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Abstract In this paper, we introduce the concept of the general butterfly graph B[m,n;d)] for
integers m,n > 3, d > 1, determine its balance index set, and give the necessary and sufficient
condition for balanced graph B[m,n;d] to exist.
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1. Introduction

Let G = (V, E) be a graph. For a labeling f : V(G) — {0,1}, we can induce an edge partial
labeling f* : E(G) — {0,1} as follows:
if f(z) = f(y), then f*(axy) = f(x) else the edge xy has no label for f*,
where zy € E(G). Define
010) = [{z € V(G) s f(x) = i}] and ;) = [{wy € E(G) : f*(ay) = i},
where i € {0,1}. A labeling f of graph G is said to be friendly if |vf(0) —vy(1)| < 1. Furthermore,
if |ef(0) — ef(1)] < 1 is also satisfied, then the friendly graph G is said to be balanced. For a
given graph G,
BI(G) = {|ef(0) —ef(1)] : f is friend labeling of G}
is called the balanced index set of G.

Lee, Liu and Tan!! introduced the concept of the balanced graph. In [2], several graphs are
studied. On Twentieth Mid-West Conference on Combinatorics, Cryptography and Comput-
ing(2006), Lee, Wang and Wen gave the balance index sets of B[3,3;d], where integer d > 1 .
They proved the following:

The graph BJ[3,3;d] is balanced if d = 1,2, 3,4.

The balance index set BI(B[3,3;2k + 1]) is

(1) {1,2},if k=0,

(2) {1,2,3,4},if k=1,
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3) {k,k+1,k+2,k+3,k+4}, if k> 2.

The balance index set BI(B[3, 3; 2k]) is

(1){0,1,2,3,4}, if k =1,

2){k—1,kk+1,E+2,k+3,k+4}if k> 2.

In this paper, we introduce an extended concept for the butterfly graph B[3, 3; d]. For integers
n,m > 3 and d > 1, so-called general butterfly graph B[m, n;d] is a graph that consists of a star
K 4 and two cycles Cy, and C,,, where the center w of K 4 is also the unique common vertex of
Cy, and C,,, and there is no other common vertex between Ki 4, C,, and C,,. Thus, B[m,n;d]
is a (p,p+ 1)-graph, where p =m +n+d — 1 is its vertex number and p + 1 is its edge number.
The two cycles Cy, and C,, form the two wings of the B[m,n;d], and the d edges of K; 4 form
the antennae of the B[m,n;d].

Below, we will determine the balance index sets of the graph B[m, n; d], and give the necessary

and sufficient condition for the balanced graph B[m,n;d] to exist.

2. The range of BI(B[m,n;d))
In a (0,1)-sequence (or cycle), a section in the form
“1,0,0,...,0,1” (or “0,1,1,...,1,0")

is called O-runs (or 1-runs) with size k, if the number of 0 (or 1) between two ends 1 (or 0) is
k. In a (0,1)-cycle with size n, if there is runs, then the appearance of O-runs and 1-runs is
alternative, and the numbers of O-runs and 1-runs are the same. For a given (0, 1)-labeling f, if
a cycle C,, consists of ¢ O-runs (with size rq,...,r) and ¢ 1-runs (with size s1,...,s;), then such
(0, 1)-cycle is denoted by Ci, (t), and 32'_, (r; + 8;) = n, where t > 1. Obviously, the contribution
of a 0-runs with size r to v¢(0) (or ef(0)) is r (or r — 1). And, the contribution of a 1-runs with
size s to vs(1) (or ef(1)) is s (or s —1). Under a given (0, 1)-labeling, if all vertices in a cycle Cp,
are labeled as 0 (or 1), then the cycle contains no runs and it will be denoted by 0-C,, (or 1-C),).

Below, for integers a < b, denote

[a,b] = {a,a+1,...,b}, [a,b]” ={bb—1,...,a+1,a},
[a,b]2 ={a,a+2,...,b—2,b} if a=0b (mod2).

Let f be a friend labeling of the graph Bln,m;d]. Then, there are the following possibilities for
its two cycles, where ¢ and ¢ > 1.

flw)=0: (1) Cpu(t),Cr(t); (2) Cin(t), 0-Cp; (3) 0-Chyy, 0-Chy;

flw)y=1: (1) Con(t),Cr(t); (2) Cii(t), 1-Cp; (3) 1-Chy, 1-C,.
It is easy to see that the cases f(w) = 0 and f(w) = 1 are dual. Obviously, the difference for
two cases is only to exchange of e;(0) and e¢(1). Hence, the BI(B[m,n;d]) = {|e;(0) —es(1)| : f
is friend labeling of B[m,n;d]} are the same for two cases. Below, we will only discuss the case
f(w) = 0. Denote the number of 0 and 1 among {f(z) : z € V(K1,4)} to be k and d — k. Of
course, 0 < k < d.
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2.1. Case 1: Cp,(t) and C,(¢'), t,t' > 1

Let Cy,(t) consist of ¢ O-runs (with size rq,...,r:) and ¢ 1-runs (with size s1,...,5t), Cp(¥)
consist of ¢’ O-runs (with size rf,...,7},) and ¢’ 1-runs (with size s},...,s}). Denote
t t’ t’
/ / ! / /! /
g ri =T, g S;i = 8, T, =T, s, =S,0=r4+r —s—=s,
i=1 i=1 i=1 i=1
where all 7, s,1/, s, r;, 84,7}, s, are positive integers. We solve the following equation system:
r+s=m s=m-—r
r+s =n = =iy
r—s+r—s =0 § =p— mio—n

2

tive i .. tive i -
In order to get positive integers r,s,7’,s’, it is necessary for a positive integer r to exist such

that min{m, 2t} — oz > r >y = , Le.,

m+o—n
2
*x—y>2: if o <m—nthen z = 2EE but 2 —y =n > 2 is obvious;
if0>m—nthenx:m,but:E—y:wz2 — o <m+n-—4.

*x>2: I:WZQ == oc>4—m—n;

T = m > 2 is obvious.

Therefore, the necessary conditions for positive integer solution for r, s,7’, s’ to exist are
ced—m—-nm-—nlagUm-n+2m+n—4z2=[4—m-—n,m+n— 4. (2.1)
On the other hand,

vp(0) = (r+7") =14k, vp(l) = (s+5) +d—k;
er(0) = (r+r) = (t+ 1)tk ef(1) = (s+5) — (t+1).

Since o and m + n have the same parity, we have
[vf(0) —vp(1)|=lo+2k—d—1|<1 = (d—0)/2<k<1+(d—0)/2
:>k=d_TU+E,Wheregz{% for 2 fm +n —d)
0,1 for 2|(m+n—d)
er(0)—es(V)=(r+1"—s—s)+k=0c+k=%42 +e
By 0 < k < d, the parameter o needs to satisfy the following conditions.

1
525: 0<d-—0o+1<2d=0€[l—d,1+ds;
e=0: 0<d—0<2d= 0 € [—d,ds; (22)
e=1:0<d-0+4+2<2d=o0c€2—-d,2+d)s.

Summarize the conditions (2.1) and (2.2) as follows.
* When 2 f(m+n —d),
1—-d,1+d) d<m-+n-—5

l—d1+dan[d—m—-nm+n—4)y=
Ad—m-nm+n—4]s d>m+n-—3

{—d+g+1 1o €

[1—d,1+d]s }_{[Ld+u d<m+n-5
2

[5+d7mfn m+n+d73] d 2 m4n—3 :

[4—m—n,m+n—4] T 5
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* When 2|(m +n — d),

—d,d d< -4
[—d,d]anN[d—m—n,m+n—4]s = [—d, d]> sm+n
Ad—m-nm+n—4]s d>m+n—2
{‘H_—UIUE [_d’d]2 }: [Oud] d§m+n—47
2 [4—m—n,m+n—4] [Adomen mintd_d] g >m4n—2
[2—-d,2+d)s d<m+n-—=6
2-d2+dnNd—m—-—nm+n—4r =< [2—d,d> d=m+n—-—4 =
Ad—m—-nm+n—4]s d>m+n—2
[2—-d,2+d)s [2,d + 2] d<m-+n-—=6
{%:UE 2 —d,d] }= [2,d+ 1] d=m+n—4 .
[4_m_n,m+n_4]2 [6+d72m7n, m+n;rd72] d>m+n—2

Furthermore, combine the related ranges:

when d <m+mn—6,[0,dU[2,d+ 2] =[0,d+ 2],

whend=m+n—4,[0,dU[2,d+ 1] =[0,d + 1],

When d 2 m4n— 2, [4+d72m7n, m+n2+d74] U [GerEfnfn7 m+n2+d72] — [4+d72m7n, m+n2+d72].
Thus, for the Case 1, we get the conclusion (x1):

1,d+1 d<m+n-—>5
{ {5+d+m]n minsiy d;min—?» for 2 f(m +n —d)
BI(B[m,n;d]) C [0,d + 2] d<m-+n-—=6
[0,d+ 1] d=m+n—4 for2|(m+n—d)
[4+dmnm+n+d 2] d>m+n—2
2.2. Case 2: Cp,(t) and 0-C,,, t >
Let Cp,(t) consist of ¢ O-runs (with size ri,...,r¢). Denote EZ 1P =T El 18 =85, 0=
r +n — s, where all r, s,r;,s; are positive integers. Then, from r + s = m and 0 = r +n — s,
we have r = % and s = m — r. Then, the necessary conditions for positive integers r, s to
exist are

m+o—-n>2and2m—(m+o—n)>2=n+m-2>0c>n—m+2
=ocen—m+2,n+m-—2. (2.3)
On the other hand,
vr(0)=r—14+n+k, vi(l)=s+d—k;
ef(0)=r—t+n+k, er(l)=s—t.
Since ¢ and m + n have the same parity, taking the same notation € in Case 1, we have

d—o
2

|1)f(0)—’0f(1)|:|U+2k—d—1|§1:>k: + ¢,
d+o

2

ef(())—ef(l):a—kk: +e.
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By 0 < k < d, the parameter o needs to satisfy the same conditions (2.2). Summarize the
conditions (2.3) and (2.2) as follows.
* When 2 f(m+n —d),

0 d<|m-n-1, m<n+1
[1-d, 1+d]2N[n—m+2, n+m—2]2 = L =d 1+ d); d<|m=n-1, m=znitl
[n—m+2,1+d)2 lm—-n—-1<d<m+n-3
[n—m+2n+m—2s d>m+n-—1
1—-d,1+d] [1,d+1] d<m—-n—-1], m>n+1
{%:06 [n—m+2,1+d] b= [W,d—l—l] m—-n—-1<d<m+n-3 .
[n—m+2,n+m—2 [drnomts dintm=l] g >m4n—1

* When 2|(m +n — d),

¢ d<|m-n=-2, m<n+?2

_d,d d< - _27 > 2
[_dvd]2m[n—m+2,n+m—2]2: [ ]2 |m n | m>n+

[n—m+2,d]2 lm—-—n—-2|<d<m+n-—2

[n—m+2n+m-—2]s d>m+n

[—d, d]> [0,d] d<m—-n—-2], m>n+2
{difzae [n—m+2,d b= [W,d] lm—n—-2/<d<m+n-—-2 .
n—m+2,n+m-—2] [dinomt2 dindm=2] g >m4n
0 d<|m-n|, m<n
2—-d,2+d d<|m-—-n|, m>
[2—d, 2+d)2N[n—m~+2,n+m—2]s = [ + dl2 [m —mnl, m2n
[n—m+2,24+d)s Im—n|<d<m+n-4
[n—m+2n+m-—2]y d>m+n—2
2—d,2+d]; 2,2 +d] d<|m-—n|, m>n
{52 0€ n—m+2,2+d)> p=o [dnomtd g4 2] Im—n|<d<m-+n—4 .
n_m+2n+m_22 d+n—m+4 d+n+m d2m+n_2
[ ’ 2 ) 2

Furthermore, combine the related ranges:
when d < |m—n—2|, [0,d]U[2,d+2] =1[0,d+ 2],
when |m —n| <d <m+n—4, [LHogmt2 gy [dnomid gy 9] = [dnomt2 g 4 9]
When d 2 ma+n— 27 [d+r7,727n+27 d+n45m72] U [d+n5m+47 d+7;+m] [d+n5m+2, d+r§+m].

Thus, for the Case 2, we get the conclusion (*2):

[1,d+1] d<m-n—-1], m>n+1

[dinomi3 g 4] Im—n—-1<d<m+n-3 for2 f(m+n-—d)
BI(Blmmd)c © [ ] dzman -1

[0,d + 2] d<|m-—n-—2]|

[dbnomt2 gy 9] |m—n|<d<m+n—4 for 2|(m +n —d)

[dtnomt2 dintm] > 4n—2

2.3. Case 3: 0-C,, and 0-C,,
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Using the same notation ¢, we get v (0) =m+n—1+k,vr(l) =d—k,ef(0) =m+n+
k,ef(l)zo.
[vp(0) —vr()|=2k+m+n—-d—-1<1 = (d—m—-n)/2<k<1+(d—m—n)/2.

= k= df'r;fn + e,
ef(0) —ep(l)=m+n+k=m+n+ 2" o= dbmin 4 o
Thus, for the Case 3, by 0 < k < d, we get the conclusion (*3):

dymintl for 2 f(m+n—d), d>m+n-—1
BI(B[m, n;d]) = ¢ 4tmint2 for 2|((m+n—d), d=m+n—2

[dtmtn dimint2] for 2|(m+n—d), d>m+n

Finally, summarizing (x1) — (x3) for Cases 1 — 3, we conclude as follows:

[1,d+1] for 2 f(m+n—d), d<m+n-—3

d— m n+5 d+m+n+1 f 2 —d d> -1
BI(Bm.n:d)) C 4 | I for2 flm+n—d), dzm+n (2.4)

[Od—|—2] for 2|((m+n—d), d<m+n—4

[

domontd dimint2] for 2|(m+n—d), d>m+n—2

3. Construction and examples

In this section, the necessary condition (2.4) for BI(B[m,n;d]) will be proved to be also
sufficient. By the discussion in §2, the values ind in BI(B[m,n;d]) depend on the value o =
(r—s)+ (r' —&') for Case 1, or 0 = r+n — s for Case 2, where r,7’ and s, s’ are the sizes of the
O-runs and 1-runs given by a friendly labeling. First, give the constructing methods (M1)-(M3)
for the cases 1 — 3, respectively.

Method (M1) List the range of the parameter o, and give corresponding k and ind.

1—d,1+d) d<m-+n-—5

k:d—a—i-l ind:d+a’+1,
Ad—m-nm+n—4]s d>m+n-—3 ’ 27

2

)

2 fim4+n—d):0o € {

d< —14
2 m+n—dy:oe] G SmAEN Tt oo g = dfo
Ad—m—-nm+n—4]s d>m+n—2
+ <m+n-—
[2—d,2+d]s d 6
o€l [2—d,ds d=m+n—4 , k=922 ind = Lt2£2
[

4—m—nm+n—4]s d>m+n—2

As for the existence of the parameters r, s,7’, s’, one can refer to §2.1. They may be chosen as
follows.

m—-n+o+2 , m4o+n , ,
— ), s=m-n1,1r"=——""———rs=n-—1.

2 2

Method (M2) For the given ind, since r = W, ind = ‘i"’T‘T + &, we have

—n—d d—
T:%—l—ind—s,s:m—r,k: ?

Especially, for the indices we need to use the following:

r = max(1,

=d —ind + 2¢.
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ind=d+1ford=m+n—-3(=3): r=1-n+d+1l=m-1, k=d—(d+1)+1=0;
ind:%fordZm—i—n—l(s:%): r=m-—1, k:d—‘”m;”*l—i—l: d*m;’”g >1;
ind=d+2ford=m+n—-4(=1): r=2—-n+d+2—-1=m—-1, k=d—(d+2)=2=0;
ind:”“”’;—“lfordZm—i—n—Q(E:l): r:m—l,kz‘i*mT*”—i—221.
Method (M3) For each available ind, it is enough to show the corresponding k = d*mT*" + €.
ind= Hmdntl for g >m+n—1(e=1): k= dmontl

2
ind= “2E for d > m+n (e =0): k= =2="n;
ind= HmEnt2 for 4 >m4n—2 (e =1): k= d=mnt2
Then, for all indices in BI(B[m, n;d]), the used constructions are stated as follows.
For 2 f(m +mn —d), if d < m+n —>5 then use (M1);
if d = m+n — 3 then use (M2) for d + 1, and (M1) for other values;

if d > m+n—1 then use (M3) for Hmtntl “(M2) for Hmin=l and (M1) for other

values.
For 2|(m 4+ n — d),
if d <m+n — 6 then use (M1);
if d = m+n — 4 then use (M2) for d + 2, and (M1) for other values;
if d > m+n—2 then use (M3) for 2 ' (M2) for 24 and (M1) for other values.

Example 1 m =4,n =5 and 3 < d < 8. First, using (M1), we have the following table.

d m+n—d o k ind BI\ind
4 5 [—3,5]2 [0,4]~ [1,5]

6 3 [=5,5] 1,6]~ 1, 6] 7

8 1 [=5,5] 2,7~ 2,7] 8,9
3 6 [-3,3]2U[-1,5 [0,3-U[0,3]~ [0,3]U[2,5] =[0,5]

5 4 [=5,5]2U[=3,5]s [0,5]"U[1,5]~ [0,5]U[2,6]=[0,6] 7

7 2 [=5,5, U[=5,5l: [1,6]"U[2,7]" [1,6]U[2,7]=[1,7] 8,9

Table 1 The parameter table for m =4,n=5and 3 <d <8

For even d (= 4,6,8), k = ©=g*1 ind = #gtl list their constructing tables:

d=14 d=6 d=38

- o |r|s|r|s|k]ind o |r|s|r|s|k]|ind

o |r|s|r|s|k]|ind
—5|1(3|14]6]| 1 —5|1(3|1[4|7]| 2

-3|1(3|2]|3|4| 1
31|31 2|3]|5]| 2 -3(1|13|2|3|6]| 3

—1|11(3|3|2|3] 2
—1|1(3[|3|2|4]| 3 —1]{1(3|3|2]|5] 4

1(3]4(1]2| 3
113|413 4 1(3[4 14| 5

212141111 4
212141112 5 21214113 6

3{1(4]1|0] 5
31411 6 314|127

Table 2 The parameter table for d (= 4,6,8), k= %, ind = %

For odd d (= 3,5,7), k= %52 or 2=¢*2 ind = &2 or TZ*+2 list their constructing tables:



On balance index set for the general butterfly graph 209
d=3 d=5 d=17
T - o |r|s|r|s| k |ind|| o |r|s|7]|s]| k |ind
o |r|s|r|s| k |ind
513|145 0 5131146712
=3(1(3(2|3]3 0
3111312345 |12||-3|1(3|2|3|56]|23
11133 |2|23|12
—111({313|2(34|23||—-1|1|3|3|2|45|34
1(3]4 (11223
113(4(1]23|34 1134113445
212(4]11]01|34
2121411112145 212141112356
311141 0 )
31114]11]01]56 3(1(4|1]|12]67
Table 3 The parameter table for d (= 3,5,7), k:d*T”or %Jnd:%orw

As for the remaining indices (in column BI\ind), we can construct them, using (M2) and (M3).

d ind by r s k
6 7 (M2 3 1 0
8 8 (M2 3 1 1
8 9 (M3 0
5 7 (M2 3 1 0
7T 8 (M2 3 1 1
7T 9 (M3 0

Example 2 m =6,n =4 and 4 < d < 9. First, using (M1), we have the following table.

d m+n—d o k ind BI\ind
6 4 [_6 6]2 U [_47 6]2 [07 6]_ U [17 6]_ [ ) ] [2 7] [ ]
8 2 [_6 6]2 U [_67 6]2 [17 7]7 U [27 8]7 a [2 8] [ s ] 97 10
5 5 [_47 6]2 [Oa 5]7 [1 6]
7 3 [_676]2 [1a7]_ [1 7]
9 1 [—6, 6]2 (2,8]~ (2, 8] 9,10
Table 4 The parameter table for m =6,n =4 and 4 <d <9
d=14 d=26 d=28
o |lr|s|r|s| k |ind|| o |r|s|7|s]| k |ind
o |r|s|r|s| k |ind
-6 (15136 0 61|51 |3|78|12
—4 (152 |2]|4 0
4115|122 |56|12||—-4|1|5|2]|2|67|23
21|53 |1|34|12
21151314523 ||—-2|1|5|3|1|56|34
0 (2(4]3]1]|23]23
0124131134134 0 |2|4]3|1|45|45
2 131313 |1]12|34
2 (3131312345 2 (3331|3456
4 (412]3]1|01(45
4 1412311256 4 |4|2(3|1]|23|67
6 |5]13]1 0 6
6 [5]1(3(|1]|]01]67| 6 |[5|1]3]1]12]|78
Table 5 The parameter table for d (= 4,6,8), k= d*T" or & ‘2’+2 ind = &2 or W
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For even d (= 4,6,8), k = 42 or d—c2r+2

3 ind = 242 or £2t2 Jist their constructing tables

’ 2

above.
For odd d (=5,7,9), k= 22+ ind = 22+ ist their constructing tables:
d=5 d="17 d=9
- o |r|s|r|s|k]ind o |r|s|r|s|k]|ind
o |r|s|r|s|k]ind
—6|1|5(1 3|7 1 —6|1|5|1]3|8] 2
—4 111412251
411|512 |2]|6| 2 41|52 |12|7| 3
211413 |14 2
2151315 3 211|513 |1|6/| 4
011213313 3
0 |2|1413]|1(4]| 4 0 |2|14(3]|1|5]| 5
2 131213 |1]2] 4
2 (31313 |1]|3] 5 2 (3313|114 6
4 (413 |1]|1] 5
4 14123 |12 6 4 1412|313 7
6 |[510]3]|1|0| 6
6 (51 (3|1 |1] 7 6 (513 |1]|2] 8

Table 6 The parameter table for d (=5,7,9), k= %, ind = %

As for the remaining indices (in column BI\ind), we can construct them, using (M2) and (M3).

d ind by r s k

6 8 (M2) 1 0
8 9 (M2 11
8 10 (M3) 0
7 (M2) 1 0
9 (M2) 11
9 10 (M3) 0

d m+n-d o k ind BI\ind
5 7 [—4,6]2 [0,5]~ 1,6]

7 5 [-6,8] 0,7~ 1,8]

9 3 [—8,8]2 [1,9] [1,9] 10

6 6 [—6,6]2U[—4,8]2 [0,6]U[0,6] [0,6]U[2,8] =]0,8]

8 4 8,8, U[-6,8]> [0,8]" U[L,8]" [0,8]U[2,9]=[0,9] 10
10 2 [-8,8]2U[-8,8]2 [1,9]" U[2,10]7 [1,9]U[2,10]=[1,10] 11,12

Table 7 The parameter table for m =5,n=7and 5 < d <10

For odd d (=5,7,9), k= %, ind = %, list their constructing tables:
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d=25 d=1T d=29

- o |r|s|r|s|k]ind

o |r|s|7|s|k|ind
- —8(1|14|1]16]|9| 1

o |r|s|r|s|k]|ind —6|1|4]2|5|7| 1
—6 (1|4 2|5]|8] 2

411434 |5]| 1 —411(4|3|4|6]| 2
—4 (141314 |7 3

-2 (14|14 |3]|4| 2 —2|1(4|4|3|5]| 3
211141413 |6| 4

O |1(4|5]2 3] 3 0 |1|4|5|2 4| 4
O [(1(4|5|2]|5] 5

2 |1(4]6|1]2]| 4 2 |1]4/6]1|3| 5
2 (1416|114 6

4 121361 1] 5 4 (213161 (2] 6
4 12(3]6 |1 (3] 7

6 (32610 6 6 (326 |1 |1] 7
6 [3(2|6|1]|2] 8

8 14|16 10| 8
8 (416 |1]|1] 9

Table 8 The parameter table for d (=5,7,9), k= %, ind = %

For even d (= 6,8,10), k= 4% or ©=3*2 ind = 42 or 4F2*2 list their constructing tables:

2 2 2

d=6 d=38 d=10

- o |r|s|r|s| k |ind|| o |r|s|7|s]| k | ind

o |r|s|r|s| k |ind
—-8|1(4|1]6]8 0 —8|1(4|1]6|910|1 2

—6 (142 |5]|6 0
—-6|1(4|2|5|78|12||-6|1]4]|2]|5|89|23

—411(4|13|4|56|12
—411(14|13]4|67|23||—-4|1]4|3]|4|78|34

214434523
—211(4|4|3|56|34||—-2|14|14[3|6T7|45

0 (1]4]5]2|34|34
0 |1]|4|5|2|45|45| 0 |1|4(5|2|56|56

2 |1(416|1]23|45
2 (141613456 2 |1]4|6]1|45|67

4 121316|1112]|56
4 12136123 |67| 4 |2|3[6|1]|34]|738

6 [3]2]6]1|01]67
6 |3|2|6|1]|12|78(| 6 |3|2(6]1]|23|89

8 14161 0 8
8 1411610189 8 |4|1|6|1]|1 2910

Table 9 The parameter table for d (= 6, 8, 10), k:d*T"or %Jnd:d%’or#

As for the remaining indices (in column BI\ind), we can construct them, using (M2) and (M3).

d ind by r s k
9 10 M2) 4 1 0
8 10 (M2) 4 1 2
10 11 (M2) 4 1 1
10 12 (M3) 1

4. Conclusion

Theorem 1 The balance index set of general butterfly graph is
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[1,d+1] for2 f(m+n—d), d<m+mn—3
d— m n+5 d+m+n+1 f 2 —d d> -1

BI(Blm,n:d]) = | © ] for2 fm+n—d), d=m+n
[Od—|—2] for2|((m+n—d), d<m+n—4
[

= mntd d+m+"+2] for2|((m+n—d), d>m+n—2

Proof By the discussion in §2 and §3, the proof of this theorem completed .

Theorem 2 For integers m,n > 3 and d > 1, the graph B|m,n;d] is balanced if and only if
d<m-+n-—2.

Proof Obviously, the intervals [1,d + 1] and [0,d + 2] contain 0 or 1. But,
whend >m+n —1, % > 2 = the intervals [d_m;"+5, d+m;"+1] do not contain 0
or 1;

)

when d > m+n, =204 > 9 — the intervals [4=mntd dimint2] 4o not contain 0 or 1;

3

when d = m 4n — 2, &0t — 1 — ] g [dompndd dbmint2],

)

Therefore, by the definition of balanced graph and Theorem 1, the conclusion holds.
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