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Abstract The singular boundary value problem

W (@) = h@)f(p(x) =0, 0<z<1,
0(0) = p(1) = ¢'(0) = ¢'(1) = 0
is considered under some conditions concerning the first eigenvalues corresponding to the relevant

linear operators, where h(z) is allowed to be singular at both z = 0 and = 1. The existence
results of positive solutions are obtained by means of the cone theory and the fixed point index.
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1. Introduction and main results

The existence of positive solutions for nonlinear fourth-order two-point boundary value prob-
lems has been studied by many authors using nonlinear alternative of Leray-Schauder, coinci-

1,2]

dence degree theory and fixed point theorem! In this paper, we consider the singular boundary

value problem of fourth-order differential equations

{ P (x) — h(@)f(p(x) =0, 0<z <1 W)
©(0) = (1) = ¢'(0) = ¢'(1) = 0,

where h(z) is allowed to be singular at both 2 = 0 and z = 1. We obtain the existence results of
positive solutions by means of the cone theory and the fixed point index under some conditions
concerning the first eigenvalues corresponding to the relevant linear operators.

In the Banach space C[0,1] in which the norm is defined by |¢|| = maxo<z<1 |p(x)], we set
P={peC[0,1] | ¢(x) >0, z €[0,1]}. P is a positive cone in C[0, 1]. Throughout this paper,
the partial ordering is always given by P. We denote by B, = {¢ € C[0,1] | |l¢|| < r}(r > 0)

the open ball of radius 7.
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Now let G(x,y) be the Green’s function of the linear problem ¢ (z) = 0, x € (0,1) subject
to the boundary conditions of problem (1.1), which can be explicitly given by

1] 220 =)y —2) +2(1 —2)yl, 0<w<y<l,
G(z,y) == 1.2
) 6{y2<1—x>2[<x—y>+2<1—y>x1, O<y<a<i, (12
We make the following assumptions:
(Hy) h:(0,1) — [0,+0c0) is continuous, h(z) # 0, and fol z(1 — x)h(z)dr < 4o00.
(Hg) f:]0,400) — [0,400) is continuous.
Set
1
(Ap)(z) = /0 Gz, y)h(y) f((y))dy, (1.3)
1
)@ = [ Glah)eay. (1.4

¢ is said to be positive solution of (1.1) if ¢ € C[0,1] N C™(0,1), ¢(z) > 0, = € (0,1) and
satisfies (1.1).

Theorem 1 Suppose that the conditions (Hy ), (Hs) are satisfied, and
fu) f(u)

liminf —= > Ay, limsup —= < Ay,
u—0+t u u—4oo U

where A1 is the first eigenvalue of T. Then the singular boundary value problem (1.1) has at

least one positive solution.

Theorem 2 Suppose that the conditions (Hy ), (Hs) are satisfied, and

lim inf Q) > A, (1.5)
u——+o0 U
lim sup 0 < A1, (1.6)
u—0+ u

where A1 is the first eigenvalue of T. Then the singular boundary value problem (1.1) has at

least one positive solution.

2. Preliminaries

In this section, we will establish several lemmas for the proof of our main results. Here

Lemma 1 is directly obtained by (1.2) and Lemma 2 follows from the Arzera-Ascoli theorem.
Lemma 1 The function G(z,y) has the following properties:

(i) 32°(1—2)*y*(1 —y)* < G(z,y) < 3e(l —2)y*(1 —y)*, ¥V =,y € [0,1];

(ii) G(z,y) < 32°(1 —2)’y(1 —y), ¥V a,y € [0,1].

Lemma 2 Suppose (H;) and (Hy) are satisfied. Then A : P — P is a completely continuous

operator.
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It is not difficult to verify that the nonzero fixed points of the operator A are the positive
solutions of singular boundary value problem (1.1). In addition, we have from (H;) that T :
C0,1] — C0,1] is a completely continuous linear operator and T'(P) C P.

Similar to Lemma 3 in [3], we have

Lemma 3 Suppose that (Hy) is satisfied. Then for the operator T defined by (1.4), the
spectral radius r(T') # 0 and T has a positive eigenfunction corresponding to its first eigenvalue
A = T(T)_l.

Lemma 4 Suppose that the conditions (Hy) and (Hz) are satisfied. If ¢* € P is the positive
eigenfunction of T' corresponding to its first eigenvalue A1, then

(i) there exist 61,02 > 0 such that §;G(z,y) < ¢*(y) < 629*(1 —y)%,0 <z, y < 1.

(ii) for ¥*(z) = ¢*(x)h(x), we have

/w o < +00, P Al/ Gy, D)h(x)* (y)dy, = € [0,1].

Proof (i) Since ¢* € P is the positive eigenfunction of T, it follows from Lemma 1 that

P*(y) = 3y2(1-y)? [y 22(1—2)2h(@)p* (2)de and ¢*(y) < Fy(1-y) [y 22(1—2)*h(2)e" (2)de,
therefore fo (1 —z)?h(z)p*(x)dz > 0. It follows from (11) of Lemma 1 that ¢*(y) < &y?(1 —
fo z(1 — z)h(x)p* (z)dx. Set

81 ! 2 2 * A1 ! *
01 = = | ® (1 —z)°h(x)e"(z)dz, = 5 z(1 — z)h(z)p* (z)dz.
0 0
Then we have
0G(wy) <@*(y) <o’ (1-y)% 0<ay<1
(i) Suppose ¥*(x) = ¢*(x)h(z). We have from (i) and (H;) that fo z)dz < &y fo

x)?h(z)dz < 4o00. In addition, it follows from G(z,y) = G(y, ) that

1 1
N / Gy, 2)h(@)e* (y)dy = Mh(z) / Gy, 2)h(y)e" (v)dy
0 0

3. Proof of main theorems

The proof of Theorem 1 is analogous to that in [3, Theorem 1], so we omit it. Now we only

need to prove Theorem 2.

Proof of Theorem 2 We introduce

={oer| [ @z all) (31)

where ¢* and ;1 are defined by Lemma 4. It is easy to check that P; is a cone in C[0,1] and
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P, C P. It follows from Lemma 4 that, for every ¢ € P
[ e @mowe =3t [ e e = [ awnewa = 1))

Then [ ¢*(z)(T¢)(x)dz > A\ 01| Te], ie., T(P) C P,.

It follows from (1.5) that there exists € > 0 such that f(u) > (A1 + €)u when u is sufficiently
large. We know by (H3) that there exists b > 0 such that f(u) > (A + ¢)u — b. Take R >
(e61) 71N\ fo z)dz. In the following, we prove

o —Ap # pp*, Yo € IBRN P, >0, (3.2)

where ¢* € P is the positive eigenfunction of T' corresponding to its first eigenvalue A;. If
otherwise, then there exist ¢1 € dBr N P and pg > 0 such that

— Ap1 = poyp™. (3.3)

Since T'(P) C P, and f is continuous, we have A(P) C P;. It follows from (3.3) that ¢1 € P.
Therefore by Lemma 4 and (3.1), we have

[ @@ [ v @

> (M +e)A /1/) x)p1(z)de — bAT /1/) dx—/ v (z)p1 (x

> eI || - b)\l_l/o Y*(z)dz = A\]! [gx;lalR - b/o w*(:c)dx} > 0.

On the other hand, we have from (3.3) that

1
/ " (@)1 (2)dz — / V@) Apn)(e)de = po [0 (@) @) 20,
0
It is a contradiction. So from Corollary 2.3.1 in [4], we have
i(A, BRn P, P)=0. (3.4)

It follows from (1.6) that there exists 0 < r < R such that f(u) < Aju, V0 < u < r. If there
are @9 € 0B, NP and pp > 1 such that Aps = pyp2, we may suppose that p; > 1, otherwise we

are done. Thus

e / G2, 9)h() f(2(1))dy < M / Gz, y)h(y) s (y)dy. (3.5)

After multiplying the both sides in (3.5) by * and integrating them, we get from Lemma 4(ii)
that

i / (@) ()dz < Ay / ¥ (2)da / Gz, 9)h(y)p (3)dy

—A1/0 <>dx/0 Gy, 5)h(z dy—/¢ Dol (3.6)

Since A(P) C Py and g = iAng, w2 € P, we have py € P; which implies fo P* ()2 (z)dz > 0.
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Then (3.6) implies p; < 1, a contradiction. So from Lemma 2.3.1 in [4], we have
i(A, B,nP, P)=1. (3.7)
By (3.4) and (3.7), we have
i(A, (BRNP)\ (B, NP), P)=i(A, BgNP, P)—i(A, B,NP, P)=-1.

Then A has at least one fixed point on (Bg N P) \ (B, N P). This means that the singular

boundary value problem (1.1) has at least one positive solution.
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