ2

2 ξ2
1

1
4 (ξ4

2 − ξ4
1) ξ3

2 ξ3
1













αγ

αδ

βγ






=







0

0

0






. (1)

Next we shall show
∣

∣

∣

∣

∣

∣

∣

1
2 (ξ2

2 − ξ2
1) ξ2 ξ1

1
3 (ξ3

2 − ξ3
1) ξ2

2 ξ2
1

1
4 (ξ4

2 − ξ4
1) ξ3

2 ξ3
1

∣

∣

∣

∣

∣

∣

∣

6= 0, (2)

if not, then
∣

∣

∣

∣

∣

∣

∣

1
2 (ξ2

2 − ξ2
1) ξ2 ξ1

1
3 (ξ3

2 − ξ3
1) ξ2

2 ξ2
1

1
4 (ξ4

2 − ξ4
1) ξ3

2 ξ3
1

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

0 0 ξ1

1
6 (ξ3

1 − ξ3
2) ξ2

2 − ξ1ξ2 ξ2
1

1
4 (ξ4

1 − ξ4
2) ξ3

2 − ξ2
1ξ2 ξ3

1

∣

∣

∣

∣

∣

∣

∣

= 0. (3)

From (3) and 0 < ξ1 < ξ2 < 1, we have (ξ1 − ξ1)
2 = 0, which contradicts ξ1 < ξ2. Hence (2)

holds, then from (1), we have αγ = 0, which is a contradiction from α 6= 0, γ 6= 0. Therefore

Lemma 1 holds. 2

Lemma 2 If α 6= 0, γ 6= 0, αδ + βγ + αγ(ξ2 − ξ1) = 0, then L : domL ⊂ Y → Z is a Fredholm

operator of index 0. Furthermore, the linear continuous projector operator Q : Z → Z can be

defined by

Qy =
1

αγ
∫ ξ2

ξ1

∫ s

0 τ ldτds + αδ
∫ ξ2

0 τ ldτ + βγ
∫ ξ1

0 τ ldτ

(

αγ

∫ ξ2

ξ1

∫ s

0

y(τ)dτds+

αδ

∫ ξ2

0

y(τ)dτ + βγ

∫ ξ1

0

y(τ)dτ
)

tl

and the linear operator KP : ImL → domL ∩ KerP can be written as

KP y = −
t(t − 1)

2

(

∫ ξ1

0

∫ s

0

y(τ)dτds −
β

α

∫ ξ1

0

y(τ)dτ
)

+

∫ t

0

∫ s3

0

∫ s2

0

∫ s1

0

y(τ)dτds1ds2ds3−

t

∫ 1

0

∫ s3

0

∫ s2

0

∫ s1

0

y(τ)dτds1ds2ds3.

Also

‖KP y‖ ≤ ∆1‖y‖1 for all y ∈ ImL,

here ∆1 = max{ 5
2 + | β

2α
|, 2 + |β

α
|}.

Proof It is clear that

KerL = {x ∈ domL : x(t) = d(t3 +
3β − 3αξ1

α
t2 −

α + 3β − 3αξ1

α
t), d ∈ R}.

We now show that

ImL = {y ∈ Z : αγ

∫ ξ2

ξ1

∫ s

0

y(τ)dτds + αδ

∫ ξ2

0

y(τ)dτ + βγ

∫ ξ1

0

y(τ)dτ = 0}. (4)
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Since the problem

x(4)(t) = y (5)

has solution x(t) which satisfies

x(0) = x(1) = 0, αx′′(ξ1) − βx′′′(ξ1) = 0, γx′′(ξ2) + δx′′′(ξ2) = 0,

if and only if

αγ

∫ ξ2

ξ1

∫ s

0

y(τ)dτds + αδ

∫ ξ2

0

y(τ)dτ + βγ

∫ ξ1

0

y(τ)dτ = 0. (6)

In fact, if (5) has solution x(t) such that x(0) = x(1) = 0, αx′′(ξ1)−βx′′′(ξ1) = 0, γx′′(ξ2)+

δx′′′(ξ2) = 0, then from (5), we have

x(t) = x(0) + x′(0)t +
1

2
x′′(0)t2 +

1

6
x′′′(0)t3 +

∫ t

0

∫ s3

0

∫ s2

0

∫ s1

0

y(τ)dτds1ds2ds3.

Thus

αx′′(ξ1)−βx′′′(ξ1) = α
(

x′′(0)+x′′′(0)ξ1+

∫ ξ1

0

∫ s

0

y(τ)dτds
)

−β
(

x′′′(0)+

∫ ξ1

0

y(τ)dτ
)

= 0, (7)

γx′′(ξ2)+δx′′′(ξ2) = γ
(

x′′(0)+x′′′(0)ξ2 +

∫ ξ2

0

∫ s

0

y(τ)dτds
)

+δ
(

x′′′(0)+

∫ ξ2

0

y(τ)dτ
)

= 0. (8)

Then from (7), (8) and αδ + βγ + αγ(ξ2 − ξ1) = 0, we can obtain

αγ

∫ ξ2

ξ1

∫ s

0

y(τ)dτds + αδ

∫ ξ2

0

y(τ)dτ + βγ

∫ ξ1

0

y(τ)dτ = 0.

On the other hand, if (6) holds, set

x(t) =d
(

t3 +
3β − 3αξ1

α
t2 −

α + 3β − 3αξ1

α
t
)

−

t(t − 1)

2

(

∫ ξ1

0

∫ s

0

y(τ)dτds −
β

α

∫ ξ1

0

y(τ)dτ
)

+

∫ t

0

∫ s3

0

∫ s2

0

∫ s1

0

y(τ)dτds1ds2ds3−

t

∫ 1

0

∫ s3

0

∫ s2

0

∫ s1

0

y(τ)dτds1ds2ds3,

where d is an arbitrary constant, then x(t) is a solution of (5), x(0) = x(1) = 0, αx′′(ξ1) −

βx′′′(ξ1) = 0, γx′′(ξ2) + δx′′′(ξ2) = 0. Hence (4) holds.

For y ∈ Z, take the projector

Qy =
1

αγ
∫ ξ2

ξ1

∫ s

0 τ ldτds + αδ
∫ ξ2

0 τ ldτ + βγ
∫ ξ1

0 τ ldτ

(

αγ

∫ ξ2

ξ1

∫ s

0

y(τ)dτds+

αδ

∫ ξ2

0

y(τ)dτ + βγ

∫ ξ1

0

y(τ)dτ
)

tl.

Let y1 = y − Qy. Since αγ
∫ ξ2

ξ1

∫ s

0
y1(τ)dτds + αδ

∫ ξ2

0
y1(τ)dτ + βγ

∫ ξ1

0
y1(τ)dτ = 0, we have

y1 ∈ ImL. Hence Z = ImL + ImQ. Since ImL ∩ ImQ = {0}, we have Z = ImL ⊕ ImQ. Thus

dim KerL = dim ImQ = codim ImL = 1.
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Hence L is a Fredholm operator of index 0.

Taking P : Y → Y as

Px =
x′′′(0)

6

(

t3 +
3β − 3αξ1

α
t2 −

α + 3β − 3αξ1

α
t
)

,

one can write the generalized inverse KP : ImL → domL ∩ KerP of L as

KP y = −
t(t − 1)

2

(

∫ ξ1

0

∫ s

0

y(τ)dτds −
β

α

∫ ξ1

0

y(τ)dτ
)

+

∫ t

0

∫ s3

0

∫ s2

0

∫ s1

0

y(τ)dτds1ds2ds3−

t

∫ 1

0

∫ s3

0

∫ s2

0

∫ s1

0

y(τ)dτds1ds2ds3. (9)

In fact, for y(t) ∈ ImL, we have

(LKP )y(t) = [KP y(t)](4) = y(t),

and for x ∈ domL ∩ KerP , we know

(KP L)x(t) = −
t(t − 1)

2

(

∫ ξ1

0

∫ s

0

x(4)(τ)dτds −
β

α

∫ ξ1

0

x(4)(τ)dτ
)

+

∫ t

0

∫ s3

0

∫ s2

0

∫ s1

0

x(4)(τ)dτds1ds2ds3−

t

∫ 1

0

∫ s3

0

∫ s2

0

∫ s1

0

x(4)(τ)dτds1ds2ds3.

In view of x ∈ domL ∩ KerP, x(0) = x(1) = 0, αx′′(ξ1) − βx′′′(ξ1) = 0 and Px = x′′′(0)
6 (t3 +

3β−3αξ1

α
t2 − α+3β−3αξ1

a
t) = 0, we have

(KP L)x(t) = x(t).

This shows that KP = (L|domL∩KerP )−1. From (9), we have

‖KP y‖∞ 6
1

8
(‖y‖1 + |

β

α
|‖y‖1) + 2‖y‖1 = (

17

8
+ |

β

8α
|)‖y‖1

and

‖(KP y)′‖∞ 6
5

2
‖y‖1 + |

β

2α
|‖y‖1

and

‖(KP y)′′‖∞ 6 2‖y‖1 + |
β

α
|‖y‖1

and

‖(KP y)′′′‖∞ 6 ‖y‖1.

Thus ‖KP y‖ = max{‖x‖∞, ‖x′‖∞, ‖x′′‖∞, ‖x′′′‖∞} ≤ ∆1‖y‖1.

This completes the proof of Lemma 2. 2

Lemma 3 Let f : [0, 1]×R4 → R be a continuous function. Assume that the following conditions

are satisfied:
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(A1) There exist functions u1, u2, u3, u4, e in L1[0, 1] and a constant θ ∈ [0, 1), such that

|f(t, x1, x2, x3, x4)| ≤u1(t)|x1| + u2(t)|x2| + u3(t)|x3| + u4(t)|x4|+

e(t)(|x1|
θ + |x2|

θ + |x3|
θ + |x4|

θ) + r(t)

for all (x, y, z, u) ∈ R4, t ∈ [0, 1];

(A2) There exists a positive constant ∆ such that ‖u1‖1 +‖u2‖1 +‖u3‖1 +‖u4‖1 < 1
∆ . Then

there exist nonnegative functions u1, u2, u3, u4, r in L1[0, 1] such that

|f(t, x1, x2, x3, x4)| ≤ u1(t)|x1| + u2(t)|x2| + u3(t)|x3| + u4(t)|x4| + r(t). (10)

Proof This lemma is similar to the Lemma 3.2 of [2] and the proof is similar too, so we omit

it. 2

For brevity, we use u1, u2, u3, u4, r to denote u1, u2, u3, u4, r, respectively. Then (10)

can be written as

|f(t, x1, x2, x3, x4)| ≤ u1(t)|x1| + u2(t)|x2| + u3(t)|x3| + u4(t)|x4| + r(t).

From now on, we always assume that ρ(t) , t3 + 3β−3αξ1

α
t2 − α+3β−3αξ1

α
t, t ∈ [0, 1].

Theorem 1 Let f : [0, 1] × R4 → R be a continuous function. Assume that (A1) of Lemma 3

is satisfied and the following conditions hold:

(A3) There exists constant M > 0 such that for x ∈ domL, if |x′′′(t)| > M for all t ∈ (0, 1),

then

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτds+

αδ

∫ ξ2

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτ 6= 0;

(A4) There exists constant M∗ > 0 such that for all d ∈ R, if |d| > M∗, then either

d
(

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτds+

αδ

∫ ξ2

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ
)

< 0

or else

d
(

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτds+

αδ

∫ ξ2

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ
)

> 0.
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Then, the BVP (E), (B) with α 6= 0, γ 6= 0, x(0) = x(1) = 0, αx′′(ξ1)−βx′′′(ξ1) = 0, γx′′(ξ2)+

δx′′′(ξ2) = 0, αδ + βγ + αγ(ξ2 − ξ1) = 0 has at least one solution in C3[0, 1] provided that

‖u1‖1 + ‖u2‖1 + ‖u3‖1 + ‖u4‖1 <
1

∆1 + ∆2
,

where ∆1 is as in Lemma 2, ∆2 = 1
6‖ρ(t)‖c3[0,1].

Proof Set

Ω1 = {x ∈ domL \ KerL : Lx = λNx, λ ∈ [0, 1]}.

Then for x ∈ Ω1, Lx = λNx, thus λ 6= 0, Nx ∈ ImL = KerQ. Hence

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτds + αδ

∫ ξ2

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτ = 0.

Thus from (A3), there exists t0 ∈ [0, 1] such that |x′′′(t0)| ≤ M . In view of x′′′(0) = x′′′(t0) −
∫ t0

0 x(4)(t)dt, then

|x′′′(0)| ≤ M + ‖x(4)(t)‖1 = M + ‖Lx‖1 ≤ M + ‖Nx‖1. (11)

Again for x ∈ Ω1, x ∈ domL \ KerL, then (I − P )x ∈ domL ∩ KerP, LPx = 0. From Lemma 2,

we have

‖(I − P )x‖ = ‖KP L(I − P )x‖ ≤ ∆1‖L(I − P )x‖1 = ∆1‖Lx‖1 ≤ ∆1‖Nx‖1. (12)

From (11) and (12), we have

‖x‖ ≤ ‖Px‖ + ‖(I − P )x‖

=
|x′′′(0)|

6
‖t3 +

3β − 3αξ1

α
t2 −

α + 3β − 3αξ1

α
t‖ + ‖(I − P )x‖

≤ (M + ‖Nx‖1)∆2 + ∆1‖Nx‖1

= ∆2M + (∆1 + ∆2)‖Nx‖1 .

Then from Lemma 3, we obtain

‖x‖ ≤ ∆2M +(∆1 +∆2)(‖u1‖1‖x‖∞ +‖u2‖1‖x
′‖∞ +‖u3‖1‖x

′′‖∞ +‖u4‖1‖x
′′′‖∞ +‖r‖1). (13)

Thus from ‖x‖∞ ≤ ‖x‖ and (13), we obtain

‖x‖∞ ≤
∆1 + ∆2

1 − (∆1 + ∆2)‖u1‖1

(

‖u2‖1‖x
′‖∞ + ‖u3‖1‖x

′′‖∞+

‖u4‖1‖x
′′′‖∞ + ‖r‖1 +

∆2M

∆1 + ∆2

)

. (14)

Thus from ‖x′‖∞ ≤ ‖x‖, (13) and (14), we obtain

‖x′‖∞ ≤
∆1 + ∆2

1 − (∆1 + ∆2)(‖u1‖1 + ‖u2‖1)

(

‖u3‖1‖x
′′‖∞+

‖u4‖1‖x
′′′‖∞ + ‖r‖1 +

∆2M

∆1 + ∆2

)

. (15)
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Thus from ‖x′′‖∞ ≤ ‖x‖, (13), (14) and (15), we obtain

‖x′′‖∞ ≤
∆1 + ∆2

1 − (∆1 + ∆2)(‖u1‖1 + ‖u2‖1 + ‖u3‖1)

(

‖u4‖1‖x
′′′‖∞ + ‖r‖1 +

∆2M

∆1 + ∆2

)

. (16)

And from ‖x′′′‖∞ ≤ ‖x‖, (13), (14), (15) and (16), it follows

‖x′′′‖∞ ≤
∆1 + ∆2

1 − (∆1 + ∆2)(‖u1‖1 + ‖u2‖1 + ‖u3‖1 + ‖u4‖1)

(

‖r‖1 +
∆2M

∆1 + ∆2

)

. (17)

From (17), we know ‖x′′′‖∞ is bounded. From (16), (15) and (14), we can obtain ‖x′′‖∞, ‖x′‖∞

and ‖x‖∞ are all bounded. In view of ‖x‖ = max{‖x‖∞, ‖x′‖∞‖x′′‖∞, ‖x′′′‖∞}, we know Ω1 is

bounded.

Set

Ω2 = {x ∈ KerL : Nx ∈ ImL},

for x ∈ Ω2, x ∈ KerL = {x ∈ domL : x = dρ(t)} and QNx = 0. Then

1

αγ
∫ ξ2

ξ1

∫ s

0 τ ldτds + αδ
∫ ξ2

0 τ ldτ + βγ
∫ ξ1

0 τ ldτ

(

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, dρ(τ), dρ′(τ),

dρ′′(τ), dρ′′′(τ))dτds + αδ

∫ ξ2

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ
)

= 0. (18)

From (A3), there exists t0 ∈ [0, 1] such that |x′′′(t0)| ≤ M . Hence |d| ≤ M
6 . Then we can obtain

‖x‖ ≤ M∆2. Thus Ω2 is bounded.

Next, according to the condition (A4), for any d ∈ R, if |d| > M∗, then either

d
1

αγ
∫ ξ2

ξ1

∫ s

0
τ ldτds + αδ

∫ ξ2

0
τ ldτ + βγ

∫ ξ1

0
τ ldτ

(

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, dρ(τ), dρ′(τ),

dρ′′(τ), dρ′′′(τ))dτds + αδ

∫ ξ2

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ
)

< 0 (19)

or else

d
1

αγ
∫ ξ2

ξ1

∫ s

0
τ ldτds + αδ

∫ ξ2

0
τ ldτ + βγ

∫ ξ1

0
τ ldτ

(

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, dρ(τ), dρ′(τ),

dρ′′(τ), dρ′′′(τ))dτds + αδ

∫ ξ2

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, dρ(τ), dρ′(τ), dρ′′(τ), dρ′′′(τ))dτ
)

> 0. (20)

If (19) holds, set

Ω3 = {x ∈ KerL : −λx + (1 − λ) ∧ QNx = 0, λ ∈ [0, 1]},

here ∧ : ImQ → KerL is the linear isomorphism given by ∧(d) = dρ(t), ∀ d ∈ R, t ∈ [0, 1]. Since
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x = d0ρ(t) ∈ Ω3, we have

λd0ρ(t) =(1 − λ)
ρ(t)

αγ
∫ ξ2

ξ1

∫ s

0 τ ldτds + αδ
∫ ξ2

0 τ ldτ + βγ
∫ ξ1

0 τ ldτ

(

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, d0ρ(τ), d0ρ
′(τ), d0ρ

′′(τ), d0ρ
′′′(τ))dτds+

αδ

∫ ξ2

0

f(τ, d0ρ(τ), d0ρ
′(τ), d0ρ

′′(τ), d0ρ
′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, d0ρ(τ), d0ρ
′(τ), d0ρ

′′(τ), d0ρ
′′′(τ))dτ

)

tl.

If λ = 1, then d0 = 0. Otherwise, if |d0| > M∗, in view of (19), we have

λd2
0 =d0(1 − λ)

1

αγ
∫ ξ2

ξ1

∫ s

0
τ ldτds + αδ

∫ ξ2

0
τ ldτ + βγ

∫ ξ1

0
τ ldτ

(

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, d0ρ(τ), d0ρ
′(τ), d0ρ

′′(τ), d0ρ
′′′(τ))dτds+

αδ

∫ ξ2

0

f(τ, d0ρ(τ), d0ρ
′(τ), d0ρ

′′(τ), d0ρ
′′′(τ))dτ+

βγ

∫ ξ1

0

f(τ, d0ρ(τ), d0ρ
′(τ), d0ρ

′′(τ), d0ρ
′′′(τ))dτ

)

tl < 0,

which contradicts λd2
0 ≥ 0. Thus Ω3 ⊂ {x ∈ KerL : ‖x‖ ≤ 6M∗∆2} is bounded.

If (20) holds, then set

Ω3 = {x ∈ KerL : λx + (1 − λ) ∧ QNx = 0, λ ∈ [0, 1]},

here ∧ is as above. Similarly to the above argument, we can show that Ω3 is bounded too.

In the following, we shall prove that all the conditions of Theorem A are satisfied. Let Ω be

a bounded open subset of Y such that
⋃3

i=1 Ωi ⊂ Ω. By using the Ascoli-Arzela theorem, we can

prove that KP (I − Q)N : Ω → Y is compact. Thus N is L-compact on Ω. Then by the above

argument we have:

(i) Lx 6= λNx for every (x, λ) ∈ [(domL \ KerL) ∩ ∂Ω] × (0, 1);

(ii) Lx /∈ ImL for x ∈ KerL ∩ ∂Ω.

At last we will prove that (iii) of Theorem A is satisfied. Let

H(x, λ) = ±λx + (1 − λ) ∧ QNx.

According to the above argument, we know H(x, λ) 6= 0 for x ∈ ∂Ω ∩ KerL. Thus, by the

homotopy property of degree

deg(∧QN |KerL
, Ω ∩ KerL, 0) = deg(H(·, 0), Ω ∩ KerL, 0)

= deg(H(·, 1), Ω ∩ KerL, 0) = deg(±I, Ω ∩ KerL, 0) 6= 0.

Then by Theorem A, Lx = Nx has at least one solution in domL∩Ω, so that the BVP (E), (B)

has solution in C3[0, 1]. The proof is completed. 2
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3. An example

Consider the problem

x(4)(t) = t + 1 + tcosx(t) +
1

2
arctanx′(t) +

1

3
sinx′′(t) +

1

10
(t2 + 1)x′′′(t), (21)

x(0) = x(1) = 0, x′′(
1

4
) −

1

4
x′′′(

1

4
) = 0, x′′(

1

2
) −

1

2
x′′′(

1

2
) = 0. (22)

Since f(t, x1, x2, x3, x4) = t+1+tcosx(t)+ 1
2arctanx′(t)+ 1

3 sinx′′(t)+ 1
10 (t2+1)x′′′(t), α = 1, β =

1
4 , γ = 1, δ = − 1

2 , ξ1 = 1
4 , ξ2 = 1

2 , we have αδ+βγ+αγ(ξ2−ξ1) = 0, 1
2 (ξ2

2−ξ2
1)αγ+αδξ2+βγξ1 =

− 3
32 6= 0, ∆1 = 21

8 , ∆2 = 1, 1
∆1+∆2

= 8
29 > 1

4 . Let

u1 = u2 = u3 = 0, u4 =
1

5
, r(t) = 5.

Then

|f(t, x1, x2, x3, x4)| ≤
1

5
|x4| + 5, ‖u1‖1 + ‖u2‖1 + ‖u3‖1 + ‖u4‖1 <

1

∆1 + ∆2
.

Since

αγ

∫ ξ2

ξ1

∫ s

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτds + αδ

∫ ξ2

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτ

βγ

∫ ξ1

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτ

=

∫ 1

2

1

4

∫ s

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτds −
1

2

∫ 1

2

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτ+

1

4

∫ 1

4

0

f(τ, x(τ), x′(τ), x′′(τ), x′′′(τ))dτ

= −

∫ 1

2

1

4

τf(τ, x′(τ), x′′(τ), x′′′(τ))dτ,

as |x′′′(t)| > 50, f and x′′′(t) have the same sign. If we set M = 50 and M∗ = 50
6 , the conditions of

Theorem 1 are satisfied. Hence from Theorem 1, there exists at least one solution x(t) ∈ C3[0, 1]

to (21) with the condition (22).
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