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Abstract This paper gives the relationships among partial tilting objects (tilting objects) of
categories of graded left A-modules of type G, left A-modules, left A.-modules and AfG-modules,
and then proves that for graded partial tilting modules, there exist the Bongartz complements
in the category of graded A-modules.
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1. Introduction and preliminaries

In 1970’s, arising from the quivers of hereditary algebras, Berstein, Gel’fand and Ponomarev
introduced the notion of a reflection functor, and proved the BGP-theorem. Basing on it, they
gave a new proof to the famous Gabriel theorem, turned on a new orientation of the development
of the Morita theory, and brought a new research field—tilting theory[!). Later, tilting theory
was generalized well by Auslander, Platzek, Reiten, Bernner, Butler, Bongartz, et al. Eventually
Happel and Ringel presented the notion of tilting modules with the form of axiom[?=5. During
the later twenty years, tilting theory developed well, which made algebraic representation theory
progress quite well and promoted the developments of many research fields related with tilting

671 Lately, Kleiner introduced a new grading on the preprojective algebra of a quiver!®,

theory!
which provided us with a tool for our research. Combining with graded ring theory and smash
product theory, this paper discusses the relationships among partial tilting objects (tilting ob-
jects) of categories of graded left A-modules, left A-modules, left A.- modules and AfG-modules,
and then proves that for graded partial tilting modules, there exist the Bongartz complements
in the category of graded A-modules.

Throughout this paper, let G be a multiplicative group with identity element e, k be an
algebraically closed field, and A be a finite dimensional associative graded k-algebra of type G.

The category A-gr consists of graded A-modules of type G and the morphisms are taken to be
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graded morphisms of degree e. We can define the restriction functor (—), : A-gr— A.-Mod by
putting (M), = M, while a morphism f : M — N in A-gr restricts to (f)e = fe : (M) —
(N)e. Consider M, N € A-gr. Let HOM4(M, N), be an additive subgroup of Hom4 (M, N)
composed of graded morphisms of degree g and HOM4(M,N) = &43ecHOM4 (M, N)y. The
Ist derived functors of the functors HOMa(—, —)y, HOMA(—, —) and Hom4-gr(—, —) are de-
noted by EXTA(—, =)y, EXT4(—, —) and Exta-gr(—, —) respectively. It is easy to show that
Exta-gr(M,N) = EXTA(M,N), and EXT4(M,N) = ©gecEXTA(M,N), for M,N € A-gr.
Without special explanation, all our A-modules will be finitely generated left A-modules. Hence
HOMA (M, N) = Homa (M, N) and for every n > 0 it follows that EXT"} (M, N) = Ext’y (M, N),
HOMA(M,N) =HOM4(M(g), N(h)) and EXT4(M,N) = EXT4(M(g), N(h)) where g,h € G.
We denote by Ky(f.g A_grzm) the Ko-group of f.g A_grzm which is an additive full subcategory
of A-gr composed of finitely generated graded modules. If the Ky-groups of rings (resp.exact
categories) are free, then let rankKy(—) be the rank of Ky-group.

For convenience, let us recall some notions and properties (the other related notions can be
seen in [7, 9-11]).

Definition 1.1 Let A be a G-graded ring. Define the smash product AfG as the free A-module

@gec AP, with multiplication as follows:
(aPy)(bP,) = aby,-1P,, for g,h € G and a,b € A.
It is clear that AfG is a ring.

Definition 1.2 Let A be a G-graded ring and M € A-gr. Define MG as ®yecgM Py where Py is
Jjust a symbol indexed by g and the elements of ®4cM P, are the finite formal sums of m, Py for
mg € M and g € G. MYG is an A§G-module with its addition and A§G-modular multiplication

as follows:

(azmy) Py, h=yg,
SgeamgPy + SgeamyPy = gea(mg +my) Py, (agPy)(myPy) = { o

0, h # yg,
where a, € A, and my € M,. We call M§G the smash product of M by G.

Proposition 1.3 The functor #G: A-gr— A{G-Mod,
M — MG
f:M — N+ fiG: MG — NG
my Py, — f(mg) Py, m, € M,

is a covariant exact functor and preserves the direct sum.

Proposition 1.4 Let A be a G-graded ring. Then there is an equivalence of categories
A-gr~ AtG-Mod by the equivalent functors:
()*: A-gr— AtG-Mod
M =®gecMy— M* = (M, My---My...)
and the invertible functor: (). : AfG-Mod— A-gr
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N=(

where e =
(9,9)

)Ne N

1 E€nmy Vo Cg g

i —
€loe N,..)— N, = Bgece, N,
16

Py.

2. Graded partial tilting modules and the Bongartz-complement

In this section, we introduce the notion of partial tilting objects and strongly partial tilting
objects in A-gr, discuss whether the functor (=), and —fG can preserve partial tilting objects,
and then prove that for graded partial tilting modules, there exist the Bongartz-complements
in the category of graded A-modules. Note that the projective dimension of M in A-gr will be
denoted by gr.pda M.

Definition 2.1 Assume M € A-gr. Then M is called graded partial tilting module if it satisfies
the following conditions:

(1) gr.pdaM < 1;

(2) Exta—g(M,M)=0.

Obviously, if a graded module is a partial tilting module, then it is certainly a graded partial

tilting module. Conversely, it is always not true.

Example 2.2 Consider the path algebra A = k@, where @): 1-%2 7,3 Assume G = Zs.
Then A is turned to be a graded k-algebra of type G according to the lengths of paths (this
graded structure for a path algebra is natural). It is easy to prove that AfG = kQapc where

b . .
Q agc is given by:

1 — 2 — 3
—s 5 — 6.

— 8 — 9

Hence Aes = k{es}, Aes = k{es, f} and Ae; = k{e1, a, fa} are A-graded modules respec-

tively with graded structures as follows:

- =0
kies}, i=0 -
(egp = £k 120 e =8 g =T
0, 1#£0 -
1=2
k{el}v ; 6
(Aer); = ¢ k{a}, i=1
k{pa}, i=2
k{p*}, i=0
0, 1 #0
owing to [8], if we consider the case when a(y) = b(y) = 1 for ¥y € Q1, then the (a,b)-

Let M £ 77! Aes. Obviously, M is graded with (77!Ae3); = . In fact,

— —
preprojective algebra of the quiver 674) is turned out to be A’ = (kQ')/I where Q' is given
by:
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a p
17 2 T 3
and the two-sided ideal I = ({a*a, 3* — aa*, —B3*}). It follows that M = 771 Aes = V[ =
k{3*}, i=0
E{B*} , which can be a G-graded A-module with M; = { O{ﬁ b f# 5
) i

We claim that graded module M @ Aes is a graded partial tilting module but not partial
tilting module. Actually, AfG-module M Py and Aes Py can be represented by their dimension

vectors as follows:

— 0 — —_ — 0
— 0 — , — —
— 1 — — — 0

And it is easy to check that B & M P5; @ Aes Py is a partial tilting AjG-module. Applying the
Proposition 1.4, we prove that B, = M @ Aes is a graded partial tilting module where M and
Aes are graded modules. However, since Ext 4 (M, Aes) # 0, we have Ext4(B., B.) # 0. Hence
A-module B, is not a partial tilting module. O

From [9], we know that for Vg € G the translational functor T, : A-gr— A-gr is an equivalent
functor and if the ring A is a strongly graded ring of type G, then (). : A-gr= A.-Mod: A® 4, -are

mutually equivalent functors. We get

Proposition 2.3 Let A be a strongly graded ring of type G and M = ®4eqM, be a graded
A-module. Then the followings are equivalent:

(1) M is a graded partial tilting A-module;

(2) M, is a partial tilting A.-module;

(3) There is g € G such that M, is a partial tilting A.-module;

(4) M, is a partial tilting A.-module for Vg € G.

Because of the difference between the derived functor EXT 4(M, N) and Exta-gr(M, N), we
introduce the notion of graded strongly partial tilting module, that is,

Definition 2.4 M € A-gr is called graded strongly partial tilting module if it satisfies the
following conditons

(1) grpdaM < 1;

(2) EXTA(M,M)=0.

Clearly, graded module M is a graded strongly partial tilting module if and only if M is a
partial tilting module. In addition, graded strongly partial tilting modules are graded partial

tilting modules. Conversely, it is not always true, as shown in Example 2.2.

Proposition 2.5 Assume the multiplicative group G is finite. Then M is a graded strongly
partial tilting module if and only if MG is a partial tilting A§G-module.

Proof Since ()* : A-gr— A#G-Mod is an equivalent functor and MG = (Bg4ea(M(g)))*, we
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have
AﬁGMﬁG pdAuG (@qeG(M(g)))* = gr-PdA(@geG(M(g)))
= pdu(®gec(M(g))) = sgg{pdAM(g)} =pd M = gr.pdy M.
g

Sogrpdy,M <1<=pd, MiG<1

Moreover, it is easy to show that

AfG

Extage(MYG, M§G) = Extage((Dgec(M(9)))", (Dgec(M(g)))")
= Exta-gr(®gea(M(9)), Bgea(M(9)))
= @gec:@heGEX‘DA—gr(M(g)a M(h)) =
= @gec(Brec(EXTA(M, M))g-1p,

ByecBrecExtagr(M, M (g 'h))
GqugEXTA (M M)

\./\_/

Thus Extage (MG, MiG) = 0 <= EXTA(M, M) = 0. O
Next let us discuss the existence of the Bongartz-complement in A-gr. For convenience, we

introduce the notion of the graded tilting module firstly.

Definition 2.6 M € A-gr is called graded tilting module if it satisfies the following conditions:
(T1) grpd M < 1;
(T2) Exta-gr(M, M) =0;
(T3) There exists a short exact sequence 0 — A — M’ — M" — 0 with M’ and M"
direct sums of direct summands of M in A-gr, that is, M" and M" € adda-gr(M).

Remark 2.7 It is well known that one of conditions in the definition of the tilting module, similar
to (T3) above, can be replaced by (T3)’: the number of mutually non-isomorphic indecomposable

summands of M equals to rankKy(A). But this case is not true for graded tilting modules.

Example 2.8 For Example 2.2, it is clear that A = ®3_; Ae; is a graded tilting module and
Aey, Aeq and Aez are mutually non-isomorphic and indecomposable in A-gr. But the number of
mutually non-isomorphic indecomposable summands of A 3 does not equal to rank Ky (f.g A_grsm).
In fact, rankKo(f.g 4-grMM) = rankKo(AfG) = |G|rankKo(A) =9 # 3. O

Now we show the existence of Bongartz-complements of graded partial tilting modules in

categories of graded modules.

Theorem 2.9 Let T be a graded partial tilting A-module. Then there exists a graded A-module
X such that T @& X is a graded tilting A-module.

Proof It is not hard to prove that for VA’, B € A-gr it follows that e o-gr(B, A’) = Exta-gr(B, A")
where ea-gr(B, A’) = { short exact sequences 0 — A" — €' — B — 0in A-gr [A', B,C € A-
gr}.

Let ey, ea,...,eq be a basis of the k-vector space Exta-gr(T, A), and consider the exact

sequence

0— A X—>T(d)—>0———(>k)
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defined as the push out in A-gr along the graded morphism f : A4 — A:(ay,as,...,aq) —

¥4 a; of the exact sequence ®¢_,e;, that is,

0 — AD ILogd x, 7@
Lf ! l
0o — A4 X X — 7@ — 0

Since pd 4T = gr.pd,T < 1, pd 44 = 0 and (x) is exact in the A-modules category, we have
pd X < 1. Hence gr.pd (T @ X) =pdy (T ® X) < 1.

Applying the functor Hom4-gr (7', —) to (*) gives a long exact sequence:

HOHIA-gr(T, T(d)) i> EXtA-gr(T, A) — EXtA-gr(T, X) — EXtA-gr(T, T(d)) =0.

By construction, ¢ is surjective. Hence Exta-gr(T, X) = 0.

Moreover, applying Hom 4-gr(—,T') to (x) yields:

0 = Exta-gr(T'P,T) — Extagr(X,T) — Extagr(A,T) = (EXT4(A,T)). = 0.

Thus Exta-gr(X,T) = 0.

And applying Hom4-gr(—, X) to (x) yields:

0 = Exta-gr(T?9, X) — Exta-gr(X, X) — Exta-gr(4, X) = (EXT4(4, X)), = 0.

It follows that Ext4-gr(X,X) = 0.

Hence Exta-gr(T © X, T ® X) = 0. Since (*) is the sequence of (T3), T'® X is indeed a
graded tilting module. O

3. Tilting modules MiG

Assume G is a finite multiplicative group. And in this section we mainly talk about how the
functor-fG can preserve tilting modules. Note that according to the AfG-modular multiplication
of MG, M P, is an AjG-submodule of MG forVg € G. So we have

Theorem 3.1 If the partial tilting graded A-module M in A-gr has an indecomposable decom-
position M = @ | T;, where n = rankKy(A), T; are mutually non-isomorphic and T; % T;(g)
NVge G, g#e;i,j=1,...,n ) in A-gr, then the AfG-module MH{G is the tilting module.

Proof Since ()* : A-gr — A#G-Mod is an equivalent functor and M{G = (®4ec(M(9)))*, we
have
pd,, MIG = pd,,, (Bgec(M(9)))" = grpda(@gec(M(g)))
= pda(@gec(M(9))) = supipdsM(g)} = pds M < 1
ge

and

Extaga(MIG, M3G) = Extaze((Sgea(M(9)))", (Bgec(M(g)))")
= EXtAfgr(GagGG(M(g))a ®g€G(M(g)))
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= (EXTa((®gea(M(9)), (Bgec(M(g)))))e-

It is easy to show that

EXTA(EB!]EGM(Q)7 EB!]EGM(Q)) = EXtA(@geGM(Q)v ®QEGM(9))
= Bgeq Bgec Exta(M(g), M(h))
M

= @QGG @QGG EXtA ,M) =0.

Thus Extaye(MEG, MiG) = (EXTa(DgecM(9), BgecM(g)))e = 0.

By conditions, there exists an AjG-modular decomposition
MG = (@7 TG = @1 (TiiG) = &1 ®yecTiPy.

And we claim that T; P, are indecomposable AfG-modules and mutually non-isomorphic. In fact,
assume T; P, are decomposable, i.e., T;P, = D & B. Since D & B = T;P, = (T;(g7'))* and ().
AfG-Mod— A-gr is equivalent, we have T;(g~!) = D, @ B,, that is, T; are decomposable, a
contradiction.

Next let us divide into three steps to prove that T; P, (Vg € G,i = 1,...,n) are mutually non-
isomorphic. If T;P, = T, P, where i # j, then (T;(¢71))* = (Tj(¢~"))*. Thus T3(¢g~) 2 Ty(g71).
Hence T; = T}, a contradiction; if T; P, = T;P, where g # h, then it is similar to prove that
Ti(g71)) 2 T;(h~1). And since the translational functors are equivalent functors, T; = T;(gh~1),
a contradiction; if T;P, 2 T, P, with g # h and i # j, then from (T;(¢71))* & T, P, & T; P,
(T;(h=1))* it follows that there exists a graded isomorphism 7; = T;(gh™'), a contradiction.

To sum up the above-mentioned, the theorem is proved. O

Corollary 3.2 If graded A-module M is a tilting module and in A-gr has an indecomposable
decomposition M :&-:1 T; where T; 2 Ti(g) (Vg € G and g # e), then A$G-module MG is a
tilting module.

Example 3.3 For Example 2.2, it is obvious that BB(APR)-tilting module T' = Ae; & Aey @
771 Aes satisfies the conditions of the Theorem 3.1. Hence TG is a tilting AfG-module.
In fact, for Vg S Zg, it follows that Aelpl—- = (AﬁG)(ElP;, ASQP; = (AﬁG)GQP; Clearly, AﬂG—

module M Ps, M Pr and M P; can be represented respectively by the dimension vectors as follows:

0 — 0 — — 1 — 0 — 0 — 0
0 — 0 — , — 0 — 0, — 1 — 0
0O — 1 — — 0 — 0 — 0 — 0

Then according to the definition of the tilting module, it is proved directly that TG is an Af{G-
tilting module. On the other hand, although T is a BB(APR)-tilting module, T§G is not so.
Thus —fG does not preserve the BB(APR)-tilting module. O

Definition 3.4 M € A-gr is called graded strongly tilting module if it satisfies the following
conditions:
(1) gr.pdsM < 1;
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(2) EXT4(M,M)=0;

(3) There exists a short exact sequence 0 — A — M’ — M" — 0 with M’ and M"
direct sums of direct summands of M in A-gr, that is, M" and M" € adda-gr(M).

Obviously, graded strongly tilting modules are graded tilting modules. Conversely, it is not

always true.

Example 3.5 For example 2.2, it follows that Ae; P; = (AfG)e1 Py, AeaP; = (A#G)es P; and
AesP; = (AfG)e3 P; are all indecomposable AfG-projective modules for Vi € Zsz. It is easy to
prove that AfG-module

CéMP@@Aegpﬁ@Aelpg@Aelpﬁ@AGQPTEBA63P§€BA61PT€BA62P§€BA63P6

is an AfG-tilting module. Applying the Proposition 1.4 yields that C, is a graded tilting module.

But since Ext (M, Aes) # 0, EXT4(Cy, Cy) = Exta(Cy, Cy) # 0. Hence C, is a graded tilting

module but not graded strongly tilting module. O
Applying the Proposition 2.5 and the exactness of the functor —§G, we have

Proposition 3.6 If M is a graded strongly tilting A-module, then M4G is an AfG-tilting

module.

4. A.-tilting modules

In this section, we discuss the relationships among tilting objects (partial tilting objects) of
categories A-gr, A-Mod and A.-Mod.

From [9], we know that for Vg € G the translational functor T, : A-gr — A-gr is an
equivalent functor and if the ring A is a strongly graded ring of type G, then (). : A-gr =
Ac.-Mod : A® 4,-are mutually equivalent functors. We have

Proposition 4.1 Let A be a strongly graded ring of type G and M = ©4cqgM, be a graded
A-module. Then the followings are equivalent:

(1) M is a graded tilting A-module;

(2) M, is a tilting A.-module;

(3) There exists g € G such that M, is a tilting A.-module;

(4) M, is a tilting A.-module for Vg € G.

Theorem 4.2 Let A be a strongly graded ring of type G. If the partial tilting graded A-
module M in A-gr has an indecomposable decomposition M = EB?:lNi]“ where n = rank K (A4.),
k; € Z* and N; are mutually non-isomorphic, then M, is a tilting A.-module for Vg € G (M, is
g-component of M ).

Proof Since A is a strongly graded ring of type G, then (). : A-gr = A.-Mod : A® 4,-are mutu-
ally equivalent functors. Thus pdM, < 1. Observe that Exta, (Mg, My) = Exta, ((M(g))e, (M(g))e)
= Exta-gr(M(g), M(g)) = (EXTa(M(g), M(g)))e = 0.

Next, we claim that N, is a strongly graded module. Since A is a strongly graded ring
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of type G, we have (N;), # 0. In addition, applying the functor (T,(—)). to M = @7 N
yields (M(g))e = iy (Ni(g))e', that is, My = @i (N;)g'.
gr, (N;)4 is also indecomposable in A-gr. (If not, then there is a decomposition of A.-modules
(N;)g = B & D, which leads to that N;(g) = A®a, (N;)g = A®a, B& A®a, D, that is, N; is

decomposable in A-gr. It yields the contradiction). Then since N; 22 N; (i # j7), it is easy to prove

Since N; is indecomposable in A-

that (N;)g 2 (INj)g. So the number of mutually non-isomorphic indecomposable summands of
M, equals to rank Ko (Ae). O

Remark 4.3 The condition that A is a strongly graded ring of type G in Theorem 4.2 cannot

be lost but is not necessary.

Example 4.4 For example 2.2, A is not a strongly graded ring of type G and M £ 771 Aez =
V™ = k{B*} is a graded A-module with
k{p*}, i=1
(TilAeg)g = {ﬁ }, f —
0, 1#1
Then it is easy to show that T'= Ae; & Aex & M is a graded A-module and tilting module and

T. = k{e1} ® k{e2} ®0. But the number of mutually non-isomorphic indecomposable summands

of T does not equal to rankKy(A.) = 3. Hence it is not a tilting A.-module. O

Example 4.5 Consider the path algebra A = k@), where @: 1292, 3. It is seen from

[8] that if we consider the case when a(y) = b(y) = 1 for Vv € @1, then the (a,b)-preprojective
— —

algebra of the quiver @) is turned out to be A’ = (kQ')/I, where @’ is given by:

a B
— 22—
1= = 3

and the two-sided ideal I = ({a*a, %8 —aa*, —(5*}). Then the preprojective algebra is turned
into a graded k-algebra of type Z3 by the degrees of pathes. Obviously, it is not strongly graded.
We can prove that A’e; = k{e1,a, fa}, A'es = k{es, 8, 5*3,a*} and A’es = k{es, 3*, a*3*}

are graded A’-modules respectively with their graded structures as follows:

- = k{6276}7 ;:6
(Aer) = | Flenadod 1=00 0 o gsiar), =T
0 10 0 i=2

i=0
(Aes)y =19 K{ B}, i=T1 .
s}, 1=2
It is clear that A’ = (kQ—;:)/I = Aley @ A'es @ A'es is a tilting A’-module and (4'); =

(A’el)ﬁ@ (A/62)6@ (A’63)5 = k{el, a, ﬁa} D k{eg, 6} D k{eg} = A61 D A€2 D Aeg iS also a tilting
A/ﬁ = A-module.
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