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Abstract For two normal populations with unknown means j; and variances 62 > 0,4 =1, 2,
assume that there is a semi-order restriction between ratios of means and standard deviations
and sample numbers of two normal populations are different. A procedure of obtaining the
maximum likelihood estimators of u;’s and ¢;’s under the semi-order restrictions is proposed.
For i+ = 3 case, some connected results and simulations are given.
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1. Introduction

The study about maximum likelihood estimation of means and variances from normal pop-
ulations has long been a topic of interest to statisticians.

Let X;;, j =1,2,...,n; be observations normally distributed with unknown means u; and
known variances o2, i = 1,2,..., k. Assume that there is simple semi-order restriction between
means, namely

1 < pe < < g (1.1)

Barlow et all? gave an algorithm of finding the maximum likelihood estimators of z;’s under the
semi-order restriction (1.1). He used the Pool Adjacent Violators Algorithm (PAVA) that Ayer
et al. gave in [1]. If means are known, variances are unknown and restricted by the following
simple semi-orders

ol >03>--->0t>0. (1.2)

Robertson®! gave an algorithm of obtaining the maximum likelihood estimators of 02’s under
the semi-order restriction (1.2). For normal populations with unknown means p; and variances
02>0,i=1,2,...,k, assume p = (1, 12, ..., k) and o = (07,03,...,0%)" are restricted by

(1.1) and (1.2) respectively. Shi Ningzhong!! discussed some properties of maximum likelihood
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estimators of y;’s and 0?’s under the semi-order restriction (1.1) and (1.2), and gave an algorithm
of getting the maximum likelihood estimators of y;’s and ¢2’s under restrictions.
For two normal populations with unknown means y; and variances o7 > 0, i = 1,2, this
paper considers the maximum likelihood estimators of ;s and o2’s under the following restriction
K < K2 (1.3)
o1~ 09
when sample numbers are different. For ¢ = 3 case, some connected results and simulations are
given in Section 2.
This problem will always be met in the product quality testing, stock investment, biomedical

testing and so on.

2. Main results

Let X5, 7 =1,2,...,n, be observations normally distributed with unknown means p; and

variances o2, i = 1, 2. The likelihood function is

79

_nmidng o n . S? X ny 52 X
L(X, s iz, 1,02) = (2) =52 o e = 5 (02 5E (K2 e,
2 o3 o1 2 "o} 02

where Xz = nll Z;l;l Xij, S2 = nll Zjl—l (Xij - Xi)z, )\1 =l g = 1,2.

i = 2

Theorem 1 If f;{—ll < );—j, then the maximum likelihood estimators of u;’s and Uf ’s under the

restriction (1.3) are ji; = X; and 62 = S?, respectively, i = 1,2.

Proof The log-likelihood function is

ni1 +7’L2

InL =

In(27) —n1lnoy —nelnog—

n S3 X1 m ny S5  Xo o
R+ (- By oD 4 (22 -2y
01 g1 g1 g3 g9 g9
Let 881% = 0. We get
82 (X —)?
_é'f‘_( : 2#1) =1, (2.1)
01 01
similarly,
X, — 2
02 02
We also get
8111[4 Xl M1 1
=ni(— — —)(——
O 01 01 o1
Let 861# = 0. We obtain
M1
[1‘1 = X17 (2 3)

similarly,
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Substituting (2.3), (2.4) into (2.1) and (2.2), respectively, we have

61 =257, 65=253.
Theorem 2 If )S?—ll > ?—22, then the maximum likelihood estimators of yi;’s and o?’s under the

restriction (1.3) are
(a) If X, X2 > 0, then

X1+X26L101 mz—\/Z N X2+X10202 ml—\/Z
= — _— 'u/*— _—

C1 Co Q2Co mi — \/Z, Co C1 ai1cq me — \/Z,
52 = M2 — VA 52 — M
! 2a2c3 7 2 2aic}
(b) IleXQ < 0, then
R Xl XQ aicy vVmeo + \/Z R Xg Xl asca Vmip + \/Z
fu="=+"—= , fp= :
c1 2 a202 \/m, + VA ca2 C1 1C1 \/my + /A
~92 mo + \/Z .9 mi + \/Z
N T2 27T T2
2C3 14
respectively, where ¢; = "1:1"2, co = "1:2"2, a? = ceS? + X2, a3 = 153 + X2,

2 2 72 72 72 2 2 2 72 2 72 2

m1 = 2aja5c1 + co X7 X5 — a1 X7 X5, moe = 2afazca + 1 X7 X5 — o X7 X5,
2 2 72 2 2 v4 4
A =4dajazc102X7 X5 + (1 — e2) X7 X5,

Proof From the Pool Adjacent Violators Algorithm, as §_11 > )5—22, the maximum likelihood

estimator of u;’s and of’s under the restriction (1.3) is the unique solution A = A\ = Ay =

L n2__ 12 gch that the likelihood function reaches the maximal value. The likelihood
1tn2 o1 ni+ns o2

function is

nitna 0 ny 512 Xl 2 n9 S% XQ 2
L(X,)\,O’l,dg):(2ﬂ') 2 01 10'2 2exp{—7[a—%+(a—1—)\) ]_7[0'_%—’_(0'_2_/\) ]}
Let aalglL = 0. We obtain
S? Xl X1 ni M1 n2 M1 X2
e L L I (25)
o1 o1 o1 ny + no o1 ny+ne o1 0O
similarly,
sz X X X
e L (2.6)
o5 o9 o9 n1 + no o9 niy+no o9 01
Let 861# = 0. We obtain
M1 _ _
X X
=M AL, Tt A2 (2.7)
ny + ng o1 ni + no oo
Substituting (2.7) into (2.5) and (2.6), respectively, we get
020'%0'2 — G%UQ + 01X1X2 =0, (28)

610'50'1 - CL%O'l + O'QXlXQ = O, (29)
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where ¢; = —"11:2"2, cy = —"11:;”2, a? = c25? + X2, a2 = 152 + X2.
Calculate above equations, we obtain
(a) If X1X5 > 0, then

o M2 VA i VA

o7 = 05 =
1 2.2 2
2a5¢c5 2alcl

and

Xl + Xz - X1 \/§a202 + X2 \/50101

161 262 1 \Smy— A 2 \mg— VA

X: Xoajen Vma—VA ¢ Xo  Xiascs Vmi—VA
—+— s e =02A=—+ —

C1 Co A2C2 mi — \/Z (6] C1 ajcCy Mo — \/Z
(b) If XlXQ < 0, then

5\:

fi1 = 51A =

&27m2+\/_ Aziml‘i‘\/z

1 — )
&Jr&alcl ma + VA ﬂ_&j\_&+&a202\/ml+\/z
C1 Co A2C2 mi + \/Z7 2 2 Co C1 A1C1 4 /m2 + \/Z7
where A = 4a2a3cico X2 X2 + (c1 — c2)? X1 X3,

2a3c3

fi1 = 51A =

2.2 72 2 72 2 2.2 72 2 72 2
my = 2aja5¢1 + 2 X7 X5 — an X7 X5, ma = 2ajazce + a1 X7 X5 — o X7 X3,

For three normal populations with unknown means p; and variances o2 > 0, i = 1,2, 3, by
applying the results of Theorems 1 and 2, the maximum likelihood estimators of pu;’s and o;’s

under the following restriction

Moo B2 B (2.10)

01 02 g3
are given as follows.
(1) H£r <% <X then i =X; and 6; = S, i = 1,2,3.
(2) If X1 > X2 , then
(@Hm&>mm%v%@+&v%@<§lm

mo— €2 \/mlf
[L*Xl—l-XQalCl mQ—\/Z N 7X2+X1a2c2\/m1—\/z I[L*X
1 — — - ) 2 = — - ) - )
C1 Co Q9Cy mi — \/Z C2 C1 ai1cy 1/,,n2 — \/Z 3 3
6’2 m2_\/z ~2 mi — \/Z

2 2
1 fr— 5 0-2 p— 5 03 pr— 53'
2alc1

=

2a202

b) If X1 X5 < 0 and 51 —202c_ 4 Xo e then

() 142 m Cg\/,ran_S%

7&+&a101 me + VA 7&+&azc2vm1+\/zﬂij(
! c1 Cg a3C2 m1+\/Z’ ? c2 c1 aicy \/mg—l-\/Z’ ’ 5
5’2 m2+\/_ ~92 m1+\/_

2 2
= 05 = 05 = S5,
! 2a202 2 18 3

=

(3) If 22 > %2 then
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vV VYV X X \/511 C. X \/511 C
(a) If XoX3>0and 5 < C_;\/m4j\;y + C—:\/msj\/zy, then

X2 X3 a2C9 myg — vV A/ R Xg T XQ asCs ms — vV A/

Xla ,UQ y M3 = )
C2 C3 a3C3 mg_,/A/ C3 Co Q9Co m4_1/A/
~2 9 .o ma— VA 5 mg— VA
01 =81, 0= —F55— 03 = ——55—-

2a303 2&202

b) If XoX5 < 0and & < X2 Vwer 4 Xo _owey )
(b) 243 an < \/m4+\/_+03 st Va en

X2 X3 asCa Vmy + VA & n &a303 ms + VA

Xlu /1'2 y M3 = ;
C2 C3 a3C3 m3+1/A/ C3 Co Q2Cy my + /A
A2 9 .o mut+ VA 5 mg+ VA
61 =95], 0 =—755—, 03 = ——55—,

2a3c3
where A’ = 4a2a2coc3 X2X2 + (ca — ¢3)? X3 X4,

2&202

2 2 72 72 72 2 2 2 72 2 72 2
mg = 2a3a3c2 + c3 X5 X35 — 2 X5 X3, ma = 2a3a5¢c3 + co X9 X35 — c3 X5 X3,

(4) (a) 1t 52 > §2 and D 2ma_ g o fuc > K (1f X)X, > 0) or 22 —2me 4

- €1 \/mg €2 \/m1—\/_ mz-l—\/z
Boma > G (I XX, <0).

my

(b) fX2 > X% and X1 > Xo _ V2ascs +& V2ascs (IfXQXg > 0) or X1 > Xo _V2azcs

€2 \/M4 A/ 3 \/mgf\/y C2 m4+\/y

Xa _VBazes  (Tf X, X5 < 0).
o et (T XX <0)

(c) It Xl > X2 > X'* , we can get the maximum likelihood estimators of y;’s and ¢?’s under
the restrlctlon (2.10) in the following way.

From the Pool Adjacent Violators Algorithm, as one of (4) holds, the maximum likelihood
estimator of ratios of means uz ’s and deviations o2’s under the restriction (2.10) is the unique
solution \* = ——21—— (i, o T ngt2 2+ nzts ) such that the likelihood function reaches the max-

ni+nz2+ns
imal value. The likelihood functlon is

nytngtng X
LIXA" 01,0, 0) =) g g e { 5T (K0 vy
2 01 o1
ny . S2 X, * ns . S3 X3 *
DI+ (22 - M-+ (22 -
05 09 03 03

From the equations 881“L =0,v=1,2,3, and aali‘*L =0, we get the following equations

0’1 +O'1X1)\* - b% = 0,
0'5 + UQXQ)\* — b% =0,
0’§ + O'3X3)\* - bg = 0
1 X X X
N = (s iy ),
n1 + ng + ng o1 02 03
where b? = X2 + 52 i =1,2,3. We can get the equality
b%—a% - b%—o’% b%—ag 1 X1 XQ X3

— = — = — = —+n_+n_
0'1X1 UQXQ 03X3 s +TL2+TL3( 10’1 202 303)
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It is very difficult to show concrete solution of the above equation. At first, we can give the value

A = m(nlg—; + ng);—j + n3§—§) and obtain 61, 62 and J3, considering the value of the
following equality.
b? — 62 1 X X X
I=|2- - (nlA—1+n2A2+n3A3)
01X1 ny + no + ng o1 lop) o3

6; >0 and f; = 6;\*, 1 = 1,2,3, are the maximum likelihood estimators of ratios of means p;’s
and standard deviations o;’s under the restriction (2.10) as I approaches zero.

The simulations of the iterative algorithm are as follows.

We only give the simulated data with MATLABIS when )g—ll > )5—22 > )g—:, as shown in Table
1. Where X; ~ N(2,1), Xa ~ N(3,4), X3 ~ N(4,9), ¢; = Z—, 1 =1,2,3. As for the other two

cases in (4), similar method can be used to obtain the parallel results.

(n1,n2,n3) (1000, 1500, 2000) (10000, 15000, 20000) (100000, 150000, 200000)
Accuracy 0.01 0.001 0.0001 | 0.01 0.001 0.0001 | 0.01 0.001 0.0001
) 1.8095 | 1.7922 | 1.7904 | 1.7927 | 1.7948 | 1.8047 | 1.7905 | 1.7908 | 1.7903
) 3.0045 | 2.9773 | 3.0560 | 3.0085 | 3.0109 | 3.0075 | 3.0203 | 3.0191 | 3.0175
3 4.2902 | 4.2419 | 4.3402 | 4.2757 | 4.2469 | 4.2408 | 4.2510 | 4.2505 | 4.2511
01 1.1941 | 1.2058 | 1.1826 | 1.1849 | 1.1917 | 1.2041 | 1.1796 | 1.1938 | 1.1808
02 1.9826 | 2.0031 | 2.0185 | 1.9885 | 1.9992 | 2.0066 | 1.9898 | 2.0127 | 2.0071
03 2.8310 | 2.8539 | 2.8667 | 2.8260 | 2.8189 | 2.8295 | 2.8006 | 2.8336 | 2.8277
c1=co=c3 | 1.5154 | 1.4863 | 1.5140 | 1.5130 | 1.5060 | 1.4888 | 1.5179 | 1.5001 | 1.5034
Iteration 3 7 10 3 7 11 3 7 11
Frequency

Table 1 Simulations of Three Normal Populations

It is obvious to see that iteration results obtained satisfy the semi-order restriction (2.10).

Moreover, the convergence speed of the algorithm is very quick.
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