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Abstract In this paper, we obtain a new kind of complete Lie algebra over a commutative

ring, which is the Lie algebra consisting of all n×n anti-symmetric matrices over a 2-torsionfree

commutative ring with identity.
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1. Introduction

Since 1980’s, system research has been done in studying the completeness of Lie algebras

over fields[1−3]. However, the study of the complete Lie algebras over commutative rings is little

done. We know that the completeness of the Lie algebras is closely related to the derivations

of the Lie algebras. Recently, many papers have been concerned with the study of derivations

or automorphisms of matrix algebras (or matrix Lie algebras) over commutative rings. Wang[4]

determined the derivations of any Lie subalgebras of the general linear Lie algebra containing

upper triangular matrix algebra. Wang[5] gave an explicit description on the derivations of any

Lie subalgebras of upper triangular matrix algebra containing diagonal matrix algebra. Huang[6]

studied the Jordan isomorphisms of the algebra consisting of all n×n symmetric matrices over a

commutative principal ideal domain. We know that the set of all n×n symmetric matrices forms

a Jordan algebra with addition of matrices and the symmetrized multiplication A◦B = AB+BA,

and the set of all n × n anti-symmetric matrices (matrix A satisfies A = −A′, where A′ is the

transpose of A) forms a Lie algebra with the bracket operation [A, B] = AB − BA. Inspired by

this, we intend to investigate the completeness of this Lie algebra.

2. Preliminaries

Let R be a 2-torsionfree commutative ring with identity and gl(n, R) the general linear Lie

algebra consisting of all n × n matrices over R with the bracket operation [A, B] = AB − BA

for any A,B ∈ gl(n, R). Denote by Ln(R) the Lie subalgebra of gl(n, R) consisting of all n × n
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anti-symmetric matrices over R. Let E denote the identity matrix in gl(n, R), and Ei,j the

matrix with 1 at the position (i, j) and zeros elsewhere. Set Ti,j = Ei,j −Ej,i for i 6= j. Then the

matrix set {Ti,j |1 ≤ i < j ≤ n} is a basis of Ln(R). For any x ∈ Ln(R), x =
∑

1≤i<j≤n aijTij

for some aij ∈ R.

Lemma 2.1 The set {Ti,i+1 | i = 1, . . . , n − 1} generates Ln(R) by Lie bracket operation.

Proof The proof is trivial, thus omitted. 2

A Lie algebra is called complete if its center is trivial and all its derivations are inner.

Let φ be a derivation of Ln(R). Lemma 2.1 implies that the set {φ(Ti,i+1) | i = 1, . . . , n− 1}

generates Ln(R). So we will investigate φ(Ti,i+1) (i = 1, . . . , n − 1) and we write φ(Ti,i+1) as

φ(Ti,i+1) =
∑

1≤k<l≤n

a
(i)
kl Tkl, where a

(i)
kl ∈ R. (2.1)

3. The completeness of L
n
(R)

Before giving the main result of this paper, we first give a useful lemma, which will be used

later.

Lemma 3.1 Let φ be a derivation of Ln(R) and n ≥ 5. If φ(Ti,i+1) (i = 1, . . . , n − 1) are

expressed as the forms of (2.1), then

φ(T12) =

n∑

k=2

a
(1)
1k T1k +

n∑

k=3

a
(1)
2k T2k,

φ(Ti,i+1) =

n∑

k=i+1

a
(i)
ik Tik +

n∑

k=i+2

a
(i)
i+1,kTi+1,k +

i−1∑

k=1

a
(i)
ki Tki +

i−1∑

k=1

a
(i)
k,i+1Tk,i+1,

for 2 ≤ i ≤ n − 2,

φ(Tn−1,n) =

n−2∑

k=1

a
(n−1)
k,n−1Tk,n−1 +

n−1∑

k=1

a
(n−1)
kn Tkn,

and

a
(i)
i,j+1 = a

(j)
i+1,j , a

(i)
i+1,j = a

(j)
i,j+1, a

(i)
ij = −a

(j)
i+1,j+1, a

(i)
i+1,j+1 = −a

(j)
ij for i + 1 < j. (3.1)

Proof Since [Ti,i+1, Tj,j+1] = 0 for 1 ≤ i, j ≤ n − 1 and j 6= i − 1, i, i + 1, we have, by applying

φ, that

[φ(Ti,i+1), Tj,j+1] + [Ti,i+1, φ(Tj,j+1)] = 0 (3.2)

which results in that a
(i)
jk = a

(i)
j+1,k = 0 (in this equality, when k > j or k > j +1, we assume that

a
(i)
jk = −a

(i)
kj , a

(i)
j+1,k = −a

(i)

k,j+1) for 1 ≤ j ≤ n− 1, j 6= i, i + 1, and 1 ≤ k ≤ n, k 6= i, i + 1, j, j + 1.

Now we get

φ(T12) =

n∑

k=2

a
(1)
1k T1k +

n∑

k=3

a
(1)
2k T2k,
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φ(Tn−1,n) =

n−2∑

k=1

a
(n−1)
k,n−1Tk,n−1 +

n−1∑

k=1

a
(n−1)
kn Tkn,

φ(Ti,i+1) =

n∑

k=i+1

a
(i)
ik Tik +

n∑

k=i+2

a
(i)
i+1,kTi+1,k +

i−1∑

k=1

a
(i)
ki Tki +

i−1∑

k=1

a
(i)
k,i+1Tk,i+1

for 2 ≤ i ≤ n − 2 and i 6= 3, n− 3, and

φ(T34) =

n∑

k=4

a
(3)
3k T3k +

n∑

k=5

a
(3)
4k T4k +

2∑

k=1

a
(3)
k3 Tk3 +

2∑

k=1

a
(3)
k4 Tk4 + a

(3)
12 T12,

φ(Tn−3,n−2) =

n∑

k=n−2

a
(n−3)
n−3,kTn−3,k +

n∑

k=n−1

a
(n−3)
n−2,kTn−2,k +

n−4∑

k=1

a
(n−3)
k,n−3Tk,n−3+

n−4∑

k=1

a
(n−3)
k,n−2Tk,n−2 + a

(n−3)
n,n−1Tn,n−1.

In the following, we will prove a
(3)
12 = a

(n−3)
n−1,n = 0.

From [T34, T25] = 0, we have [φ(T34), T25] + [T34, φ(T25)] = 0. So we get a
(3)
12 = 0. By

[Tn−4,n−1, Tn−3,n−2] = 0, we get [φ(Tn−4,n−1), Tn−3,n−2]+ [Tn−4,n−1, φ(Tn−3,n−2)] = 0. Thus we

have a
(n−3)
n−1,n = 0.

Also from (3.2) we have

a
(i)
i,j+1 = a

(j)
i+1,j , a

(i)
i+1,j = a

(j)
i,j+1, a

(i)
ij = −a

(j)
i+1,j+1, a

(i)
i+1,j+1 = −a

(j)
ij .

The proof is completed. 2

Theorem 3.2 Let R be a 2-torsionfree commutative ring with identity and n ≥ 3. Then Ln(R)

is a complete Lie algebra.

Proof Firstly, we will prove that the center of Ln(R) is trivial.

Let x be any element in the center of Ln(R). Since [x, Ti,i+1] = 0, i = 1, . . . , n − 1, we get

x = 0.

Then, for any derivation φ of Ln(R), we will distinguish two cases to prove that φ is an inner

derivation. Express φ(Ti,i+1) (i = 1, 2 . . . , n − 1) as the forms of (2.1).

Case 1 n ≥ 5.

In this case, the proof will be given by steps.

Step 1. There exists an inner derivation ad x such that (φ − ad x)(Ti,i+1) = a
(i)
i,i+1Ti,i+1.

In order to achieve our goal, we first do some preparing as follows.

Suppose that φ(T35) =
∑

1≤i<j≤n bijTij and φ(T14) =
∑

1≤i<j≤n cijTij . Since [T12, T35] =

0, [T23, T14] = 0, and [T35, T14] = 0, by applying φ on the two sides of the above equalities, we

have

[φ(T12), T35] + [T12, φ(T35)] = 0,

[φ(T23), T14] + [T23, φ(T14)] = 0,

[φ(T35), T14] + [T35, φ(T14)] = 0.
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From those equalities, we get a
(1)
23 = b15, a

(2)
12 = c34, b15 = −c34. Thus

a
(1)
23 = −a

(2)
12 . (3.3)

Suppose φ(Tn−3,n) =
∑

1≤i<j≤n dijTij , by applying φ on [Tn−2,n−1, Tn−3,n] = 0, we get

[φ(Tn−2,n−1), Tn−3,n] + [Tn−2,n−1, φ(Tn−3,n)] = 0,

which leads to a
(n−2)
n−1,n = dn−3,n−2. By operating φ on [Tn−3,n−2, Tn−2,n] = Tn−3,n, we have

[φ(Tn−3,n−2), Tn−2,n] + [Tn−3,n−2, φ(Tn−2,n)] = φ(Tn−3,n).

This leads to a
(n−3)
n−3,n = −dn−3,n−2. So

a
(n−2)
n−1,n = −a

(n−3)
n−3,n. (3.4)

Let

x = a
(2)
13 T12 +

n∑

i=3

a
(1)
2i T1i −

n−2∑

j=1

n∑

i=j+2

a
(j)
ji Tj+1,i.

By Lemma 3.1 and equalities (3.1), (3.3) and (3.4) a direct calculation shows that

(φ − ad x)(Ti,i+1) = a
(i)
i,i+1Ti,i+1.

Step 2. In this step, we intend to prove that a
(i)
i,i+1 = 0 for i = 1, 2, . . . , n − 1.

Denote by φ1 the φ − ad x, by applying φ1 on the two sides of [Ti,i+1, Ti+1,i+2] = Ti,i+2, we

get

φ1(Ti,i+2) = (a
(i)
i,i+1 + a

(i+1)
i+1,i+2)Ti,i+2.

By operating φ1 on [Ti,i+1, Ti,i+2] = −Ti+1,i+2, we have

−(a
(i)
i,i+1 + a

(i)
i,i+1 + a

(i+1)
i+1,i+2)Ti+1,i+2 = −a

(i+1)
i+1,i+2Ti+1,i+2.

This implies

a
(i)
i,i+1 + a

(i)
i,i+1 + a

(i+1)
i+1,i+2 = a

(i+1)
i+1,i+2.

So a
(i)
i,i+1 = 0 for 1 ≤ i ≤ n − 2.

From [Tn−2,n, Tn−1,n] = −Tn−2,n−1, we have a
(n−2)
n−2,n−1 + a

(n−1)
n−1,n + a

(n−1)
n−1,n = a

(n−2)
n−2,n−1. This

implies a
(n−1)
n−1,n = 0.

Above discussion shows that (φ − ad x)(Ti,i+1) = 0 for i = 1, 2, . . . , n − 1. Since Ti,i+1, i =

1, 2, . . . , n − 1, generate Ln(R), we get φ = ad x for n ≥ 5.

Case 2 3 ≤ n ≤ 4.

Suppose φ(Ti,i+2) =
∑

1≤k<l≤n b
(i)
kl Tkl. By applying φ on the two sides of [Ti,i+1, Ti+1,i+2] =

Ti,i+2, [Ti,i+1, Ti,i+2] = −Ti+1,i+2 and [Ti,i+2, Ti+1,i+2] = −Ti,i+1, i = 1, . . . , n − 2, respectively,

we get

[φ(Ti,i+1), Ti+1,i+2] + [Ti,i+1, φ(Ti+1,i+2)] = φ(Ti,i+2), (3.5)

[φ(Ti,i+1), Ti,i+2] + [Ti,i+1, φ(Ti,i+2)] = −φ(Ti+1,i+2), (3.6)

[φ(Ti,i+2), Ti+1,i+2] + [Ti,i+2, φ(Ti+1,i+2)] = −φ(Ti,i+1). (3.7)
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These lead to

a
(i)
i,i+1 + a

(i+1)
i+1,i+2 − b

(i)
i,i+2 = 0,

a
(i)
i,i+1 − a

(i+1)
i+1,i+2 + b

(i)
i,i+2 = 0, and a

(i)
i+1,i+2 = −a

(i+1)
i,i+1 , (3.8)

a
(i)
i,i+1 − a

(i+1)
i+1,i+2 − b

(i)
i,i+2 = 0.

So

a
(i)
i,i+1 = 0, i = 1, . . . , n − 1. (3.9)

When n = 4, from (3.5), (3.6) and (3.7) we also get

a
(1)
14 = −a

(2)
34 , (3.10)

and

a
(1)
34 + a

(2)
14 + b

(1)
24 = 0, − a

(1)
34 + a

(2)
14 + b

(1)
24 = 0,

a
(1)
34 − a

(2)
14 + b

(1)
24 = 0, a

(2)
14 + a

(3)
12 + b

(2)
13 = 0,

−a
(2)
14 + a

(3)
12 + b

(2)
13 = 0, a

(2)
14 − a

(3)
12 + b

(2)
13 = 0.

From those equalities we get

a
(1)
34 = a

(2)
14 = a

(3)
12 = 0. (3.11)

By applying φ on [T12, T34] = 0, we have

[φ(T12), T34] + [T12, φ(T34)] = 0.

It follows that

a
(1)
24 = −a

(3)
13 , a

(1)
23 = a

(3)
14 , a

(1)
14 = a

(3)
23 , a

(1)
13 = −a

(3)
24 . (3.12)

Let

x = a
(2)
13 T12 +

n∑

i=3

a
(1)
2i T1i −

n−2∑

j=1

n∑

i=j+2

a
(j)
ji Tj+1,i.

When n = 3, a direct calculation shows that (φ − ad x)(Ti,i+1) = a
(i)
i,i+1Ti,i+1 = 0 for i = 1, 2

due to (3.8) and (3.9).

For n = 4, note the equalities (3.8)–(3.12), then a direct calculation shows that

(φ − ad x)(T12) = a
(1)
12 T12 + a

(1)
34 T34 = 0,

(φ − ad x)(T23) = a
(2)
23 T23 + a

(2)
14 T14 = 0,

(φ − ad x)(T34) = a
(3)
12 T12 + a

(3)
34 T34 = 0.

Now we get the conclusion that φ = ad x for 3 ≤ n ≤ 4. The proof is completed. 2

Remark 1 When n = 2, for any derivation φ of L2(R), we have φ(T12) = aT12 for some a ∈ R.

It is clear that it is a derivation but not an inner derivation. So L2(R) is not a complete Lie

algebra.

Remark 2 Ln(R) is a non-solvable Lie algebra when n ≥ 3. Since for any ideal L of R, Ln(L)
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is an ideal of Ln(R), we know that Ln(R) is not simple. If R has an ideal L1 such that x1x2 = 0

for any x1, x2 ∈ L1 (we will give an example later), then Ln(L1) is a solvable ideal of Ln(R). So

Ln(R) is not semisimple.

Example Let R = Z4, L1 = {0̄, 2̄}. Then L1 is an ideal of R such that x1x2 = 0 for any

x1, x2 ∈ L1.
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