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Abstract In this paper, we obtain the (H*, L™/("~#)) and (Hf(l?l(lfl/(h)’p7 K;;“*l/m)'p) type
estimates for the commutator of Marcinkiewicz integral with the kernel satisfying the logarithmic
type Lipschitz conditions.

Keywords commutator; Marcinkiewicz integral; Lipschitz space; Hardy space; Herz type
Hardy space.

Document code A
MR(2000) Subject Classification 42B20; 42B30
Chinese Library Classification 0174.2

1. Introduction

Suppose that S"~1 is the unit sphere of R™ (n > 2) equipped with normalized Lebesgue

measure. Let Q2 € L'(R™) be homogeneous function of degree zero and
/ Q(z")do(2") =0,
Sn—1

where 2/ = 2/|z| for any = # 0. In 1958, Stein!®! introduced the Marcinkiewicz integral on R™

as follows

pa(N@ = ([ Fadn@rg) "
where

Fofe) = [ = pa

And he proved that pgq is of type (p, p) for 1 < p < 2 and of weak type (1, 1) if Q € Lip, (S™~1).
In [1], Benedek et al. proved that ug is of type (p, p) for 1 < p < oo if @ € CH(S™1).
Recently, Lee and Rim(% established the (H', L"), (L>°, BMO) and (LP, L?) type boundedness
of Marcinkiewicz integral po when 2 satisfies a class of logarithmic type Lipschitz conditions.

The main result in [6] is following theorem.

Theorem A%l Let n>2 and Q € L>®(S"!) be a homogeneous function of degree zero with
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cancellation property

/S Q2 )do (') = 0.

Suppose, in addition, that there exist constants C' > 0 and p > 1 suth that

Q) — Q)| < —
(log m)

hold uniformly in yi,y2€S™~t. Then the following inequalities hold:
(Dl < Cillflla,  f e HY(R),
lpa(Hllemo < CoollfllL=, f € L*NL>®

and
lua(Hlle < Cpllfllee, f € LP(R™),

where 1 < p < oo.

Remark 1 Since 0 < |y; —ya| < 2 for y1, y2 € S"7L, it is reasonable that the above logarithmic
type Lipschitz condition would be

Q) - )| < —Z

—
2
(log \y1*y2|)

Let b € L{ _(R™). The commutator generated by the Marcinkiewicz integral pg and b is

defined by

loc

Half)( / . s |x— |ny>1[b<$)‘b“ sl 5) "

Let 0 < 3 < 1. The Lipschitz class Lips(R") is defined as

Lipg(®") = {1+ [fllp, = sup O TN o1

z,yER™z Ay |z — y|ﬁ

When b € Lipg(R"), Mo!® proved the (L?, L") type boundedness of high-order Marcinkiewicz

integral commutator. The special case of the main result in [8] is the following theorem:

Theorem B Let b € Lipg(R*), 0 < 8 < 1. If Q € L9(S""!) for some ¢ > n/(n — B) and
Jsn1 Q@")do(2") = 0, then p?, is bounded from LP(R™) to L"(R™), where 1 < p < n/8 and
1/r=1/p—B/n.

Inspired by [6] and [8], we establish the (H', L"/("=5)) and (HK,ﬁ(l*l/ql)’p,K,?z(l*l/ql)’p)
type boundedness of the Marcinkiewicz integral commutator ulgz, where (2 satisfies the logarithmic
type Lipschitz conditions. To state our main result, we introduce the following definitions and

auxiliary results.

Definition 1'% A function a(x) on R™ is said to be an H" atom, if there exists a ball B, such
that
1) suppa € B; 2) lallpe < |BI; 3) fo a(e)dz = 0.
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It is said that f € L*(R") belongs to Hardy space H'(R"), if f = Y77° ___ Aja; in the sense
of distributions, where each a; is an H' atom, \; € C and Y 7°___|)\;| < oo. Furthermore, the
H'(R™) seminorm is defined as

11l = > 1Aql,
j=—o00

where the infimum is taken over all above decompositions of f.
Remark 2 Let a(z) be an H' atom. Then for any pg € [1, oo], we have ||a||zs0 < |B|~1+1/Po.

Definition 2"} Let By = {z € R" : |z| < 2¥}, Cx = By \ Bix_1 and x be the characteristic
function of the set Cy for k € Z. Fora € R, 0 < p < 00 and 0 < ¢ < oo, the homogeneous
Herz space K(‘;"p(R") is defined by

KoP(R™) = {f € L (R \ {0}) ¢ | ]| o0 < o0},

loc

where
> 1/p
Illger={ 32 2571l }
k=—oc0

with usual modification made with p = oo.

Definition 377 Let a € R, 0 < p < 00 and 0 < ¢ < oo. G(f) denotes the Grand maximal
function of f € §'(R™). The Herz—type Hardy space HK(‘;"p(R") is defined by

HEKSP(R") = {f e S'R™): G(f) € K?”(R”)}

and
s = Gl gr
Definition 471 Let 1 < ¢ < 00, n(1 —1/q) < a < 00,5 € N and s > [a +n(l/q—1)]. A

function a(x) on R™ is said to be a central («,q)s atom, if
1) suppa C B(0,7) = {x € R" : |z| < r} for some r > 0,
2) llallzs < B(0,r)|*/",
3) fRH a(x)xYdx =0 for any v = (y1,...,7n) € N* with 0 < |y| =>"" | 7 < s.

Theorem Cl"l Let 0 < p, ¢ < o0, n(1 —1/q) < a < 00, s > [a +n(1/q — 1)]. Then
fe HK[;"”(R") if and only if f(x) =Y ;0 Aia;(z), in the S’ sense, where each a; is a central

(2

o, q)s atom, supp a; C B;,\; € C and > oo |\|P < oo. Furthermore,
(v, q) pp i=—o0

> /
g =0t (32 1)

1=—00

where the infimum is taken over all above decompositions of f.

2. The main results and their proofs

Theorem 1 Let b € Lipg(R"), 0 < 8 < 1. If Q is a homogeneous function of degree zero and
satisfies the following conditions:
(i) [gu-1Q(2')do(2') = 0 and Q € LI(S"™1) for some q > n/(n — f3);
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(ii) there exist constants C' > 0 and p > 1, such that

C
1Q(y1) — Qy2)| < m

for any yy,y2€S™ 1. Then uf, is bounded from H'(R™) to L™ ("=8)(R™).

Theorem 2 Let b € Lipg(R"),0<3<1,0<p<o00,1<q1, q2<o00andl/qg=1/q —(/n.
IfQ is a homogeneous function of degree zero and satisfies the following conditions:

(i) [gu-1Q(2")do(2") =0 and Q € LI(S"™1) for some ¢ > max{qa2,n/(n — ()};

(ii) there exist constants C > 0 and p > max(1, 1/p) such that

C
1Q(y1) — Qy2)| < m

for any y1,y2€S" 1. Then uf, is bounded from HK(Z(lfl/ql)’p(R") to K(Z(lfl/ql)’p(R").

Proof of Theorem 1 We need to prove that ||ud(a)||r- < C for any H' atom a, where
r=mn/(n— ) and supp a C B(zo,l).

bl <[ [ lb@raa] <[ [ b
<[ [ wh@@rad
.y N mzl’/u st |x—y|"y)1 v6w) ~bpat] g e}
Ll -]

2211 —|— IQ —|— Ig.

1/r

Choose p; and s7 such that 1 < p; <n/f and 1/s1 = 1/p; — B/n. It is easy to see that r < s1,
by Holder’s inquality and Theorem B, we get
I < Cllpd(a)l|ze 2BV < Cllal| pos [2B]M/ 77/
< C|B[T Y BT <

Ls1

Using the fact that |z —y| ~ |z —xzo| ~ |z — 20|+ 2] for any y € B and = € (2B)°, Minkowski’s

inequality and Holder’s inquality, we have

neel [, [ 0 ) e -] )

z—y|

<o f ([, [l -] s} oty

<L Lo [yt o 0] aa} e

k=1

1/r
<cC E:Q—kﬂ ok()=n (2k+17)8 HbHLipB[/ @ —y)|"da] " Ja(y)ldy
B |z —zo|<2k+11
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SCIIbIILipﬁIIQIILusn—l)/BZ2"“/2(2’“1)’”(2k+1l)ﬁ(2k+1l)"/rIa(y)Idy

< CllbllLipBIIQllwsm)/ > 2 Mzt a(y)|dy
B =
< Olblluip, €U Lagsn—n lallr < CllbllLip, 120 Lo(sm-1)-

In the above last inequality, we applied the fact that —n+8+n/r = 0 and the series is convergent.

Let us turn to estimate Is now. Note that ¢t > |z — zg| + 2] > |z — xo| + |y — zo| > |z — y| for
any y € B and the cancellation property of a,

/z zo|+2z}/z » |x_ |ny)1 (b(z) — b(y))a dyrdt}l/z
/z onQZ’/ |$—y|” 1 (z) — b(y))a y’2dt}1/2
- ’/ |x—y|n X >—b<y>>a<y>dy]( /|+ %)1/2

—c| [ 0w - st

< [ o) —bGan)| 2B Bt ey

[P~z —xo|P 2 — mo| + 21

26— y)| |oy) — blzo)lJa@)]

Ble—yl"™t o —wo[ +21

It follows that

—y)  Qx—=0) |[b(z) —blzo)llay)| , N\, YT
Is < ‘ — ‘ dy) d
3 C{[/w)c / o1 o —mon ! |x—x0|+21 y) da] 4

— b(zo)||la(y T /T
[ oy O, B it ) o]
=:C(I31 + I32).

Applying the estimate
Qz—y) Uz —z)

e .

Qx —y) Qx — x0)

Qx —x0)  Qz —20)

e .

|z =yt fo =yt
CO + |2z — z0)])

‘:E :Eo|)

|z — zo|" 1 (log

Minkowski’s inequality and Holder’s inequality, we get

Is S/B { /(2B)C H |g(_ y_|ny_)1 - |3(_I:;Jﬁ°_)l ||b$(“7_> ;Off(;)ll]rdx}l/qa(y)ldy

S/B{i/mx = @y et 1) = O 4} gy ay

— yl"=t jx —xo|m U o= xo| + 20

<C Z 2k @R/ D by, x
B =1
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[/ Qz —y) Qx — zg)
2kI<|z—xzo|<2kt1]

<C/BZ (25 0)77 1 @MY b, (26070 (log 28) (25D 4 ([Q] agsn -1y + Dlaly)|dy
k=1

q

1/q
do| " Ja(y)ldy

o=y Jo— gl

<C Z@W‘H(2’““1)”(1”’1/") 1blLip, (250) 7"~ (log 25) =2 (25 1) (| Q| Lagsn-1) + 1)
k=1

<O|IbllLip, (IRl agsn-1y +1) Y k™7 < Cllbllwip, (12 Lasn-1) +1).
k=1

It is easy to see that |z — y| ~ | — xo| + 2! for any y € B and = € (2B)°. By Minkowski’s
inequality, we have

e [{[ ] 196 = )] ) = bao)l )7y A1,

|z —y|? 1 |z — x| + 21

< C/ Zlﬁ(2k1)_"||b||mpﬂ [/ (= —y)|rdw} 1/T|@(y)|01y

2k [<|z—zo| <2k

/B 3 24901/ )y bl s, |2 e s

k=1
< CllallL [bllLip, |2 Lagsn—1) < CllbllLip, 12| Lacsn-1)-

Thus, we can see that
I3 < C(Is1 + I32) < ClbllLip, (19l Lo(sn—1) +1).
Combining the estimates for I7, Is and I3, we obtain that
(@)l /- < CllblLip, (1@l Lacsn-1) +1).

Proof of Theorem 2 Let f € HKO"p(R”), where @ = n(l — 1/¢1). We have that f =

oo o Aiai, where each a; is a central (o, ¢1)s atom, supp a; C B; and > =[NP < oo.
Writting
|z|+27F 2 d¢11/2
pP@=[ [ [ 2w -] ]
|lz—y|<t |33 —yl
e Qz —y 2dtq1/2
pPw=[ [ [ D) et 5]
jef+2it1 | oy <o [ =yl
we have
oo oo k—2 »
& (I fean <O 3 Qkap( Xl 16 ( al)XkHqu) +C Z Qkap( > I/\ill\#?z(ai)Xk||Lq2)
k=—o0 i=k—1 k=—oc0 1=—00
oo oo k—2 »
< Y 2 Y Wllihale) +C Y 2o (5 nID lin) +
k=—o00 i=k—1 k=—o0 i=—00

o0

k—2
c 3 (S NI e )

k=—o0 1=—00
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=:C(J1 + J2 + J3).

By Theorem B and the size condition of a;, we get

J, <C Z 2ko¢p( Z |)\i|||aiHL‘11>p

k——oo i=k—1

Z Z |\ [P2k=t)op, 0<p<i
< C k——ooz k 1 -
Z Z |Ai |p2(/€ i Otp Z 9ok l)ap/2 P/p l<p<oo (1)
k——oo i=k— lH_1 i=k—1
Z|/\|” > atkmer s g<p<i
<C i=—00 k:;loo
S 3 2002 1< <o
i=—00 k=—o0
<C NP

Applying the fact that |z — y| ~ |z| ~ |z| + 2¢T! for any 2 € Cy and y € B; with k > i + 2
and Minkowski’s inequality, we have

2127 qi\ 172 |z — y)||as 1/
POy . < z —y)llai(y)| 3 a2 @

z—y|

2210z — ylllaiy)] ; 792, Ve
< CHb”LipB{/Ck {/Bl |z — y|n+1/2-8 dy} dx}

. 1/q2
< etz D, [ [ [ e - piedd] )l
B;

Ch

When i < k — 2, we note that |z — y| < 28! for any € C), and y € B;. By Hélder’s inequality,

we have
1/Q2 k
[ [ 10— gmas] ™ < ez @ s 2)
Ck
and
laill L < llaillza | B ' < C. (3)
These estimates follow that
1D x| oo < C21/227R(H1 /2260900 /a2 | Q) 4 gy [l | 2 1D i,
< 0PI/ a) T2l =00 1o g |[Bl Lip, -

It follows that
k—2

. p
h<c S ( 3 |)\l.|2<sz>[n<1f1/q1)+1/zfa1) ([ [ 1]

k=—oc0 1=—00

<C Y PN gy 1B, -

1=—00
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Let us turn to estimate J3 now. By the fact that ¢ > |z| + 2°7! > |z| + |y| > | — y| for any
y € B; with ¢ < k — 2 and the cancelation property of a;, we get

DZ@) (I) _[/|:|o+2i+1 /I Q(I T y_) (b(fﬂ) - b(y)) yrdt} -

z—y|<t |x - y|n !
_[/|:|o+2i+1 /B %(b( )_b( ))al dy’zdt}lﬂ
- /B 7;(_‘@;'}_)1 (b(z) — b(y))ai(y dy’(/umm ft)l/z
<| [ 0o b0 [y — ] e+

/ Qz —y) (by) —b(0))ai(y) dy}.

e =yttt e+ 2

Thus

It <0 /c / [ - e e ) ae]
[ (], e betol o )
=:C(E1 + E»),
/ck / ‘|x— R 1‘|b |I|+(2)ZU?( )|dy)q2dgcr/q2
= /B{/Ck H|x—y_|"y)1 - |I|Ez)1 |b|i|)+_2£)|dy]%dw}l/qzlai(y)ldy
< bty 240 [ [ [ [ - 2 aa] e lay
< CHbHLipBz—k(l—ﬁ)gkn(l/qz—l/ql)/B [/C Ne—y) _ Q=)

z—y["1 Jaln
SOHbHLipﬁ2716(17[3)21671(1/‘1271/(11)(2k71)7(n71)(10g2k7i)792kn/111”Q”Lq(sn71)/B |al(y)|dy

dx

1/
o] o)y

< Olblluip, 2"/ (k = ) 2|2 pasn-1) lail s
< C27F V) (k — i) P QY pagsn1) [Bl|Lip, -

Using the fact that | — y| ~ |z| for any € C and y € B; with ¢ < k — 2, Minkowski’s
inequality, (2) and (3), we have

E2<C/ /C 190 — )] 1) = DO, 1

o=yl Jol 21

. 1/q2
<C2 2wy, [ [ [ 10— imas] iy

i k
< C|bllLip, 27727525/ 92 ||Q) | Lo (gn-1y
< CQiﬁ—knJrk(n/ql—ﬁ)HQHLQ(SH,I)||b||LipB_
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Combining the estimates for £ and Fs, we get
2 Ckn(1— N
1D xkllzee < C27F" Y0 (=) 2| Q|Lagsn-s) bl Lip,.

When 0 < p < 1, noticing « =n(1 —1/¢1) and pp > 1, it follows that

0o k—2
—kn(l— _ P
J<C Y 2kap{ Sl k1) g ) p} 1207 gy 1BIT,
k=—o0 1=—00
0 k—2
<C > S PR = D) IR g D1,
k=—oc0 1=—00
SCHQHZ[)/Q(Sn—l)HbHII:ipB Z |)\l|p

When p > 1, by Holder’s inequality and the fact that p > 1, we obtain that

) k—2
N ’ p
D DI I DRV () Rl [+ 4
k=—oco0 i=—00
> =2 h2 p/p’
<C > Y M=) DT = 1O e b1,
k=—oc0 i=—00 1=—00
< Ol s [BlEsp, Do AP

Combining the estimates for Ji, Jo and J3, we get

&Nl e < CUR Lagsn—1) IBllLipg 1l -
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