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1. Introduction

If p > 1, 1
p + 1

q = 1, {an}, {bn} ≥ 0, such that 0 <
∑

∞

n=1 a
p
n < ∞ and 0 <

∑

∞

n=1 b
q
n < ∞,

then we have
∞
∑

n=1

∞
∑

m=1

ambn

max{m,n}
< pq

{

∞
∑

n=1

apn
}

1
p {

∞
∑

n=1

bqn}
1
q , (1.1)

where the constant factor pq is the best possible. Inequality (1.1) is Hilbert’s type inequality[1,Th.342],

and is important in analysis and its applications[2]. Recently, Kuang[3] gave a strengthened ver-

sion of (1.1); Yang[4,5] considered a refinement of another Hilbert’s type inequality.

In 2004, by introducing a parameter λ (2 − min{p, q} < λ ≤ 2), Yang[6,7] gave two general-

izations of (1.1) and the extended equivalent forms as follows:

∞
∑

n=1

∞
∑

m=1

ambn

max{mλ, nλ}
< kλ(p)

[

∞
∑

n=1

n(p−1)(2−λ)−1apn
]1/p[

∞
∑

n=1

n(q−1)(2−λ)−1bqn
]1/q

; (1.2)

∞
∑

n=1

np+λ−3
[

∞
∑

m=1

am

max{mλ, nλ}

]p
<

[

kλ(p)
]p

∞
∑

n=1

n(p−1)(2−λ)−1apn; (1.3)

∞
∑

n=1

∞
∑

m=1

ambn

max{mλ, nλ}
< kλ(p)

[

∞
∑

n=1

n1−λapn
]1/p[

∞
∑

n=1

n1−λbqn
]1/q

; (1.4)

∞
∑

n=1

n(p−1)(λ−1)
[

∞
∑

m=1

am

max{mλ, nλ}

]p
<

[

kλ(p)
]p

∞
∑

n=1

n1−λapn, (1.5)
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where the constant factors kλ(p) = pqλ
(p+λ−2)(q+λ−2) and

[

kλ(p)
]p

are all the best possible. In-

equality (1.2) is equivalent to (1.3); (1.4) is equivalent to (1.5).

In 2005, Yang[8] built a reverse Hilbert’s type inequality and its equivalent form as:

If 0 < p < 1, 1
p + 1

q = 1, A = {(λ, α) : λ, α > 0, 0 < φr ≤ 1(r = p, q), φp + φq = λα} 6= Φ,

and an, bn ≥ 0 satisfy 0 <
∑

∞

n=1 n
p(1−φq)−1apn < ∞ and 0 <

∑

∞

n=1 n
q(1−φp)−1bqn < ∞, then for

(λ, α), we have

∞
∑

n=1

∞
∑

n=1

ambn

(mα + nα)λ
>

1

α
B(

φp

α
,
φq

α
)
{

∞
∑

n=1

[1−θp(n)]np(1−φq)−1apn

}
1
p
{

∞
∑

n=1

nq(1−φp)−1bqn

}
1
q

; (1.6)

∞
∑

n=1

npφp−1
[

∞
∑

n=1

am

(mα + nα)λ

]p

>
[ 1

α
B(

φp

α
,
φq

α
)
]p ∞

∑

n=1

[1 − θp(n)]np(1−φq)−1apn, (1.7)

where 0 < θp(n) = O( 1
nφp

) < 1, and the constant factors 1
αB(

φp
α ,

φq
α ) and

[

1
αB(

φp
α ,

φq
α )

]p

are the

best possible. Inequality (1.6) is equivalent to (1.7).

This paper gives another reverse Hilbert’s type inequality as (1.6). As applications, we also

consider the equivalent form and some particular results.

2. Some Lemmas

Lemma 2.1 Suppose 0 < p < 1, 1
p + 1

q = 1, λ > 0, 0 < φp ≤ 1, 0 < ψq ≤ 1 and φp + ψq = λ.

Define the weight functions ωλ(p, n) as:

ωλ(p, n) = nφp
∞
∑

m=1

1

max{mλ, nλ}
(

1

m
)1−ψq , n ∈ N. (2.1)

Then we have
λ

φpψq

[

1 − θp(n)
]

< ωλ(p, n) <
λ

φpψq
, (2.2)

where 0 < θp(n) =
φp
λnψq

< 1.

Proof Since 0 < ψq ≤ 1, we have

ωλ(p, n) < nφp
∫

∞

0

1

max{yλ, nλ}
(
1

y
)1−ψqdy

= nφp
[

∫ n

0

1

nλ
(
1

y
)1−ψqdy +

∫

∞

n

1

yλ
(
1

y
)1−ψqdy

]

=
1

ψq
+

1

φp
=

λ

φpψq
.

Define θp(n) as

θp(n) =
φpψqn

φp

λ

∫ 1

0

1

max{yλ, nλ}
(
1

y
)1−ψqdy, n ∈ N. (2.3)

Since for n ≥ 1,
∫ 1

0

1

max{yλ, nλ}
(
1

y
)1−ψqdy =

∫ 1

0

1

nλ
(
1

y
)1−ψqdy =

1

ψqnλ
,

by (2.3), we have θp(n) =
φp
λnψq

.
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Hence for 0 < ψq ≤ 1, we have

ωλ(p, n) > nφp
∫

∞

1

1

max{yλ, nλ}
(
1

y
)1−ψqdy

= nφp
[

∫

∞

0

1

max{yλ, nλ}
(
1

y
)1−ψqdy −

∫ 1

0

1

max{yλ, nλ}
(
1

y
)1−ψqdy

]

=
λ

φpψq

[

1 − θp(n)
]

.

Inequality (2.2) is valid. The lemma is proved. 2

Lemma 2.2 If 0 < p < 1, 1
p+ 1

q = 1, λ > 0, 0 < φp ≤ 1, 0 < ψq ≤ 1, φp+ψq = λ and 0 < ε < pψq,

then we have

I :=

∞
∑

n=1

∞
∑

m=1

n−1+φp−
ε
q

max{mλ, nλ}
m−1+ψq−

ε
p <

[ 1

ψq −
ε
p

+
1

φp + ε
p

]

∞
∑

n=1

1

n1+ε
. (2.4)

Proof For 0 < p < 1, we obtain

I <

∞
∑

n=1

∫

∞

0

n−1+φp−
ε
q

max{yλ, nλ}
y−1+ψq−

ε
p dy

=

∞
∑

n=1

[

n−1+φp−
ε
q

(

∫ n

0

y−1+ψq−
ε
p

nλ
dy +

∫

∞

n

y−1+ψq−
ε
p

yλ
dy

)]

=
[ 1

ψq −
ε
p

+
1

φp + ε
p

]

∞
∑

n=1

1

n1+ε
.

Hence, (2.4) is valid. The lemma is proved. 2

3. Main results and applications

Theorem 3.1 If 0 < p < 1, 1
p + 1

q = 1, λ > 0, 0 < φp ≤ 1, 0 < ψq ≤ 1, φp+ψq = λ and an, bn ≥ 0

satisfy 0 <
∑

∞

n=1 n
p(1−ψq)−1apn <∞ and 0 <

∑

∞

n=1 n
q(1−φp)−1bqn <∞, then we have

∞
∑

n=1

∞
∑

m=1

ambn

max{mλ, nλ}
>

λ

φpψq

{

∞
∑

n=1

[1 − θp(n)]np(1−ψq)−1apn

}
1
p
{

∞
∑

n=1

nq(1−φp)−1bqn

}
1
q

, (3.1)

where 0 < θp(n) =
φp
λnψq

< 1 and the constant factor λ
φpψq

is the best possible. In particular,

(a) for φp = ψq = λ
2 , we have

∞
∑

n=1

∞
∑

m=1

ambn

max{mλ, nλ}
>

4

λ

{

∞
∑

n=1

[1 −
1

2n
λ
2

]np(1−
λ
2
)−1apn

}
1
p
{

∞
∑

n=1

nq(1−
λ
2
)−1bqn

}
1
q

; (3.2)

(b) for λ = 1, we have

∞
∑

n=1

∞
∑

m=1

ambn

max{m,n}
>

1

φpψq

{

∞
∑

n=1

[1 −
φp

nψq
]npφp−1apn

}
1
p
{

∞
∑

n=1

nqψq−1bqn

}
1
q

. (3.3)

Proof By the reverse Hölder’s inequality[9], since 0 < p < 1 and q < 0, we have

H(am, bn) :=

∞
∑

n=1

∞
∑

m=1

ambn

max{mλ, nλ}
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=

∞
∑

n=1

∞
∑

m=1

1

max{mλ, nλ}

[m(1−ψq)/q

n(1−φp)/p
am

][ n(1−φp)/p

m(1−ψq)/q
bn

]

≥
{

∞
∑

m=1

[

∞
∑

n=1

mψq

max{mλ, nλ}
·

1

n1−φp

]

mp(1−ψq)−1apm

}
1
p

×

{

∞
∑

n=1

[

∞
∑

m=1

nφp

max{mλ, nλ}
·

1

m1−ψq

]

nq(1−φp)−1bqn

}
1
q

. (3.4)

Since λ > 0, and 1 − φp ≥ 0, 1 − ψq ≥ 0, in view of (2.1) , we rewrite (3.4) as:

H(am, bn) >
{

∞
∑

n=1

ωλ(p, n)np(1−ψq)−1apn

}
1
p
{

∞
∑

n=1

ωλ(q, n)nq(1−φp)−1bqn

}
1
q

,

and then by (2.2), we have (3.1).

For 0 < ε < pψq, set a′n and b′n as: a′n = n−1+ψq−
ε
p , b′n = n−1+φp−

ε
q , n ∈ N . Since φp > 0,

we have
{

∞
∑

n=1

[1 − θp(n)]np(1−ψq)−1a
′p
n

}
1
p
{

∞
∑

n=1

nq(1−φp)−1b
′q
n

}
1
q

=
∞
∑

n=1

1

n1+ε

{

1 −

∑

∞

n=1
φp

nψq+1+ε

∑

∞

n=1
1

n1+ε

}
1
p

=

∞
∑

n=1

1

n1+ε
(1 − o(1))

1
p (ε→ 0+). (3.5)

If the constant factor λ
φpψq

in (3.1) is not the best possible, then there exists a positive number

K (with K > λ
φpψq

), such that (3.1) is still valid if we replace λ
φpψq

by K. In particular, by (3.5)

and (2.4), we have

K

∞
∑

n=1

1

n1+ε
{1 − o(1)}

1
p = K

{

∞
∑

n=1

[1 − θp(n)]np(1−ψq)−1a
′p
n

}
1
p
{

∞
∑

n=1

nq(1−φp)−1b
′q
n

}
1
q

< I <
[ 1

ψq −
ε
p

+
1

φp + ε
p

]

∞
∑

n=1

1

n1+ε
.

Hence

K
{

1 − o(1)
}

1
p

<
[ 1

ψq −
ε
p

+
1

φp + ε
p

]

,

and then K ≤ λ
φpψq

(ε→ 0+). By this contradiction we can conclude that the constant λ
φpψq

in

(3.1) is the best possible. Thus the theorem is proved. 2

Theorem 3.2 If 0 < p < 1, 1
p + 1

q = 1, λ > 0, 0 < φp ≤ 1, 0 < ψq ≤ 1, φp + ψq = λ and an ≥ 0

satisfies 0 <
∑

∞

n=1 n
p(1−ψq)−1apn <∞, then we have

∞
∑

n=1

npφp−1
[

∞
∑

m=1

am

max{mλ, nλ}

]p

>
( λ

φpψq

)p ∞
∑

n=1

[

1 − θp(n)
]

np(1−ψq)−1apn, (3.6)

where 0 < θp(n) =
φp
λnψq

< 1, and the constant factor
(

λ
φpψq

)p

is the best possible. Inequality

(3.6) is equivalent to (3.1). In particular,
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(a) for φp = ψq = λ
2 , we have

∞
∑

n=1

n
pλ

2
−1

[

∞
∑

m=1

am

max{mλ, nλ}

]p

>
( 4

λ

)p ∞
∑

n=1

[

1 −
1

2n
λ
2

]

np(1−
λ
2
)−1apn; (3.7)

(b) for λ = 1, we have

∞
∑

n=1

npφp−1
[

∞
∑

m=1

am

max{m,n}

]p

>
( 1

φpψq

)p ∞
∑

n=1

[

1 −
φp

nψq

]

npφp−1apn. (3.8)

Proof Setting

bn = npφp−1
[

∞
∑

m=1

am

max{mλ, nλ}

]p−1

,

by (3.1), we have

[

∞
∑

n=1

nq(1−φp)−1bqn

]p

=
{

∞
∑

n=1

npφp−1
[

∞
∑

m=1

am

max{mλ, nλ}

]p}p

=
[

∞
∑

n=1

∞
∑

m=1

ambn

max{mλ, nλ}

]p

≥
( λ

φpψq

)p{ ∞
∑

n=1

[1 − θp(n)]np(1−ψq)−1apn

}{

∞
∑

n=1

nq(1−φp)−1bqn

}p−1

; (3.9)

and
∞
∑

n=1

nq(1−φp)−1bqn =

∞
∑

n=1

npφp−1
[

∞
∑

m=1

am

max{mλ, nλ}

]p

≥
( λ

φpψq

)p ∞
∑

n=1

[1 − θp(n)]np(1−ψq)−1apn > 0. (3.10)

If
∑

∞

n=1 n
q(1−φp)−1bqn = ∞, since

∞
∑

n=1

[1 − θn(p)]n
p(1−ψq)−1apn <

∞
∑

n=1

np(1−ψq)−1apn <∞,

(3.10) takes the form of strict inequality, so does (3.9). If 0 <
∑

∞

n=1 n
q(1−φp)−1bqn <∞, by using

(3.1), (3.9) takes the form of strict inequality, so does (3.10). Hence we have (3.6).

On the other hand, if (3.6) is valid, by the reverse Hölder’s inequality, we have

∞
∑

n=1

∞
∑

m=1

ambn

max{mλ, nλ}
=

∞
∑

n=1

[

∞
∑

m=1

n
1
q
−1+φpam

max{mλ, nλ}

][

n1−φp−
1
q bn

]

≥
{

∞
∑

n=1

npφp−1
[

∞
∑

m=1

am

max{mλ, nλ}

]p} 1
p
{

∞
∑

n=1

nq(1−φp)−1bqn

}
1
q

. (3.11)

By (3.6), we have (3.1). Hence, inequalities (3.1) and (3.6) are equivalent. If the constant factor

in (3.6) is not the best possible, we can conclude that the constant factor in (3.1) is not the best

possible by (3.11). The theorem is proved. 2

Theorem 3.3 If 0 < p < 1, 1
p + 1

q = 1, λ > 0, 0 < φp ≤ 1, 0 < ψq ≤ 1, φp + ψq = λ and bn ≥ 0
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satisfies 0 <
∑

∞

n=1 n
q(1−φp)−1bqn <∞, then we have

∞
∑

m=1

[1 − θp(m)]1−qmqψq−1
[

∞
∑

n=1

bn

max{mλ, nλ}

]q

<
( λ

φpψq

)q ∞
∑

n=1

nq(1−φp)−1bqn, (3.12)

where 0 < θp(m) =
φp

λmψq
< 1 and the constant factor

(

λ
φpψq

)q

is the best possible. Inequality

(3.12) is equivalent to (3.1). In particular,

(a) for φp = ψq = λ
2 , we have

∞
∑

m=1

[1 −
1

2m
λ
2

]1−qm
qλ

2
−1

[

∞
∑

n=1

bn

max{mλ, nλ}

]q

<
( 4

λ

)q ∞
∑

n=1

nq(1−
λ
2
)−1bqn; (3.13)

(b) for λ = 1

∞
∑

m=1

[1 −
φp

mψq
]1−qmqψq−1

[

∞
∑

n=1

bn

max{m,n}

]q

<
( 1

φpψq

)q ∞
∑

n=1

nqψq−1bqn. (3.14)

Proof Setting

am = [1 − θp(m)]1−qmqψq−1
[

∞
∑

n=1

bn

max{mλ, nλ}

]q−1

,

then by (3.1), we have

[

∞
∑

m=1

[1 − θp(m)]mp(1−ψq)−1apm

]q

=
{

∞
∑

m=1

[1 − θp(m)]1−qmqψq−1
[

∞
∑

n=1

bn

max{mλ, nλ}

]q}q

=
[

∞
∑

m=1

∞
∑

n=1

ambn

max{mλ, nλ}

]q

≤
( λ

φpψq

)q{ ∞
∑

m=1

[1 − θp(m)]mp(1−ψq)−1apm

}q−1 ∞
∑

n=1

nq(1−φp)−1bqn (3.15)

and

0 <
∞
∑

m=1

[1 − θp(m)]mp(1−ψq)−1apm =
∞
∑

m=1

[1 − θp(m)]1−qmqψq−1
[

∞
∑

n=1

bn

max{mλ, nλ}

]q

≤
( λ

φpψq

)q ∞
∑

n=1

nq(1−φp)−1bqn <∞. (3.16)

By using (3.1), (3.15) and (3.16) take the form of strict inequality, and we have (3.12).

On the other hand, if (3.12) is valid, by the reverse Hölder’s inequality, we have

∞
∑

m=1

∞
∑

n=1

ambn

max{mλ, nλ}

=

∞
∑

m=1

{

[1 − θp(m)]
1
pm1−ψq−

1
p am

}{

∞
∑

n=1

[1 − θp(m)]−
1
pm−1+ψq+

1
p bn

max{mλ, nλ}

}

≥
{

∞
∑

m=1

[1 − θp(m)]mp(1−ψq)−1apm

}
1
p

×

{

∞
∑

m=1

[1 − θp(m)]1−qmqψq−1[

∞
∑

n=1

bqn
max{mλ, nλ}

]q
}

1
q

. (3.17)
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By (3.12), we have (3.1). Hence, inequalities (3.1) and (3.12) are equivalent. If the constant

factor in (3.12) is not the best possible, we can conclude that the constant factor in (3.1) is not

the best possible by (3.17). The theorem is proved. 2

Remark Inequalities (3.1), (3.6) and (3.12) are equivalent.
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