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1. Introduction

Let G = (V, E) be a graph. For a labeling f : V (G) → {0, 1}, we can induce an edge partial

labeling f∗ : E(G) → {0, 1} as follows:

if f(x) = f(y), then f∗(xy) = f(x) else the edge xy has no label for f∗,

where xy ∈ E(G). Define

vf (i) = |{x ∈ V (G) : f(x) = i}| and ef (i) = |{xy ∈ E(G) : f∗(xy) = i}|,

where i ∈ {0, 1}. A labeling f of graph G is said to be friendly if |vf (0)−vf (1)| ≤ 1. Furthermore,

if |ef (0) − ef (1)| ≤ 1 is also satisfied, then the friendly graph G is said to be balanced. For a

given graph G,

BI(G) = {|ef(0) − ef(1)| : f is friend labeling of G}

is called the balanced index set of G.

Lee, Liu and Tan[1] introduced the concept of the balanced graph. In [2], several graphs are

studied. On Twentieth Mid-West Conference on Combinatorics, Cryptography and Comput-

ing(2006), Lee, Wang and Wen gave the balance index sets of B[3, 3; d], where integer d ≥ 1 .

They proved the following:

The graph B[3, 3; d] is balanced if d = 1, 2, 3, 4.

The balance index set BI(B[3, 3; 2k + 1]) is

(1) {1, 2}, if k = 0,

(2) {1, 2, 3, 4}, if k = 1,
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(3) {k, k + 1, k + 2, k + 3, k + 4}, if k ≥ 2.

The balance index set BI(B[3, 3; 2k]) is

(1){0, 1, 2, 3, 4}, if k = 1,

(2){k − 1, k, k + 1, k + 2, k + 3, k + 4} if k ≥ 2.

In this paper, we introduce an extended concept for the butterfly graph B[3, 3; d]. For integers

n, m ≥ 3 and d ≥ 1, so-called general butterfly graph B[m, n; d] is a graph that consists of a star

K1,d and two cycles Cm and Cn, where the center w of K1,d is also the unique common vertex of

Cm and Cn, and there is no other common vertex between K1,d, Cm and Cn. Thus, B[m, n; d]

is a (p, p + 1)-graph, where p = m + n + d− 1 is its vertex number and p + 1 is its edge number.

The two cycles Cm and Cn form the two wings of the B[m, n; d], and the d edges of K1,d form

the antennae of the B[m, n; d].

Below, we will determine the balance index sets of the graph B[m, n; d], and give the necessary

and sufficient condition for the balanced graph B[m, n; d] to exist.

2. The range of BI(B[m, n; d])

In a (0, 1)-sequence (or cycle), a section in the form

“1, 0, 0, . . . , 0, 1” (or “0, 1, 1, . . . , 1, 0”)

is called 0-runs (or 1-runs) with size k, if the number of 0 (or 1) between two ends 1 (or 0) is

k. In a (0, 1)-cycle with size n, if there is runs, then the appearance of 0-runs and 1-runs is

alternative, and the numbers of 0-runs and 1-runs are the same. For a given (0, 1)-labeling f , if

a cycle Cn consists of t 0-runs (with size r1, . . . , rt) and t 1-runs (with size s1, . . . , st), then such

(0, 1)-cycle is denoted by Cn(t), and
∑t

i=1(ri +si) = n, where t ≥ 1. Obviously, the contribution

of a 0-runs with size r to vf (0) (or ef (0)) is r (or r − 1). And, the contribution of a 1-runs with

size s to vf (1) (or ef (1)) is s (or s− 1). Under a given (0, 1)-labeling, if all vertices in a cycle Cn

are labeled as 0 (or 1), then the cycle contains no runs and it will be denoted by 0-Cn (or 1-Cn).

Below, for integers a ≤ b, denote

[a, b] = {a, a + 1, . . . , b}, [a, b]− = {b, b − 1, . . . , a + 1, a},

[a, b]2 = {a, a + 2, . . . , b − 2, b} if a ≡ b (mod2).

Let f be a friend labeling of the graph B[n, m; d]. Then, there are the following possibilities for

its two cycles, where t and t′ ≥ 1.

f(w) = 0 : (1) Cm(t), Cn(t′); (2) Cm(t), 0-Cn; (3) 0-Cm, 0-Cn;

f(w) = 1 : (1) Cm(t), Cn(t′); (2) Cm(t), 1-Cn; (3) 1-Cm, 1-Cn.

It is easy to see that the cases f(w) = 0 and f(w) = 1 are dual. Obviously, the difference for

two cases is only to exchange of ef (0) and ef(1). Hence, the BI(B[m, n; d]) = {|ef(0)− ef (1)| : f

is friend labeling of B[m, n; d]} are the same for two cases. Below, we will only discuss the case

f(w) = 0. Denote the number of 0 and 1 among {f(z) : z ∈ V (K1,d)} to be k and d − k. Of

course, 0 ≤ k ≤ d.
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2.1. Case 1: Cm(t) and Cn(t′), t, t′ ≥ 1

Let Cm(t) consist of t 0-runs (with size r1, . . . , rt) and t 1-runs (with size s1, . . . , st), Cn(t′)

consist of t′ 0-runs (with size r′1, . . . , r
′

t′) and t′ 1-runs (with size s′1, . . . , s
′

t′). Denote

t
∑

i=1

ri = r,

t
∑

i=1

si = s,

t′
∑

i=1

r′i = r′,

t′
∑

i=1

s′i = s′, σ = r + r′ − s − s′,

where all r, s, r′, s′, ri, si, r
′

i, s
′

i are positive integers. We solve the following equation system:










r + s = m

r′ + s′ = n

r − s + r′ − s′ = σ

=⇒











s = m − r

r′ = m+σ+n
2 − r

s′ = r − m+σ−n
2

.

In order to get positive integers r, s, r′, s′, it is necessary for a positive integer r to exist such

that min{m, m+σ+n
2 } = x > r > y = m+σ−n

2 , i.e.,

∗ x − y ≥ 2 : if σ ≤ m − n then x = m+σ+n
2 , but x − y = n ≥ 2 is obvious;

if σ > m − n then x = m, but x − y = m+n−σ
2 ≥ 2 =⇒ σ ≤ m + n − 4.

∗ x ≥ 2 : x = m+n+σ
2 ≥ 2 =⇒ σ ≥ 4 − m − n;

x = m ≥ 2 is obvious.

Therefore, the necessary conditions for positive integer solution for r, s, r′, s′ to exist are

σ ∈ [4 − m − n, m − n]2 ∪ [m − n + 2, m + n − 4]2 = [4 − m − n, m + n − 4]2. (2.1)

On the other hand,

vf (0) = (r + r′) − 1 + k, vf (1) = (s + s′) + d − k;

ef (0) = (r + r′) − (t + t′) + k, ef (1) = (s + s′) − (t + t′).

Since σ and m + n have the same parity, we have

|vf (0) − vf (1)| = |σ + 2k − d − 1| ≤ 1 =⇒ (d − σ)/2 ≤ k ≤ 1 + (d − σ)/2

=⇒ k = d−σ
2 + ε, where ε =

{

1
2 for 2 6 |(m + n − d)

0, 1 for 2|(m + n − d)
,

ef (0) − ef (1) = (r + r′ − s − s′) + k = σ + k = d+σ
2 + ε.

By 0 ≤ k ≤ d, the parameter σ needs to satisfy the following conditions.

ε =
1

2
: 0 ≤ d − σ + 1 ≤ 2d =⇒ σ ∈ [1 − d, 1 + d]2;

ε = 0 : 0 ≤ d − σ ≤ 2d =⇒ σ ∈ [−d, d]2;

ε = 1 : 0 ≤ d − σ + 2 ≤ 2d =⇒ σ ∈ [2 − d, 2 + d]2.

(2.2)

Summarize the conditions (2.1) and (2.2) as follows.

* When 2 6 |(m + n − d),

[1 − d, 1 + d]2 ∩ [4 − m − n, m + n− 4]2 =

{

[1 − d, 1 + d]2 d ≤ m + n − 5

[4 − m − n, m + n − 4]2 d ≥ m + n − 3
=⇒

{ d+σ+1
2 : σ ∈

[1 − d, 1 + d]2

[4 − m − n, m + n − 4]2
} =

{

[1, d + 1] d ≤ m + n − 5

[5+d−m−n
2 , m+n+d−3

2 ] d ≥ m + n − 3
.
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* When 2|(m + n − d),

[−d, d]2 ∩ [4 − m − n, m + n − 4]2 =

{

[−d, d]2 d ≤ m + n − 4

[4 − m − n, m + n − 4]2 d ≥ m + n − 2
=⇒

{ d+σ
2 : σ ∈

[−d, d]2

[4 − m − n, m + n − 4]2
} =

{

[0, d] d ≤ m + n − 4

[4+d−m−n
2 , m+n+d−4

2 ] d ≥ m + n − 2
,

[2− d, 2 + d]2 ∩ [4 −m− n, m + n− 4]2 =











[2 − d, 2 + d]2 d ≤ m + n − 6

[2 − d, d]2 d = m + n − 4

[4 − m − n, m + n − 4]2 d ≥ m + n − 2

=⇒

{ d+σ+2
2 : σ ∈

[2 − d, 2 + d]2

[2 − d, d]2

[4 − m − n, m + n − 4]2

} =











[2, d + 2] d ≤ m + n − 6

[2, d + 1] d = m + n − 4

[6+d−m−n
2 , m+n+d−2

2 ] d ≥ m + n − 2

.

Furthermore, combine the related ranges:

when d ≤ m + n − 6, [0, d] ∪ [2, d + 2] = [0, d + 2],

when d = m + n − 4, [0, d] ∪ [2, d + 1] = [0, d + 1],

when d ≥ m+n−2, [4+d−m−n
2 , m+n+d−4

2 ]∪ [6+d−m−n
2 , m+n+d−2

2 ] = [4+d−m−n
2 , m+n+d−2

2 ].

Thus, for the Case 1, we get the conclusion (∗1):

BI(B[m, n; d]) ⊆

{

[1, d + 1] d ≤ m + n − 5

[5+d−m−n
2 , m+n+d−3

2 ] d ≥ m + n − 3
for 2 6 |(m + n − d)











[0, d + 2] d ≤ m + n − 6

[0, d + 1] d = m + n − 4

[4+d−m−n
2 , m+n+d−2

2 ] d ≥ m + n − 2

for 2|(m + n − d)

.

2.2. Case 2: Cm(t) and 0-Cn, t ≥ 1

Let Cm(t) consist of t 0-runs (with size r1, . . . , rt). Denote
∑t

i=1 ri = r,
∑t

i=1 si = s, σ =

r + n − s, where all r, s, ri, si are positive integers. Then, from r + s = m and σ = r + n − s,

we have r = m+σ−n
2 and s = m − r. Then, the necessary conditions for positive integers r, s to

exist are

m + σ − n ≥ 2 and 2m − (m + σ − n) ≥ 2 =⇒ n + m − 2 ≥ σ ≥ n − m + 2

=⇒ σ ∈ [n − m + 2, n + m − 2]2. (2.3)

On the other hand,

vf (0) = r − 1 + n + k, vf (1) = s + d − k;

ef (0) = r − t + n + k, ef(1) = s − t.

Since σ and m + n have the same parity, taking the same notation ε in Case 1, we have

|vf (0) − vf (1)| = |σ + 2k − d − 1| ≤ 1 =⇒ k =
d − σ

2
+ ε,

ef (0) − ef (1) = σ + k =
d + σ

2
+ ε.
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By 0 ≤ k ≤ d, the parameter σ needs to satisfy the same conditions (2.2). Summarize the

conditions (2.3) and (2.2) as follows.

* When 2 6 |(m + n − d),

[1−d, 1+d]2∩[n−m+2, n+m−2]2 =























∅ d < |m − n − 1|, m < n + 1

[1 − d, 1 + d]2 d < |m − n − 1|, m ≥ n + 1

[n − m + 2, 1 + d]2 |m − n − 1| ≤ d ≤ m + n − 3

[n − m + 2, n + m − 2]2 d ≥ m + n − 1

=⇒

{ d+σ+1
2 : σ ∈

[1 − d, 1 + d]2

[n − m + 2, 1 + d]2

[n − m + 2, n + m − 2]2

} =











[1, d + 1] d < |m − n − 1|, m ≥ n + 1

[d+n−m+3
2 , d + 1] |m − n − 1| ≤ d ≤ m + n − 3

[d+n−m+3
2 , d+n+m−1

2 ] d ≥ m + n − 1

.

* When 2|(m + n − d),

[−d, d]2∩[n−m+2, n+m−2]2 =























∅ d < |m − n − 2|, m < n + 2

[−d, d]2 d < |m − n − 2|, m ≥ n + 2

[n − m + 2, d]2 |m − n − 2| ≤ d ≤ m + n − 2

[n − m + 2, n + m − 2]2 d ≥ m + n

=⇒

{ d+σ
2 : σ ∈

[−d, d]2

[n − m + 2, d]2

[n − m + 2, n + m − 2]2

} =











[0, d] d < |m − n − 2|, m ≥ n + 2

[d+n−m+2
2 , d] |m − n − 2| ≤ d ≤ m + n − 2

[d+n−m+2
2 , d+n+m−2

2 ] d ≥ m + n

.

[2−d, 2+d]2∩[n−m+2, n+m−2]2 =























∅ d < |m − n|, m < n

[2 − d, 2 + d]2 d < |m − n|, m ≥ n

[n − m + 2, 2 + d]2 |m − n| ≤ d ≤ m + n − 4

[n − m + 2, n + m − 2]2 d ≥ m + n − 2

=⇒

{ d+σ+2
2 : σ ∈

[2 − d, 2 + d]2

[n − m + 2, 2 + d]2

[n − m + 2, n + m − 2]2

} =











[2, 2 + d] d < |m − n|, m ≥ n

[d+n−m+4
2 , d + 2] |m − n| ≤ d ≤ m + n − 4

[d+n−m+4
2 , d+n+m

2 ] d ≥ m + n − 2

.

Furthermore, combine the related ranges:

when d ≤ |m − n − 2|, [0, d] ∪ [2, d + 2] = [0, d + 2],

when |m − n| ≤ d ≤ m + n − 4, [d+n−m+2
2 , d] ∪ [d+n−m+4

2 , d + 2] = [d+n−m+2
2 , d + 2],

when d ≥ m + n − 2, [d+n−m+2
2 , d+n+m−2

2 ] ∪ [d+n−m+4
2 , d+n+m

2 ] = [d+n−m+2
2 , d+n+m

2 ].

Thus, for the Case 2, we get the conclusion (∗2):

BI(B[m, n; d]) ⊆











[1, d + 1] d < |m − n − 1|, m ≥ n + 1

[d+n−m+3
2 , d + 1] |m − n − 1| ≤ d ≤ m + n − 3

[d+n−m+3
2 , d+n+m−1

2 ] d ≥ m + n − 1

for 2 6 |(m + n − d)











[0, d + 2] d ≤ |m − n − 2|

[d+n−m+2
2 , d + 2] |m − n| ≤ d ≤ m + n − 4

[d+n−m+2
2 , d+n+m

2 ] d ≥ m + n − 2

for 2|(m + n − d)

.

2.3. Case 3: 0-Cn and 0-Cm
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Using the same notation ε, we get vf (0) = m + n − 1 + k, vf (1) = d − k, ef(0) = m + n +

k, ef(1) = 0.

|vf (0) − vf (1)| = |2k + m + n − d − 1| ≤ 1 =⇒ (d − m − n)/2 ≤ k ≤ 1 + (d − m − n)/2.

=⇒ k = d−m−n
2 + ε,

ef (0) − ef (1) = m + n + k = m + n + d−m−n
2 + ε = d+m+n

2 + ε.

Thus, for the Case 3, by 0 ≤ k ≤ d, we get the conclusion (∗3):

BI(B[m, n; d]) =











d+m+n+1
2 for 2 6 |(m + n − d), d ≥ m + n − 1

d+m+n+2
2 for 2|(m + n − d), d = m + n − 2

[d+m+n
2 , d+m+n+2

2 ] for 2|(m + n − d), d ≥ m + n

.

Finally, summarizing (∗1) − (∗3) for Cases 1 − 3, we conclude as follows:

BI(B[m, n; d]) ⊆























[1, d + 1] for 2 6 |(m + n − d), d ≤ m + n − 3

[d−m−n+5
2 , d+m+n+1

2 ] for 2 6 |(m + n − d), d ≥ m + n − 1

[0, d + 2] for 2|(m + n − d), d ≤ m + n − 4

[d−m−n+4
2 , d+m+n+2

2 ] for 2|(m + n − d), d ≥ m + n − 2

. (2.4)

3. Construction and examples

In this section, the necessary condition (2.4) for BI(B[m, n; d]) will be proved to be also

sufficient. By the discussion in §2, the values ind in BI(B[m, n; d]) depend on the value σ =

(r − s) + (r′ − s′) for Case 1, or σ = r + n− s for Case 2, where r, r′ and s, s′ are the sizes of the

0-runs and 1-runs given by a friendly labeling. First, give the constructing methods (M1)–(M3)

for the cases 1 − 3, respectively.

Method (M1) List the range of the parameter σ, and give corresponding k and ind.

2 6 |(m+n−d) : σ ∈

{

[1 − d, 1 + d]2 d ≤ m + n − 5

[4 − m − n, m + n − 4]2 d ≥ m + n − 3
, k = d−σ+1

2 , ind = d+σ+1
2 ;

2 |(m + n − d) : σ ∈

{

[−d, d]2 d ≤ m + n − 4

[4 − m − n, m + n − 4]2 d ≥ m + n − 2
, k = d−σ

2 , ind = d+σ
2 ,

σ ∈











[2 − d, 2 + d]2 d ≤ m + n − 6

[2 − d, d]2 d = m + n − 4

[4 − m − n, m + n − 4]2 d ≥ m + n − 2

, k = d−σ+2
2 , ind = d+σ+2

2 .

As for the existence of the parameters r, s, r′, s′, one can refer to §2.1. They may be chosen as

follows.

r = max(1,
m − n + σ + 2

2
), s = m − r, r′ =

m + σ + n

2
− r, s′ = n − r′.

Method (M2) For the given ind, since r = m+σ−n
2 , ind = d+σ

2 + ε, we have

r =
m − n − d

2
+ ind − ε, s = m − r, k =

d − σ

2
+ ε = d − ind + 2ε.

Especially, for the indices we need to use the following:
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ind= d + 1 for d = m + n − 3 (ε = 1
2 ) : r = 1 − n + d + 1 = m − 1, k = d − (d + 1) + 1 = 0;

ind= d+m+n−1
2 for d ≥ m+n−1 (ε = 1

2 ) : r = m−1, k = d− d+m+n−1
2 +1 = d−m−n+3

2 ≥ 1;

ind= d+2 for d = m+n−4 (ε = 1) : r = 2−n+d+2−1 = m−1, k = d− (d+2) = 2 = 0;

ind= d+m+n
2 for d ≥ m + n − 2 (ε = 1) : r = m − 1, k = d−m−n

2 + 2 ≥ 1.

Method (M3) For each available ind, it is enough to show the corresponding k = d−m−n
2 + ε.

ind= d+m+n+1
2 for d ≥ m + n − 1 (ε = 1

2 ) : k = d−m−n+1
2 ;

ind= d+m+n
2 for d ≥ m + n (ε = 0) : k = d−m−n

2 ;

ind= d+m+n+2
2 for d ≥ m + n − 2 (ε = 1) : k = d−m−n+2

2 .

Then, for all indices in BI(B[m, n; d]), the used constructions are stated as follows.

For 2 6 |(m + n − d), if d ≤ m + n − 5 then use (M1);

if d = m + n − 3 then use (M2) for d + 1, and (M1) for other values;

if d ≥ m + n − 1 then use (M3) for d+m+n+1
2 , (M2) for d+m+n−1

2 , and (M1) for other

values.

For 2|(m + n − d),

if d ≤ m + n − 6 then use (M1);

if d = m + n − 4 then use (M2) for d + 2, and (M1) for other values;

if d ≥ m+n−2 then use (M3) for d+m+n+2
2 , (M2) for d+m+n

2 , and (M1) for other values.

Example 1 m = 4, n = 5 and 3 ≤ d ≤ 8. First, using (M1), we have the following table.

d m + n − d σ k ind BI\ind

4 5 [−3, 5]2 [0, 4]− [1, 5]

6 3 [−5, 5]2 [1, 6]− [1, 6] 7

8 1 [−5, 5]2 [2, 7]− [2, 7] 8, 9

3 6 [−3, 3]2 ∪ [−1, 5]2 [0, 3]− ∪ [0, 3]− [0, 3] ∪ [2, 5] = [0, 5]

5 4 [−5, 5]2 ∪ [−3, 5]2 [0, 5]− ∪ [1, 5]− [0, 5] ∪ [2, 6] = [0, 6] 7

7 2 [−5, 5]2 ∪ [−5, 5]2 [1, 6]− ∪ [2, 7]− [1, 6] ∪ [2, 7] = [1, 7] 8, 9

Table 1 The parameter table for m = 4, n = 5 and 3 ≤ d ≤ 8

For even d (= 4, 6, 8), k = d−σ+1
2 , ind = d+σ+1

2 , list their constructing tables:

d = 4 d = 6 d = 8

σ r s r′ s′ k ind

−3 1 3 2 3 4 1

−1 1 3 3 2 3 2

1 1 3 4 1 2 3

3 2 2 4 1 1 4

5 3 1 4 1 0 5

σ r s r′ s′ k ind

−5 1 3 1 4 6 1

−3 1 3 2 3 5 2

−1 1 3 3 2 4 3

1 1 3 4 1 3 4

3 2 2 4 1 2 5

5 3 1 4 1 1 6

σ r s r′ s′ k ind

−5 1 3 1 4 7 2

−3 1 3 2 3 6 3

−1 1 3 3 2 5 4

1 1 3 4 1 4 5

3 2 2 4 1 3 6

5 3 1 4 1 2 7

Table 2 The parameter table for d (= 4, 6, 8), k = d−σ+1

2
, ind = d+σ+1

2

For odd d (= 3, 5, 7), k = d−σ
2 or d−σ+2

2 , ind = d+σ
2 or d+σ+2

2 , list their constructing tables:
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d = 3 d = 5 d = 7

σ r s r′ s′ k ind

−3 1 3 2 3 3 0

−1 1 3 3 2 2 3 1 2

1 1 3 4 1 1 2 2 3

3 2 2 4 1 0 1 3 4

5 3 1 4 1 0 5

σ r s r′ s′ k ind

−5 1 3 1 4 5 0

−3 1 3 2 3 4 5 1 2

−1 1 3 3 2 3 4 2 3

1 1 3 4 1 2 3 3 4

3 2 2 4 1 1 2 4 5

5 3 1 4 1 0 1 5 6

σ r s r′ s′ k ind

−5 1 3 1 4 6 7 1 2

−3 1 3 2 3 5 6 2 3

−1 1 3 3 2 4 5 3 4

1 1 3 4 1 3 4 4 5

3 2 2 4 1 2 3 5 6

5 3 1 4 1 1 2 6 7

Table 3 The parameter table for d (= 3, 5, 7), k = d−σ

2
or d−σ+2

2
, ind = d+σ

2
or d+σ+2

2

As for the remaining indices (in column BI\ind), we can construct them, using (M2) and (M3).

d ind by r s k

6 7 (M2) 3 1 0

8 8 (M2) 3 1 1

8 9 (M3) 0

5 7 (M2) 3 1 0

7 8 (M2) 3 1 1

7 9 (M3) 0

Example 2 m = 6, n = 4 and 4 ≤ d ≤ 9. First, using (M1), we have the following table.

d m + n − d σ k ind BI\ind

4 6 [−4, 4]2 ∪ [−2, 6]2 [0, 4]− ∪ [0, 4]− [0, 4] ∪ [2, 6] = [0, 6]

6 4 [−6, 6]2 ∪ [−4, 6]2 [0, 6]− ∪ [1, 6]− [0, 6] ∪ [2, 7] = [0, 7] 8

8 2 [−6, 6]2 ∪ [−6, 6]2 [1, 7]− ∪ [2, 8]− [1, 7] ∪ [2, 8] = [1, 8] 9, 10

5 5 [−4, 6]2 [0, 5]− [1, 6]

7 3 [−6, 6]2 [1, 7]− [1, 7] 8

9 1 [−6, 6]2 [2, 8]− [2, 8] 9, 10

Table 4 The parameter table for m = 6, n = 4 and 4 ≤ d ≤ 9

d = 4 d = 6 d = 8

σ r s r′ s′ k ind

−4 1 5 2 2 4 0

−2 1 5 3 1 3 4 1 2

0 2 4 3 1 2 3 2 3

2 3 3 3 1 1 2 3 4

4 4 2 3 1 0 1 4 5

6 5 1 3 1 0 6

σ r s r′ s′ k ind

−6 1 5 1 3 6 0

−4 1 5 2 2 5 6 1 2

−2 1 5 3 1 4 5 2 3

0 2 4 3 1 3 4 3 4

2 3 3 3 1 2 3 4 5

4 4 2 3 1 1 2 5 6

6 5 1 3 1 0 1 6 7

σ r s r′ s′ k ind

−6 1 5 1 3 7 8 1 2

−4 1 5 2 2 6 7 2 3

−2 1 5 3 1 5 6 3 4

0 2 4 3 1 4 5 4 5

2 3 3 3 1 3 4 5 6

4 4 2 3 1 2 3 6 7

6 5 1 3 1 1 2 7 8

Table 5 The parameter table for d (= 4, 6, 8), k = d−σ

2
or d−σ+2

2
, ind = d+σ

2
or d+σ+2

2
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For even d (= 4, 6, 8), k = d−σ
2 or d−σ+2

2 , ind = d+σ
2 or d+σ+2

2 , list their constructing tables

above.

For odd d (= 5, 7, 9), k = d−σ+1
2 , ind = d+σ+1

2 , list their constructing tables:

d = 5 d = 7 d = 9

σ r s r′ s′ k ind

−4 1 4 2 2 5 1

−2 1 4 3 1 4 2

0 2 3 3 1 3 3

2 3 2 3 1 2 4

4 4 1 3 1 1 5

6 5 0 3 1 0 6

σ r s r′ s′ k ind

−6 1 5 1 3 7 1

−4 1 5 2 2 6 2

−2 1 5 3 1 5 3

0 2 4 3 1 4 4

2 3 3 3 1 3 5

4 4 2 3 1 2 6

6 5 1 3 1 1 7

σ r s r′ s′ k ind

−6 1 5 1 3 8 2

−4 1 5 2 2 7 3

−2 1 5 3 1 6 4

0 2 4 3 1 5 5

2 3 3 3 1 4 6

4 4 2 3 1 3 7

6 5 1 3 1 2 8

Table 6 The parameter table for d (= 5, 7, 9), k = d−σ+1

2
, ind = d+σ+1

2

As for the remaining indices (in column BI\ind), we can construct them, using (M2) and (M3).

d ind by r s k

6 8 (M2) 5 1 0

8 9 (M2) 5 1 1

8 10 (M3) 0

7 8 (M2) 5 1 0

9 9 (M2) 5 1 1

9 10 (M3) 0

Example 3 m = 5, n = 7 and 5 ≤ d ≤ 10. First, using (M1), we have the following table.

d m + n − d σ k ind BI\ind

5 7 [−4, 6]2 [0, 5]− [1, 6]

7 5 [−6, 8]2 [0, 7]− [1, 8]

9 3 [−8, 8]2 [1, 9]− [1, 9] 10

6 6 [−6, 6]2 ∪ [−4, 8]2 [0, 6]− ∪ [0, 6]− [0, 6] ∪ [2, 8] = [0, 8]

8 4 [−8, 8]2 ∪ [−6, 8]2 [0, 8]− ∪ [1, 8]− [0, 8] ∪ [2, 9] = [0, 9] 10

10 2 [−8, 8]2 ∪ [−8, 8]2 [1, 9]− ∪ [2, 10]− [1, 9] ∪ [2, 10] = [1, 10] 11, 12

Table 7 The parameter table for m = 5, n = 7 and 5 ≤ d ≤ 10

For odd d (= 5, 7, 9), k = d−σ+1
2 , ind = d+σ+1

2 , list their constructing tables:
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d = 5 d = 7 d = 9

σ r s r′ s′ k ind

−4 1 4 3 4 5 1

−2 1 4 4 3 4 2

0 1 4 5 2 3 3

2 1 4 6 1 2 4

4 2 3 6 1 1 5

6 3 2 6 1 0 6

σ r s r′ s′ k ind

−6 1 4 2 5 7 1

−4 1 4 3 4 6 2

−2 1 4 4 3 5 3

0 1 4 5 2 4 4

2 1 4 6 1 3 5

4 2 3 6 1 2 6

6 3 2 6 1 1 7

8 4 1 6 1 0 8

σ r s r′ s′ k ind

−8 1 4 1 6 9 1

−6 1 4 2 5 8 2

−4 1 4 3 4 7 3

−2 1 4 4 3 6 4

0 1 4 5 2 5 5

2 1 4 6 1 4 6

4 2 3 6 1 3 7

6 3 2 6 1 2 8

8 4 1 6 1 1 9

Table 8 The parameter table for d (= 5, 7, 9), k = d−σ+1

2
, ind = d+σ+1

2

For even d (= 6, 8, 10), k = d−σ
2 or d−σ+2

2 , ind = d+σ
2 or d+σ+2

2 , list their constructing tables:

d = 6 d = 8 d = 10

σ r s r′ s′ k ind

−6 1 4 2 5 6 0

−4 1 4 3 4 5 6 1 2

−2 1 4 4 3 4 5 2 3

0 1 4 5 2 3 4 3 4

2 1 4 6 1 2 3 4 5

4 2 3 6 1 1 2 5 6

6 3 2 6 1 0 1 6 7

8 4 1 6 1 0 8

σ r s r′ s′ k ind

−8 1 4 1 6 8 0

−6 1 4 2 5 7 8 1 2

−4 1 4 3 4 6 7 2 3

−2 1 4 4 3 5 6 3 4

0 1 4 5 2 4 5 4 5

2 1 4 6 1 3 4 5 6

4 2 3 6 1 2 3 6 7

6 3 2 6 1 1 2 7 8

8 4 1 6 1 0 1 8 9

σ r s r′ s′ k ind

−8 1 4 1 6 9 10 1 2

−6 1 4 2 5 8 9 2 3

−4 1 4 3 4 7 8 3 4

−2 1 4 4 3 6 7 4 5

0 1 4 5 2 5 6 5 6

2 1 4 6 1 4 5 6 7

4 2 3 6 1 3 4 7 8

6 3 2 6 1 2 3 8 9

8 4 1 6 1 1 2 9 10

Table 9 The parameter table for d (= 6, 8, 10), k = d−σ

2
or d−σ+2

2
, ind = d+σ

2
or d+σ+2

2

As for the remaining indices (in column BI\ind), we can construct them, using (M2) and (M3).

d ind by r s k

9 10 (M2) 4 1 0

8 10 (M2) 4 1 2

10 11 (M2) 4 1 1

10 12 (M3) 1

4. Conclusion

Theorem 1 The balance index set of general butterfly graph is
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BI(B[m, n; d]) =























[1, d + 1] for 2 6 |(m + n − d), d ≤ m + n − 3

[d−m−n+5
2 , d+m+n+1

2 ] for 2 6 |(m + n − d), d ≥ m + n − 1

[0, d + 2] for 2|(m + n − d), d ≤ m + n − 4

[d−m−n+4
2 , d+m+n+2

2 ] for 2|(m + n − d), d ≥ m + n − 2

.

Proof By the discussion in §2 and §3, the proof of this theorem completed .

Theorem 2 For integers m, n ≥ 3 and d ≥ 1, the graph B[m, n; d] is balanced if and only if

d ≤ m + n − 2.

Proof Obviously, the intervals [1, d + 1] and [0, d + 2] contain 0 or 1. But,

when d ≥ m + n − 1, d−m−n+5
2 ≥ 2 =⇒ the intervals [d−m−n+5

2 , d+m+n+1
2 ] do not contain 0

or 1;

when d ≥ m+n, d−m−n+4
2 ≥ 2 =⇒ the intervals [d−m−n+4

2 , d+m+n+2
2 ] do not contain 0 or 1;

when d = m + n − 2, d−m−n+4
2 = 1 =⇒ 1 ∈ [d−m−n+4

2 , d+m+n+2
2 ].

Therefore, by the definition of balanced graph and Theorem 1, the conclusion holds.

References

[1] LEE S M, LIU A C, TAN S K. On balanced graphs [J]. Congr. Numer., 1992, 87: 59–64.
[2] SEOUD M A, ABDEL MAQSOUN A E I. On cordial and balanced labelings of graphs [J]. J. Egyptian Math.

Soc., 1999, 7(1): 127–135.
[3] HOVEY M. A-cordial graphs [J]. Discrete Math., 1991, 93(2-3): 183–194.

[4] CAHIT I. On cordial and 3-equitable labellings of graphs [J]. Utilitas Math., 1990, 37: 189–197.

[5] SEAH E. On the construction of cordial graphs [J]. Ars Combin., 1991, 31: 249–254.
[6] CAIRNIE N, EDWARDS K. The computational complexity of cordial and equitable labelings [J]. Discrete

Math., 2000, 216: 29–34.
[7] SHEE S C, HO Y S. The cordiality of one-point union of n copies of a graph [J]. Discrete Math., 1993,

117(1-3): 225–243.

[8] SHEE S C, HO Y S. The cordiality of the path-union of n copies of a graph [J]. Discrete Math., 1996,
151(1-3): 221–229.

[9] KUO S, CHANG G J, KWONG Y H H. Cordial labeling of mKn [J]. Discrete Math., 1997, 169: 1–3.


