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Abstract In this paper, we discuss tightness and fan tightness of multifunction spaces with
pointwise convergence topology or compact-open topology, and generalize some results on con-
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1. Introduction

Multifunction theory has extensive applications in cybernetics, functional analysis and quan-
titative economics, etc. The basic question in multifunction theory is the relationship between
topological properties of multifunction spaces and those of base spaces, that is to say, to find
topological property P and @ such that multifunction space C(X,R) has property @ if and
only if base space X has property P, where R denotes real line and C(X,R) denotes continuous
multifunction family from X to R with some topological structure. There have been descriptions
about tightness and fan tightness in continuous single-valued function spaces!™2D, but these
two characteristics have not been solved in continuous multifunction spaces. The reason is that
there are no homogeneity and extendable property of continuous multifunctions. But these two
characteristics are the key to investigate tightness and fan tightness. In this paper, we do not use
homogeneity and extendable property of continuous multifunctions and give the characteristics
of continuous multifunction family C(X,R), and obtain two dual theorems about space X and
Ci(X,R).

In this paper, topological spaces X and Y are completely regular 77, M(X,Y) is the mul-
tifunction family from space X to Y, K(X) denotes the family of all the non-empty compact
subsets of X, R denotes real line, Ny is countable cardinal, and A is any infinite cardinal. In the
paper the terminologies and symbols are referred to [3].

Suppose f € M(X,Y). For A C X, let f(A) =,ca f(2) and for BC Y, let

fr(B)={zeX:f(x) C B}
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and
fT(B)={zeX:f(x)NnB#0}.

Let f € M(X,Y), zp € X. f is said to be upper continuous at xzg, if f(z¢) C U for any
open set U of Y, there exists an open neighbourhood V' of xy such that when = € V, we have
f(x) C U. fis said to be lower continuous at g, if f(zo) NU # @ for any open set U of Y, there
exists an open neighbourhood V' of z such that when « € V', we have f(x)NU # 0. f is said to
be continuous at xg, if it is both upper continuous and lower continuous at zq. If f is continuous
at every point of X, it is said to be continuous. Obviously, f is continuous if and only if for any
open set U of Y, fT(U) and f~(U) are all open in X.

For KC X, UV CY, let

WTHK, U ={f e M(X,Y): f(x) cU,x € K};
WK, V]={fe M(X,Y): f(z)NV #0,2 € K}.

The compact-open topology 7r on M(X,Y) is the one having all sets of the forms W [K, U]
and W~[K, V] as a subbase, where K is a compact set of X, and U and V are open in Y. The
pointwise convengence topology 7, on M(X,Y) is the one having all sets of the forms W [{z}, U]
and W~ [{z}, V] as a subbase, where x € X, and U and V are open in Y.

2. Tightness of multifunction spaces

The tightness of a space X is defined as ¢(X) = sup{t(X,x) : * € X}, where the tightness at
x of X is defined as t(X,z) = Ro + min{\: for Y C X, if # € Y, there exists Z C Y, such that
|Z| < Xand x € Z}.

A family U of subsets of X is called o coverl!! of X, if for each K of «, there exists U € U,
such that K C U. If U consists of open sets of X, and « consists of non-empty compact sets of
X, then U is called open k cover of X.

The k-Lindel6f number of X is defined as kL(X) = Rg 4+ min{\: each open k cover of X has
an open k subcover U such that [U| < A}.

A family U of open subsets of X is called open w cover of X, if for each finite subset F of X,
there exists U € U such that F' C U.

The p-Lindeléf number of X is defined as pL(X) = Ng + min{\: each open w cover of X has
an open w subcover U such that [U| < A}.

C(X,R) denotes the family of all the single-valued continuous functions from X to R and
Ci(X,R) denotes the family of all the point-compact continuous multifunctions from X to R.
We shall use the symbol C(X) and Cp(X) instead of C(X,R) and C(X,R).

Theorem 2.1 For every space X, the following conditions are equivalent:
(1) (C(X),T,) is a closed subspace of (Cy(X),Tp);
(2) (C(X),7;) is a closed subspace of (C(X), 7).

Definition 2.2 For any A, B C R, put p(z, A) = inf{|z — y| : y € A}, p(4, B) = sup{p(x, B) :
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x € A} and d(A, B) = sup{p(A, B),p(B,A)}. For x € R, put d(z, A) = d({z}, A).
Theorem 2.3 For every space X, we have t(Cy(X), 7;) = kL(X).

Proof Suppose that t(Cg(X),7;) = A, and let & be an open k cover of X. Then for each
compact set A C X, there exists Uy € U such that A C Ua. Let F = {fa: A€ K(X), fa €
Cr(X), fa(A) = {0}, fa(X —Ua) C {1}}. Then F # (). We can take a single-valued function
fa € C(X) such that fa(A) = {0}, fa(X — Ua) C {1}. Let V be an open neighbourhood of 0
in R. Take fa € F. Then fa € WH[A,V]. Because fo = {0} € F, there exists a subset F’ of F
such that |F'| < X and fo € F'. Let V={Ux : fao € F'}. Then V is a k subcover of U. In fact,
suppose A € K(X). Then WT[A, (—1,1)] is a neighbourhood of fy. So there exists B € K(X)
such that fp € F' N WT[A,(—1,1)]. For each z € A, we have max{fg(x)} < 1, and for each
x € X —Up, we have fp(z) =1,s0 A C Up. Hence V is a k subcover of U/ and |V| < A. Finally,
we have kL(X) < t(Cr(X), Tx).

On the other hand, suppose that kL(X) = A\, F C (Cix(X),7;) and f € F. For each

Ae K(X),ne N,x € A, let U(?m) ={y € R:d(y, f(z)) < 5=}. Then U](f(lm)) is an open set

and f(x) C Ul(f(lm), so {U :x € A} is an open cover of f(A), hence there exists a subcover

{U](f(lm) )P € A1 <i < k} Because f is continuous, there exists a closed neighbourhood Uz?)

we always have f(z) C U;Z) Thus f € WH[A,UY, U;Z)]
Take ¢ € F 0 (WHAUL, US,)D) and U = {z € X : d(g{"(x), f(z)) < L}. Then

A C UA ™) This is because if = €A, then there exists some U}’Z) ) such that = € U(() ) From

n k n n
1(4) e WHA Ui, U;.(ii)], we have gA N(z) UL 1U}(m ,

exists U}() ) such that when y € U}?) )» we have d(y, f(zi)) < 5=. But d(f(z;), f(z)) < 5,
so d(gy (n) (), f(z)) < 1, and A C U,S\n)- Obviously, UXL) is an open set, so V, = {U,S;n) A e
K(X)} is an open k cover of X, hence there exists an open k subcover W, whose cardinal
does not exceed A. Let F' = 954") : UJE‘”) € Wy}. Then F/ C F and |F'| < A. For each
open base neighbourhood W[B,V] of f, B € K(X),V is a finite open set in R. Let V € V.
Then for x € B, we have f(z) NV # 0. Take yq,v) € f(x) NV and d(, vy > 0 such that
(Y, v) = O(@,v)s Y(@,v) + O@z,v)) C V. Then there exists an open neighbourhood U, vy of =
such that Ugvy C f~((Y@,v) — 6(’”2’V),y(w)v) + @)) Because {U(,,v) : © € B} covers B,
there exists a finite subcover {U(%V) : 1 < i < ky}. Take Lebesgue number § of ¥V about
f(B). Then the open cover {(y — §,y + 3) : y € f(B)} of f(B) refines V. So there exists
a finite subcover {(y; — g,yi + %) ty; € f(B),1 < i < k}. Take n € N, such that 1 <
min{%,% :1 <i < ky,V €V}, Then for x € B, V € V, there exists U, y) such
that © € U, v). Take Ugl) and g(") € F’ such that B C U(") and d(g (")( ), f(z) < L.
Then f(2) N Yoy — "2, yonv) + “252) # 0. Thus d(gi’( ) Yiei1)) < Fayv), that i
954”)( )NV # (. For each z € B, we have f(z) C Ule(yi —2,yi+ %), and for each y € g(n)( )s
we have d(y, f(z)) < £ < £, then for each y’ € f(z), there exists some (y; — 2,y; + $) such that
Y € (yi—3,yi+3),s0y € ( —9d,y;+6) and g(" (x) C UV. Finally, we have 91(4) C WI[B,V|NF".
Thus f € 77, t((Cx(X), 7). f) < A and #(Cx(X), Ty) < A

of z such that when 2/ € U™

i )

and for each y € g(n)( ), there
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Corollary 2.4 The tightness of space (Cy(X), Ty, is countable if and only if each open k cover
of X has a countable k subcover.
If we replace the topology 7, of Theorem 2.3 with 7,,, and replace k cover with w cover, then

we have following results.
Theorem 2.5 For every space X, we have t(Cy(X),7,) = pL(X).

Corollary 2.6 The tightness of space (Ci(X),7,) is countable if and only if each open w cover

of X has a countable w subcover.
Lemma 2.71)  For every space X, we have sup{L(X"):n € N} = pL(X).
Corollary 2.8 For every space X, we have t(Cy(X),7,) = sup{L(X") : n € N}.

Corollary 2.9 The tightness of space (Cy(X),7T,) is countable if and only if for each n € N,
the Cartesian product space X" is Lindel6f space.

3. Fan tightness of multifunction spaces

Definition 3.1 Let ) be a family of topological spaces and HYaey Y, be its Tychonoff product
topology. For each Y, € Y, let py,, : HYaey Y, — Y, be the projection mapping. If X is
a topological space, we define a topological product multifunction T' : M(X, [[y. oy Ya) —
[Iy, ey M(X,Y,) as follows: for each f € M(X, ][y ¢y Ya) and Y, € Y, we have

pvx,y.) (T (f)) = py. (f).

Theorem 3.2 Let ) be a family of topological spaces and X be a topological space. Then
topological product multifunction T : Ci(X, [y, ¢y Ya) — [ly. ¢y Ck(X,Ys) is a homeomor-
phism.

Proof We define a mapping 7" : [[y. ¢y, Ck(X,Ya) — Cr(X, ][]y, cy Ya) as follows: py, o
T'(9) = pc,(x.,v.)(9), where g € [y, ¢y, Cr(X,Ya), Yo € Y. Let f € Cr(X,[[y. ¢y Ya). Then
for each Y, € Y, we have py, o T'(T(f)) = pc, (x,v.)(T(f)) = pv.(f),so T' o T(f) = f. On the
other hand, let g € [[y. ¢y, Ci(X,Y,). Then for each Y, € Y, we have pc, (x,v,) o T(T"(9)) =
Py, (T'(9)) = pcy(x,v.)(9), and T o T'(g) = g. Combining the two conclusions, we have
T(Ck(X, [y, ey Ya)) = Iy, ey Cu(X,Ya). So T is a bijection. Next we prove that 7" is a
continuous mapping.

For each Y, € ), compact set A C X, and open set U, C Y,, we have

Tﬁl(pai(x)ya)(WJr[Au Ua])) = WJF[A,pEi(X)Ya)(U)].

Similarly, Tfl(pai(xyya)(W’[A, Un])) = Wﬁ[Avp(i:i(X,Ya)(Ua)]' So T is continuous.
The fan tightness of a space X is defined by ft(X) = sup{ft(X,z) : x € X}, where the fan
tightness at « of X is defined by ft(X,z) = Rg + min{\ : for subset sequence {4, } of X and

T € pen A, there exists a subset B, of A, such that |B,| < X and = € Unen Bn}-
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Theorem 3.3 For a space X, the following conditions are equivalent:

(1) fHCK(X), Ti) = No;

(2) fH(CF(X), Tk) = No;

(3) For each open k over sequence {U,} of X, there exists finite subsets U’,, of U,, such that
UnenU'n is a k over of X.

Proof (1) = (3). Suppose that {U,} is an open k cover sequence of X, for each n € N, put
A, = {f € (Ci(X),T): there exists U € U,, such that f(X —U) C {0}}. Next we will prove
that A,, is a dense subset of (C(X), 7).

Let WK, Vi, Va,...,Vi] = {f € (CL(X),T) : f(x)NV; % bz € K,1 <i <k, f(K) C
Ule V:} be a base open set of (Cg(X),7;), where K is compact in X, V1, Va,..., V) are open
in R. Take U € U, such that K C U and let f € W[K,V1,Va,...,Vk]. Then f(z)NV; #
e K,1 <i <k, f(K)C UleVi. For x € K, by the complete regularity of X, there
exists £ € C(X) such that féz)(x) e f(x) NV, £ (X —U) = {0}. Thus there exists an
open neighbourhood Uﬁ) of x such that for each 2’ € Uéi), we have fﬁ) (2') € V;. Since {Umi) :
x € K} covers K, there exists a finite subcover V; = {UQE? cxy € K,1 <j < j}. We define
g € M(X,R) by g(z) = {féi)(:v) :1<i<k1<j <y} Obviously, g is point-compact and
g € WIK,Vq,Va,...,Vi]. Because for any z € K,1 < i < k, there exists U;E? € V; such that
x € U(?, g)(Um].) C V;. Thus we have fé? (x) € Vi, g(z)NV; # B and g(x) C Ule Vi. Therefore
g € W[K,V1,Va,...,Vi], and finally ¢ is continuous. For any x € X and open set V of R, if
g(x)NV £ (, then there exists some fé? such that fé? () € V. Because each fé? is single-valued
and continuous, there exists an open neighbourhood U, of x such that for any 2’ € U,,, we always
have fé? (') e V. SoU, C g (V) and g~ (V) is open. For any = € X, if g(z) C V, then for
each fé?, we have féi) (x) € V. So there exists an open neighbourhood Ug.) of x such that for
g (V) is open. Thus g is continuous. Obviously, we have 1g(7X7— U) C {0}. Therefore, g € A,,
sog€ A, NWI[K, Vi, Vo, ..., V.

Now we take f; = {1}. Since each A, is a dense subset of (Cx(X),7x), f1 € A,. So
f1 € ﬂneNA_n. From ft(Ck(X),7r) = N, there exists a finite subset B, of A, such that
f1 € m Let By, = {ftni : 1 <4 < ky}. Then there exists U, ;) € U, such that
Jini)(X = Unm.iy) C{0}. Put U’y = {Up iy : 1 < i <k} Then J, oy U’y is a k cover of X. In
fact, for each compact subset K, from f; € WT[K, (0,2)], there exists n € N,i < k, such that
f(n,i) S W+[K, (0, 2)] Hence K C U(n,i)-

(3) = (2). By Theorem 3.2, (C%(X,R),7;) is homeomorphic to (Cp(X,R%),7;). Next
we prove that ft(Cp(X,R¥),T;,) = Rg. Put f € (), cn An, where A, C (Cp(X,R*),7;). Let
U be a countable base of R and U* be a finite subfamily of &. Then {U* : U* C U} is also
countable. The base of hyper-space K (R) of compact sets of R is of all the sets of (U*) =
{K e K(R): KCUU*, KNU # 0,U € U*}. Thus the base of compact subset hyper-space
(K(R))¥ of product space R is of all the sets of (Hn€N<L{(ﬂn71)>, Hn€N<L{(ﬁn72)>, e ,Hn€N<L{(ﬂn7k)>>,

where k € N, L{(ﬁn 1.)(1 < i < k) are (R) except finite n. So the base of (K (R))“ is countable
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and we denote it by {V,, : n € N}, where V,, is some element in the base. Put V,, = {{z :
glx) € V,} g € Ay}, Then V), is an open k cover of X. Because for any compact A C X,
any base neighbourhood WA, V,] = {g € Cx(X,R¥) : g(x) € V,,x € A} of f, there exists
g€ WA, V,]N A, such that A C {z: g(z) e V,} € V. Pt Ny ={ne N:X eV} If
N; is infinite, then for any neighbourhood WA, (U1, Us,...,Us)], because of the compactness
of f(A), there exists a base open set V,,(m € Ni) of (K(R))“ such that for each z € A, we
have f(z) € V,, C (U1,Us,...,Ug), and there exists g, € A, such that ¢,,(X) € V,,,. Thus
gm € W[A, (U1, U, ..., Uyg)], therefore {g,, : m € N1} converge to f. If Ny is finite, then there
exists ng € N such that when m > ng, for g,, € A,,, we have X # {x : g(x) € V;,}. But
{Vm : m > np} is an open k cover sequence of X. Then there exists a finite subset V), of V,,
such that ,,>,, Vi, is an open k cover of X. Let V;, = {U(n j) : j < im}. Then there exists
fmj) € Am such that Ugy, 5y = {z : fom)(x) € Vin}. Then f € {fim ) :m>n0,J <im}
Because for any base neighbourhood WA, (U1, Us,...,Uy)] of f, we put Ny = {(m,j) € N x
N :m >n0,j < imA C Uppnyyt. If Nois finite, then for (m,j) € No, Upy, jy # X. We
can take z(y, ) € X — Upp ) and A" = AU{z(m,;) @ (m,j) € N2} Then there exists no
V/

m

element in UmZno containing A’, a contradiction. So Ny is infinite, and there exists m >
no,J < iy such that A C Uy ) = {2 ¢ fon,j)(®) € Vin} and Vi, C (Uy,Us,...,Uy). Thus
for each x € A, we have f, ;)(z) € (U1,Us,...,Uy), 50 fim,j) € WIA,(U1,Us,...,Uy)], and
F€{funj):m=n0,5 <im}

(2) = (1). Because (Cy(X),7s) is a closed subspace of (C{(X),7x), the conclusion is
obvious.

By Theorem 2.1, (C(X),7,) and (C(X),T}) are subspaces of (C(X),7,) and (Cr(X), Tx),
respectively. So the results in this paper are right to continuous single-valued function spaces

(C(X),Tp) and (C(X), Ty).
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