Journal of Mathematical Research & FEzposition
Mar., 2009, Vol. 29, No. 2, pp. 191-201
DOI:10.3770/j.issn:1000-341X.2009.02.001
Http://jmre.dlut.edu.cn

A Class of Standard Bases of Polynomial Algebras and Its
Applications

DONG Jing Cheng"?, LI Li Bin', CHEN Hui Xiang'
(1. School of Mathematics, Yangzhou University, Jiangsu 225002, China;
2. College of Engineering, Nanjing Agricultural University, Jiangsu 210031, China)
(E-mail: djcdl@yahoo.com.cn)

Abstract Let H = Uq(sl(2)) or U(sl(2)). By means of the standard basis of polynomial
algebras, the Clebsch-Gordan formula and quantum Clebsch-Gordan formula are proved by a
unified method, and the explicit formula of the decomposition of V(1)®™ into the direct sum of
simple modules is given in this paper.
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1. Introduction

Quantum group or quantum enveloping algebra U, (g) is a one-parameter deformation of the
universal enveloping algebra U(g) of a semisimple finite dimensional Lie algebra g, introduced
by Drinfeld™?, Jimbol® and Kulish-Reshetikhin(¥ in their study of the quantum Yang-Baxter
equation. The simplest and most important example is the Drinfeld-Jimbo quantum group
U, (s1(2)), which will be investigated in this paper.

Let k be an algebraically closed field with characteristic 0, and ¢ € k* = k\0 be not a
root of unitary. We write H = U,(sl(2)), which is an associative algebra generated by variables

E,F,K,K~! with relations KK ! = K'K =1, KEK ! = ¢°FE, KFK~! = ¢ 2F, [E,F] =
K—K’ll
q—q—*

The following relations endow H with a Hopf algebra structure.
AK)=K®K,S(K)=K ' ¢K)=¢K 1) =1,
AE)y=E®K +1®E,S(E) = ~EK~',¢(E) = 0;
A(F)=F®1+K '®F,S(F)=—-KF,e(F) =0.

Let V be a left H-module and A € k*. An element v # 0 of V is a highest weight vector of
weight A\ if Ev = 0 and if Kv = Av. V is a highest weight module of highest weight X if it is
generated by a highest weight vector of weight A. Now it is well known that: (1) Any simple
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finite dimensional H-module is generated by a highest weight vector; (2) Two finite dimensional
H-modules generated by highest weight vectors of the same weight are isomorphic; (3) Any finite
dimensional H-module is semisimple. Let V(n) denote the unique (n + 1)-dimensional simple
H-module generated by a highest weight vector of weight ¢™. It is known that the tensor product
of two finite dimensional H-modules can be decomposed into the direct sum of simple modules.
By the distributivity of the tensor product with respect to direct sums, it is enough to decompose
V(n) ® V(m) into the sum of simple modules in order to decompose the tensor product of any
two finite dimensional modules into the sum of simple modules. Thanks to quantum Clebsch-
Gordan formula, V(n) ® V(m) is isomorphic to &2,V (n + m — 2i) as left H-module, where n
and m are nonnegative integers with n > m. For the enveloping algebra U(sl(2)) of sl(2), we
have the similar results. The main aim of the present paper is to determine all coefficients in the
decomposition of V(1)®".

We organize this paper as follows. In Section 2, we prove the main theorem concerning the
standard basis of an associative algebra. This is stated in Theorem 2.1 which generalizes the
property of Grothendieck algebra of U, (sl(2)). The notion of Grothendieck algebra is recalled in
Section 4. It is interesting to us that Theorem 2.1 provides the foundation of the whole paper.
The role of Section 3 is a preparation for determining the coefficients in the decomposition of
V(1)®". Two important combinatorial formulae are obtained in this section. Main results appear
in Section 4. Together with the results in previous sections and the property of Grothendieck
algebra of U, (s1(2)), we obtain the unified proof of quantum Clebsch-Gordan formula and Clebsch-
Gordan formula, and the explicit formula of the decomposition of V(1)®" into the direct sum of
simple modules. In addition, we prove the commutativity of tensor product of two H-modules
without using the braided condition of H.

In this paper, tensor product will be over k. We refer the reader to [5,6] for basic results
about Hopf algebras, and to [7, 8] for basic results about U, (sl(2)) and U(sl(2)).

2. Standard bases of polynomial algebras

In this section, we prove some basic results. The proofs are very elementary, but the results

are exciting.

Theorem 2.1 Let A be any associative algebra, {ep,e1,...,¢en,...} be a set of linearly inde-

pendent elements in A satisfying
€0eo = €0, €pel = €1€p = €n41 + Ep—1,

where n € N, e_1 = 0. Then we have
(1) If n = m, then

m

Em€En = EnCm = § €n4+m—2i -
=0

(2) As algebras kle1] = k[x], where k[x] is the polynomial algebra over k in one variable x

and kle1] is the subalgebra of A generated by e;.
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Proof (1) We use induction on both m and n. Firstly, we show that epe,, = eneq = e, for
all n € N. It is easy to see that the result holds when n = 0,1. Now suppose n > 1 and
that e;eg = e for all t < n — 1. On the one hand, e,_1e; = e, + €¢,_2. On the other hand,
en—11 = (en—1e1)ep = (en + en—2)eg = eneo + en_2, 80 exeq = €,. In a similar way, we have
epen = ey. Thus ege, = e,eg = e, for all n € N.

Secondly, suppose m > 0 and that the following holds for all ¢t < m — 1,

t
€1€n = €n€t = E Entt—2i-
i=0
When n > m, we consider (e,e,;,—1)e;. On the one hand, we have

(enem—1)e1r = en(em—1€1) = en(em + em—2) = €n€m + €nem—_2

m—2
= eptm + Z Ent+m—2i—2 = €n€m t €nym—2 + -+ €n_(m-2)
i=0
On the other hand, we get
m—1 m—1
(enem,1)61 = ( Z en+m7172i) €1 =€ntm +2 Z Ent+m—2i t En—m.
i=0 i=1

Comparing the above two identities, we have

m

En€m = § Cn+m—2i-

i=0

Similarly, from the equation e1(em—1€,) = (€1€m—1)€n, One obtains

m
emen = Zemrm,gi.
i=0
This shows Part (1).

(2) From Part (1), one can show by induction that eg, e, e?,...,et, ... can be written as
linear combinations of eg,e1,...,€,,.... On the other hand, using induction on n, it is easy
to see that eg,€1,...,en,... can also be written as linear combinations of eq,eq,e?,..., €7, .. ..
Thus eg, e1,€2,...,e}, ... are linearly independent. It follows that subalgebra k[e;] generated by
ey is isomorphic to the polynomial algebra k[z]. O
Definition 2.2 Let {eg,e1,...,€n,...} be a basis of an associative algebra A. It is called a

standard basis of A if it satisfies e;e; = ngiﬂ. ases with ag € N.

By Definition 2.2, {1,2,22,...,2",...} is clearly a standard basis for k[z]. In addition, if we
take a basis {eg,e1,...,€n,...} of A as stated in Theorem 2.1, then {egp,e1,...,ep,...} is the
standard basis of A. The following theorem shows that there is a standard basis in k[z] satisfying
Theorem 2.1(1).

Theorem 2.3 Let k[z] be a polynomial algebra over k. Then there is a standard basis
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{eo,€1,...,€n,...} satisfying
m

Em€n = En€m = § Cn4+m—2i
=0
for allm > m > 0.

Proof By Theorem 2.1, it suffices to find a basis {eg, e1,...,€n, ...} satisfying
eoeo =1, e1en = ene1 = enq1 +en_1,

for all n € N. Using induction on n, we take eg = 1,e; = 2,e5 = 22 — 1 = €2 — ¢y. Obviously,
they satisfy eje, = epe1 = epq1 + €n—1, for all n < 1. Suppose that we have obtained e; which
is a monic polynomial of e; of degree ¢t and satisfies eje;—1 = e;_161 = e +e4—o forallt < n—1.
Then we take e, = e,—1€1 — e,—2. By induction, e, is a monic polynomial of e; of degree
n. Following the construction and Theorem 2.1(2), {eg,€1,...,€n,...} is a basis for k[z]. This

completes the proof. O

Proposition 2.4 Let k[z] be a polynomial algebra over k. Then { ES& (—1)1(":1) "% |n e

N } is exactly the standard basis constructed in Theorem 2.3, where | %] is the largest integer

which does not exceed 3.

Proof Let {e,} be the standard basis in k[z] as constructed in the proof of Theorem 2.3. Then

it is easy to see that

,7
nf3
| —

en=Y (=1)Tiz"?" for some T € N.
i=0
When n = 2k, k € N, we have

€n€l — €n—1 = €2K€1 — €2k—1
1% L5
— Z (—l)zTgkI2k721 cr— Z (_1>1T21k71172k72171
i=0

1=0 [

Ead

k—1
— (—l)iTgkIQk_%J’_l + Z(—l)i+lT§k,1$2k_2i_l
0 =0

-
= |l

k—1
= S (2 1)iT a2 (O_|_Z(_1)1+1T2zk71$2k—21—1)
i=0

<.
(=)

=

k
— (_1)7;T2ikx2k—2i+1 + Z(_l)iT;'];_llx2k—2i+l
0 =0

.
= |l

(_1)1 (TQlk 4 T2ZI:—11) x2k—2i+l

(]

@.
s
+ o

1
]
- (1) (T} +T2) a2,

N|

~
Il
=]

where T{kl_l =0.
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When n =2k — 1, k € N, a similar argument shows that
|22 |
€n€l — €n_1 = Z (1) (T + Ti—7) ™2,
i=0
where T, , =0 and T%,_, = 0.
Using the fact that e, +1 = e,e1 — e,—1, we have
|22 |24 |
Z (_1)1Trzl+1xn+l—2z _ Z (_1)1 (T:z +Trlz:1l) 124
i=0 i=0
for all n € N. Comparing the coefficients, we can obtain Tflﬂ = Tl T 1 where 0 < i <

n—1»
n+1
LRTHJ T, =0, éMldTL J:Owhennisodd.

We claim that
21 1

T, Z,Hn—s Z:g) =(nl_l)

where 0 <7 < L%J

We will prove the above assertion by induction on n. It is obvious that the assertion is true

for n = 0,1. We suppose m > 1 and that the assertion is true for all i,7 € N with 0 < n < m
and 0 < 7 < L%J Now we consider all i € N with 0 < 7 < LWT'HJ If i = 0, then TV mal =

O + T,;ll =T = (75‘) = (marl). Now suppose 1 < i < LmHJ Ifi > L;J, then m is odd and
i = || = 2 and consequently 77, = T8 + 70 Y =TH Y = (7)) =1= (") 1f
1<i< |2, then

i i i1 m—1 m—1 _ m+1—1
S CB K N )

This completes the proof. O

3. Two combinatorial formulae

Following Theorem 2.1, we obtain two important combinatorial formulae which will be used
in Section 4. Taking {e,|n € N} as in Theorem 2.1, one can get the following two equations for
alln e N:

= ZA;egn_gi, foralln > 1, (3.1)
i=0
2"+1 ZB €an+1—2i, foralln > (3.2)
=0

where A!, B!, € N,

Proposition 3.1 Let Afl and Bfl be given as the above, where i,n € N with 0 < ¢ < n. Put
A =1 and Al = Bl =0 when i <0 or i >n. Then we have
(1) The following relations are satisfied

Al =BV + B, |, 0<i<n,
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Al = A2 424 AL 0<i<n—1,

An=AnTi+ AN
(2) The following relations are satisfied
C=AT AL 0<i<n,
Bl =B, 3 +2B, "+ By, 0<i<n.

Proof Let n > 1. Then by Eq.(3.2), we have

2n 2n1
€1 (EB162n211)1

i
L

B! (€2n—2i + €2n—2i—2)

I
™

~
Il
=]

-1

S

I
M3 H'/_\

n—1
B:llilegnfzi + 0) + (0 + Z B;7162n72i72)
0 =0

n 1€2n— 2; + § 16271 21

-.
Il
=)

(BZ 11 + Bn 1) €91 —2i-

|

-
Il
=]

So Al = B."Y + Bi_,. If n = 0, then clearly B = 1 = A;' + AJ. Now let n > 1. Then by
Eq.(3.1), we have

2n+1 _  2n
e] =ei'el = ( E Al nE2n— 21)

|

~
Il
=]

Al (ean—2i41 + €2n—2i—1)

[
M:

Al n€2n—2i+1 + E A €2n72i+1
0 1=0

(Aifl + AZ) €2n—2i41-

-
Il

I

~
Il
o

So Bl — Ai~1 4 Ai |
Thus we have shown the first equation in Part (1) and the first equation in Part (2). Now

the other equations can be obtained by the above two equations. O

Proposition 3.2 Let A and B! be given as in Proposition 3.1. Then the following two
equations are satisfied

n n

22 =" (2n—2i+ 1A, 2°"=> (n—i+1)B].
i=0 =0
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Proof We use induction on n. By Eq.(3.2), it is easy to check that the second equation holds
for n =0,1. Now let n» > 1 and suppose

n

22" =Y " (n—i+1)B}.
=0

Then from Part (2) of Proposition 3.1, we have

n+1 n+1

S ln+1)—i+ 1By, =Y (n—i+2)(B,>+2B," +B)
i=0 =0
n+1

=> [(n—i)+@n—2i+2)+ (n—i+2)]B}

=0

— Y (4n — 4i + 4)B!,
0

K3

=22) (n—i+1)B]
i=0
— 22 . 2271 — 22(n+1).

So the second equation holds.

By the second equation and Part (2) of Proposition 3.1, we have

n

22" =3 (n—i+1)B]

=0

=Y (n—i+1)(A5 " + A
=0

=Y (n—i+ DA+ (n—i+ 1A}
=1 1=0
n—1 ) n—1 .

=D (n—i)AL+> (n—i+1)A, + A"
=0 =0
n—1

= (2n—2i+ 1)A} + A
1=0

=> (2n—2i+1)Aj,
=0

So the first identity holds. O

Theorem 3.3 For all natural numbers i, n with 0 < i < n, we have
- 2n\2n—21+1
Al = _— 3.3
" ( i ) 2n—i+1 (3:3)
Proof For the case of n = 0, it is obvious. Now suppose n > 1. From Eq.(3.1) and A}, = A2 +
2A"1 + AL in Part (1) of Proposition 3.1, we can obtain A) = A% | = ... = A} = A =1
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and
n—1

AL =2> A+ A =2(n—1)+1=2n—1
j=1
Thus the Eq.(3.3) holds for all n € N and ¢ = 0,1. Suppose that Eq.(3.3) holds for all i, n with
1<i<n Nowlet 2<i<n+1. Then

Al = A2 4247+ A

:<2n>2n—2i+5+2<2n)2n—2i+3+<2n>2n—2i+1

1—2) 2n—i+3 i—1) 2n—i+2 i) 2n—i+1

_ (2n+2)1(2n —2i+3)

C (2n—i+2)4!(2n—i+3)

o+ 1)2(n+1) =20+ 1]

2(n+1)—il!2(n+1) —i+1]

_(2(n+1)\2(n+1)—2i+1

_( >2(n+1)—i+1'

This completes the proof. |

1

By relation B! = A‘~! + A’ in Proposition 3.1 and Theorem 3.3, we have the following

result.

Corollary 3.4 For all i, n with 0 < ¢ < n, we have

<2n—|—1>2n—2i+2

B! = : .
2n—1+2

" 1

4. Clebsch-Gordan formula

Let (H,m,u, A, €) be a bialgebra over a field k. For a finite dimensional left H-module M, let
(M) denote the isomorphic class containing M. Let M(H) denote the set of isomorphic classes of
all finite dimensional left H-modules. Let F(H) = {3 ;" ni(M;)|u € N,n; € Z, (M;) € M(H)}
be the free abelian group on symbols (M;), and Fo(H) be the subgroup of F(H) generated
by all expressions (Ms) — (M) — (M3), where 0 — My — Ms — M3 — 0 is a short exact
sequence of finite dimensional left H-modules. We call G(H) = F(H)/Fo(H) the Grothendieck
group of H. For each finite dimensional left H-module M, we write [M] = (M) + Fo(H) for the
images in G(H) of (M). Observe that G(H) is a ring with addition [M;] + [M;] = [M; ® M,] and
multiplication [M;][M;] = [M;® M;]. Then we can get an associative algebra G(H)* by extending
the scalars, which has a basis X = {[X]|X is a simple finite dimensional left H-module}. We
refer the reader to [9] for more information about Grothendieck group.

Let H be a bialgebra. We write [k] = fo, where k is the trivial left H-module, i.e., h-1 = €(h)
for all h € H. Suppose there is an injective ¢ : N — X, p(n) = [X,] = f,. In particular,

©(0) = [K] = [Xo] = fo-

Theorem 4.1 Let H be a bialgebra. Assume that any finite dimensional left H-module is
semisimple. Suppose that fofo = fo, fifn = fafi = fat1+ fn—1 for all n > 0, where f, € G(H)
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are given as before and f_; = 0. Then

X @ Xp = X, @ X, 2B 0 Xntm—2i
for allm > m > 0.

Proof By Theorem 2.1, fifn = fufm = Z;’lo frntm—2i, for all n > m. That is,

[Xm][Xn] = [Xn] [Xm] = Z[Xn-i-m—%]a

ie.,

[Xom ® Xn] = [Xn ® Xm] = [@?ioXnerfZi]-

From the fact that every finite dimensional left H-module is semisimple, there exists a positive

integer s and simple modules X; (j =1,...,s) such that
Xm @ Xn 20105 X5, Ol Xntm—20 = Dj_168;X;,

where «; and [3; are non-negative integers. So we have

> ai[X5] = Bi(X).
j=1 j=1
where [X;] ( =1,...,s) are elements in X, which implies that a; = 3; (j =1,...,s). Thus
Xm ® X, = EB;ZOXn—i-m—Qi-

Similarly, we have X, ® X, = &% Xn+m—2i- O
In the rest of this section, let H = U,((2)) or U((2)). From the discussion in the introduction,

there is a unique simple module V(n) of dimension n + 1 for every n € N.
Proposition 4.2 There are H-module isomorphisms

VOO)eV(O0)=2V(0), V()@Vn)2Vnh) V(1) 2 V(in+1) e V(in-—1),
where n > 0 and V(—1) = 0.

Proof We only consider the case H = U,(s1(2)). Obviously, V(0) ® V(0) = V(0) and V(1) ®
VO)2V0)eVl) 2VA)2V(0+1)® V(0 —1), where V(—1) = 0. For any n > 1, let
SO V(n) be a highest weight vector of weight ¢", and v,(,") = ﬁF”U("), where p = 0,1. We
define

p

J=p+illln—d' 0 0pis m) o (1)
Ung1-2p = » (—1) 4 P @y
=2 (] ;
It is easy to see that vi") ® Uélji is a weight vector of weight ¢"~2+1-2(p—1) = ¢n+1-2r From

the fact that A(F) =1® F+ F ® K, we have

Evpi1-2p :i(_l)i [1—p+i]ln—i!

—i(2—2p+i), (n) (1)
o =gl v B
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p . o
J=p+illln —d! 0 opisy () 1
;(_1) i ¢ P @Ku-
p . .
; 1 =p+i]ln— ]! —i(2—2p+i), (n) (1)
= —1)'2-p+i ¢ T T @yt
;( ) [ ] [l—p]![n]! P 1
p . .
; , [1—p+il[n—4]! o opri)t—2pt2i), (n) 1
—1)in—i+1 g p+i)+(1-2p+ Z)’Ui, R,
;( ) [ ] [1—p]'[n]' 1 P
:z”:(_l)i([l —p+illln—i+ 1]!q_(i_1)(1_2p+i) C[-p+dn—i+ 1)
—~ [1 = p]!n]! [1 = p]!n]!
qf(ifl)(172p+i)) % (Ul(fl ®U](Dlji)
= 0.

S0 vy 41-2p is the highest weight vector of weight ¢"™'~2F in V(n) @V (1). It follows that there is
a submodule of V(n) ® V(1) which is isomorphic to V(n+1) @ V(n—1). In addition, V(n+1) &
V(n—1) and V(n) ® V(1) have the same dimension. Thus V(n) @ V(1) 2 V(n+1)+V(n—1).
In a similar way, we have V(1) @ V(n) 2V (n+1) + V(n — 1). O

Let fo = [K], fn. = [V(n)]. By Proposition 4.2, we have f1f, = fnf1 = fo+1+ fn—1. Applying
Theorem 4.1, one can get the Clebsch-Gordan formula and quantum Clebsch-Gordan formula

with unified method. We state the result as follows.

Corollary 4.3 There are H-module isomorphisms
V(im)@V(n) ZV(n)@V(im) Zae2,V(n+m—2i)

for all n,m > 0.
It is known that any finite dimensional left H-module is semisimple. By Corollary 4.3, for

any finite dimensional H-modules M and N, we have H-module isomorphism
M®N=N®® M.
Theorem 4.4 For any n € N, we have the following formula
V(1)®?" = @l ALV (2n — 2i),
V(1) — gn  BUV(2n 41 — 26),
where Al and B! are the formulae given in Theorem 3.3 and Corollary 3.4, respectively.

Proof Let f, = [V(n)] for all n > 0. Then fy = [k]. It follows from Proposition 4.2 that
{fo, f1,- -+ fn, ...} satisfies the conditions stated in Theorem 2.1. From the discussion in Section
3, we have f‘12n = Z?:O Ailan,Qi, 12n+1 = Z?:O B;anJrl,Qi. That iS,

V(1)) = [B1g ALV (20— 20)], [V(1)2C™] = [07BLV (2n + 1 - 23)).

Then the theorem can be proven by using the same method as in the proof of Theorem 4.1. O
By Proposition 2.4, for all n € N, V(n) and V(1)®¥(i = 0,...,n) satisfy the following

relations.
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Corollary 4.5 For alln € N, we have

Vin)® (G;iL_ZlJ +a (n ;ZQ_ZIL 1)V(1)®(n4i+2)) ~ @L%A

where V(1) = V(0); if n = 2 or 3 (mod4), then a = 1; otherwise a = 0.

Proof By Proposition 2.4, we have

V()] = L <—1>i<” - ) VP2,

. (3
=0

0|3
| —

where [V (1)]® = [V(0)]. Transferring the negative items on the right side to the left side and
applying the method in the proof of Theorem 4.1, we obtain the result by considering the cases
of n =4i,41+ 1,47 + 2,4i + 3, respectively. O
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