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Abstract Let L be the symplectic algebra or the orthogonal algebra over a commutative ring
R, h the maximal torus of L consisting of all diagonal matrices in L, and b the standard Borel
subalgebra of L containing h. In this paper, we first determine the intermediate algebras between
h and b, then for such an intermediate algebra, we give an explicit description on its derivations,
provided that R is a commutative ring with identity and 2 is invertible in R.
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1. Introduction

Let R be a commutative ring with identity, R* the subset of R consisting of all invertible
elements in R, 2 € R*, E(™) the m x m identity matrix over R (E(™) is abbreviated to E), R™*"
the set of all m x n matrices over R and gl(m, R) the general linear Lie algebra consisting of all
m x m matrices over R with bracket production: [X,Y] = XY -Y X. For A € R™*", A’ denotes
the transpose of A. Let t(m, R) (resp., d(m, R)) be the subalgebra of gl(m, R) consisting of all

upper triangular(resp., diagonal) matrices. For p = £1 and 6 = 0,1, we set

0 o p
Lys= { 3 A B o, € R*™, A ct(m,R), BeR™™, satisfies
—a' 0 =A

a=2"151+pa, B=2"16(1+p)p, B = —pB},

which is a subalgebra of gl(2m + 1, R). We see that the symplectic algebra sp(2m, R) (resp.,
the orthogonal algebra o(2m, R)) is embedded into L_; ¢ (resp., L1 ) and sp(2m, R) (resp.,
o(2m, R)) is isomorphic to L_; ¢ (resp., L1, ), and Lj 1 is the orthogonal algebra o(2m + 1, R)
(we refer to [1, pp 1-4 ] for the definitions of the symplectic algebra and the orthogonal algebra).

Thus, to determine a problem of the symplectic algebra or the orthogonal algebra one really
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needs to consider the corresponding one of the Lie algebra L, s after all. We now give several

special subalgebras of L, s for later use. Set

00 o0
hs={| 0 & 0 |[redmr};
0 0 —A
0 0 8
bo={| ~# A B ||#seR"" Actim R), BeR™™, satisfies
0 0 —-A

8=2715(1+p)B, B' = —pB:

0 0 0
to={[ 0 4 0o ||aetmmr)}
0 0 —-A
0 0 8
Wps = { -3 0 B } B e R™™ Be R™™ gatisfies
0 0 0

8=2715(1+p)B, B' = —pB}.

By definition, h, s is a maximal torus of L, s and b, s is a standard Borel subalgebra of L, s
containing h,, s.

The automorphisms or derivations of linear Lie algebras over commutative rings were recently
studied in [2-10]. In this paper, on the basis of main theorem in [3], we give an explicit description
on the derivations of each intermediate algebra between h,s and b, s, provided that R is a

commutative ring with identity and 2 is invertible in R.

2. The intermediate algebras between h,; and 0,;

In the following, we always assume that R is a commutative ring with identity and 2 € R*.

For1 <i<j<m,1<t<m,letE;; denote the (2m + 1) x (2m + 1) matrix, whose
i+ 1,7 + 1)-entry is 1, all other entries are 0; E; _; the (2m + 1) x (2m + 1) matrix, whose
i4+1,m+ j+ 1)-entry is 1, all other entries are 0; E; _; the (2m + 1) x (2m + 1) matrix, whose
j+1,m+i+ 1)-entry is 1, all other entries are 0; E_; _; the (2m+1) x (2m + 1) matrix, whose
m+j+1,m+ i+ 1)-entry is 1, all other entries are 0; Ey _; the (2m + 1) x (2m + 1) matrix,
whose (1, m+t+ 1)-entry is 1, all other entries are 0; E; ¢ the (2m+1) x (2m + 1) matrix, whose
(t + 1,1)-entry is 1, all other entries are 0. Set T;; = E;; — E_; _; T;_; = E; _; — pE; _;
To,—+ = 0(1 4+ p)(Eop,—¢t — Fip). Let I(R) denote the set of all ideals of R.

(
(
(
(

Definition 2.1 Let A = {A; j, Ak 1, Aot €I(R)|1<i<j<m, 1<k<I<m,1<t<m}
be a subset of I(R) consisting of ideals of R. We call A a flag of ideals of R, if the following

conditions are satisfied:
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(1) AirAr; CAi; (f1<i<k<j<m);

(2) AijpAp—; CA _; (if1<i<k<j<m);

(3) AipAj_r CA_; (if1<i<j<k<m);

(4) AjpAi 1 CA_; (f1<i<j<k<m)

(5) 1 =p)AikAk 1 C (1 —p)A;_k (if1<i<k<m)
(6) 1—p)Airdixk CQ—pAi_; (f1<i<k<m);

(7) 6(1+p)Ao,—ido,—r CO(1+p)A; —k (if1 <i<k<m);
(8) 6(1+p)AirAo,—k C6(1+p)Ao,—i (f1<i<k<m).

Example 2.2 Ifall 4;;, Ag 1, 40— (1 <i<j<m,1<k<I<m,1<t<m)aretaken to
be 0 (resp., R), then A = {A; j, Ag 1, Aot € I(R)[1<i<j<m,1<k<I<m,1<t<m}
is a flag of ideals of R.

Example 2.3 Let A1 2,A23,..., Am—1,m> Am,—m, Ao,—m be any ideals of R, respectively, and
set
Aij = H Aigk—1,itk, 1<0<j <myg

1<k<j—i
Ak,—m = Ak,mAm,—ma 1<k <m
Ap 1= A mAk—m, 0<kE<I<m.

Then A = {A; ;, Ak, 1, Ao+ € I(R)| 1 <i<j<m, 1<k<I<m, 1<t<m}isaflag of
ideals of R.

Example 2.4 Let A1 92,A23,..., Am—1,m> Am,—m, Ao,—m be any ideals of R, respectively, and
set
A= ﬂ Aivk—1,i+k, 1 <3 <j <my
1<k<j—i
Ao = A [ Amms 1<k <m;
Ag 1= At (VA m, 0<k<I<m.

Then A = {A; ;, Ak, 1, Ao+ € I(R)| 1 <i<j<m, 1<k<I<m, 1<t<m}isaflag of
ideals of R.

Theorem 2.5 Let 2 € R*. Then {, s is an intermediate Lie algebra between h, s and b, s if and
only if there exists a flag A = {A; j, Ak, —1, Ao+ € I(R)| 1 <i<j<m, 1<k<I<m, 1<
t < m} of ideals of R such that
los =hps+ Z AT 5+ Z Ap,—1Th,—1 + Z Ao, —+To,—+.
1<i<j<m 1<k<i<m 1<t<m
Proof Suppose that A = {4;;,Ax—1, 4o € IR)| 1 < i< j<m 1<k<I<m,
1 <t <m}isaflagofideals of R and ¢, s = h, s —|—Zl§i<]§m A T+ Elgkgzgm A 1Ty -1+
ZlStSonﬁftToﬁft. Let
X= > aTi;+ Y axTea+ Y ao—iTo 1€y,

1<i<j<m 1<k<I<m 1<t<m
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Y = Z bi ;i Ti; + Z br,—1Tk,—1 + Z ao,—tTo,—t € £y 5,
1<i<j<m 1<k<I<m 1<t<m
where a;,b;,; lein R (i = 1,2,...,m), a;,b;; liein A; ; (1 <i < j < m), ak,—i,br,—; lie in
Ap—1 (1 <k <1<m),and ag,—¢,bo,—¢ liein Ag,—; (1 <t < m). It is obvious that rX +sY € £, 5
for any r, s € R. Note that

(X, Y] = Z cijTij + Z dig,—1Tk,—1 + Z Jo,—tTo,—t, (2.1)
1<i<j<m 1<k<I<m 1<t<m
Ci,j = Z (ai,nbn,j - bi,nan,j)v (2.2)
1i<n<j
di,—1 =( Z Ak,nbn,—1 — p Z kb, —n — Z Snak,—nbin)—
k<n<l I<n<m I<n<m
( Z bk,nan,fl —p Z bk,nal,fn - Z 5nbk,fnal,n)+
k<n<l 1<n<m I<n<m
(1 + p)(bo,~ka0,~1 — ao,~kbo,~1), (2.3)
fO,ft = Z (at,nbO,fn - bt,nao,fn); (24)
t<n<m

where §,, is defined to be 1 — p when n = k, otherwise, §,, = 1. Because A is a flag of ideals
of R, we know that ¢;; € A;; (1 < i < j <m), dy— € A (1 <k <1 < m), and
fo,—t € Ap,—¢+ (1 <t <m). Thus [X,Y] € £, s. Hence ¢, 5 is a subalgebra of b, 5 containing h, s.

On the other hand, let £, s be an intermediate Lie algebra between h,s and b, 5. For 1 <
1<j<m,1<k<lI<m,1<t<m, we define

Aij={ac Rl aTij €lys}, Ar,—1={a€ R|aTly i €l,s},
Ap—r={a e R| aly,—+ € Lps}
and let
A={A;j, Ap1,A0+ €I(R)|1<i<j<m, 1<k<I<m, 1<t<m},

{=h,s+ Z Ai T+ Z Ap 1Ty + Z Ao, —To,—¢-

1<i<j<m 1<k<I<m 1<t<m

In the following, we will prove that A is a flag of ideals of R, and ¢ = £,s. It is obvious that all
A, Ak, —1, Ao,—+ are ideals of R.
Ifl1<i<k< i<m and a; k € Aiyk,akyj S Akﬁj,akyfj S Akyfj, then by

@ik Ti ks ak,j Tk, ;] = aikar,;Tij € Ly,
(@i kT ks ak,— Tk, 5] = aiwar,—Ti—j € Ly s,

we have that Qi kAL 5 € Aiyj and Qi kA, —j € Aiﬁfj, which lead to Ai,kAk,j - Aiﬁj and AiykAkﬁfj -
A, —j, respectively.
fl<i<j<k<manda;, €Ak, aj_r€Aj_k, ajr €Ak a;_ € A_j, then by

(@i kTi ks aj— kT —k] = —aikaj—1Ti—j € €ps,
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(kT ke, ai—kTi k] = ajrai—xTi—j € Lys,
we have that a;ra;—r € A;_; and ajra; 1, € A;_j;, which lead to A; A, 1 € A;—; and
AjrA; 1 C A; _j, respectively.
If p =1, the conditions (5) and (6) in Definition 2.1 obviously hold. If p = —1, suppose that
1<i<k<m,a;k €Ak, ak,—k € Ak g, aj,—, € A; —. Then by

(@i kT 1, Ok, — kT, — 1] = 2as gak,—kTi—k € Lps,
(@i Tk, @i, —kTi k) = —ai ki, Ti—i € Ly,

we have that A; yAx _r C Ai_r and A; xA; _r C A; s, respectively. We see that (5) and (6)
hold for p = +1.

If p=—1 or § = 0, the conditions (7) and (8) in Definition 2.1 obviously hold. If p =6 = 1,
suppose that 1 <¢ < k <m, and ag,—; € Ao,—i, ao,—k € Ao,—k, @ik € Aj . Then by

[ao,—iTo,—i, ao,—kT0,~k] = —2a0,—i60,—kTi,—k € Lp5,
(@i & T 1, @0, — 1 T0,—k] = @i kao,—kTo,—i € Lps,

we have that Ag ;Ao C Ai_r and A; Ao,k C Ao _i, respectively. We see that (7) and (8)
hold for p = +1.

These imply that A is a flag of ideals of R and ¢ is an intermediate Lie algebra between hp,s
and b, 5. It is obvious that £ C £, 5. Let X = H + ZlSi<j§m a; ;i + Zlgkgzgm ag,—1Tp—1 +
Zlgtgm ao,—+To,—+ € £p5, where H € h,, 5. For any 1 <i < j <m, by

(T5.5, L0y X1) = —ai ;155 + ai—; 15— € £p5,
(Ty.j + Tiis [Ty 4, [Tii, X]]] = 204, Ti —j € £y 5,

we have that a; —; € A; _; and a; ; € A; ;. It follows that Y, o, ... (ak,—£Tk —k + ao,—xTo,—k) €
Cy.5, leading to [Th¢, D1 crepm (@h,—kTh,—k + a0,k T0,~k)] = 2as,—¢Tt,— + ag,—4To,—¢ € £,,5 for all
1 <t < m. Since either_T,:_t =0(@Gfp=1)orTp_, =0 (if p = —1), we know that a; T} 4,
ao,—¢1o,—¢ € £, s, which implies a;,—¢ € Ay ¢, ao,—4 € Aog—, 1 <t < m. We see that X € e.
Thus £,5 C ¢, which leads to lys = . This completes the proof. O

3. Derivations of a subalgebra of /,;

For R-modules M and K, we denote by Homp (M, K) the set of all homomorphisms from M
to K. Homg(M, M) is abbreviated to Endg(M). For 1 <i <m, x; : d(m, R) — R, defined by
xi(diag(dy,da, . ..,dn)) = d;, is a standard homomorphism from d(m, R) to R. It is easy to see
that Hompg(d(m, R), R) is a free R-module of rank m with a basis {x;| i =1,2,...,m}.

Let

bps=hos+ > AiTij+ >, A Te i+ >, Ao iTo
1<i<j<m 1<k<i<m 1<t<m
be any given intermediate Lie algebra between h,s and b, s, with A = {A; ;, Ay, Ao,—+ €
IR)|1<i<j<m 1<k<l<m, 1<t<m}aflagof ideals of R. In the following,
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we shall determine its derivation algebra. As a start, we first consider the derivation algebra
of a subalgebra of {,5. Let p = £,5Nt,5. Then p = hps + 32 cicjoy, AijTiy. In fact, p

is an intermediate algebra between h,s and t,s. It is easy to see that the map ¢ : t,5 —

0 0 0
t(m,R), defined by [ 0 A 0 — A (where A € ¢(m, R)), is an isomorphism of Lie
0 0 A

algebras, under which the image of p is d(m, R) + 3", ;i< AiﬁjEi(Z.l) (where EZ(T) denotes the
m X m matrix, whose (i, j)-entry is 1, all other entries are 0). In [3], the derivation algebra of
d(m, R) + Zl§i<j§m AiﬁjEi(?) was determined. We now transfer it to p for later use.

The standard derivations of p are as follows.

(A) Inner derivations of p
Let X € p. Then ad, X : p — p, defined by Y — [X, Y], is a derivation of p, called the inner
derivation of p induced by X.

(B) Extremal derivations of p

Definition 3.1 Let ¢ = {¢;; € Endr(4;;), |1 <i < j < m} be a set consisting of homomor-
phisms of R-modules. ¢ is called suitable for extremal derivations of p if

bij(aikar,;) = ¢ix(air)ar,; + aixdr,j(ar,;)

for any 1 <i <k < j <m (if exists), any a; € A;  and any aj ; € Ay ;.
Using ¢ = {¢i,; € Endgr(4;;)|1 <i < j < m} which is suitable for extremal derivations, we
define 1, 4 : p — p by
np,¢( > ai,sz',j) = > isaiy)Ti,
1<i<j<m 1<i<j<m

where a;; € R and a;; € A; ; if i < j.

Lemma 3.2 7,4 is a derivation of p, provided that ¢ = {¢; ; € Endr(A;;)|1 <i<j<m}is

suitable for extremal derivations (we call n, 4 an extremal derivation of p).

(C) Central derivations of p
If 1 <i<j<m,let B;; be the annihilator of A; ; in R: B;; = {r € R|rA, ; = 0}.

Definition 3.3 Let 0 : h,s — h,s be a homomorphism of R-modules. ¢ is called suitable
for central derivations of p, if x;(p(c(H))) — x;j(¢(c(H))) € B;; for all 1 <1i < j <m and all
He hp)(;.

Using the homomorphism o : h, 5 — h, s which is suitable for central derivations of p, we
define 7,5 : p — p by 7,,(X) = 0(Hx), X € p, where Hx denotes the projection of X to
hps (it X = Zlgigjgm a;;T;; € p. Then Hx = Zlgigm a;iTiq).

(3]

Lemma 3.4 Tp,o 1S a derivation of p, provided that o is suitable for central derivations of p

(we call 7, , a central derivation of p).
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Theorem 3.53]  Let m > 1, R an arbitrary commutative ring with identity, and p = hps +
> i<icj<m AijTi; an intermediate Lie algebra between hy, s and t, 5 with A = {A; ; € I(R)|1 <
i < j < m} asubset of I(R) satisfying A; yAr; C Ai; (if k exists such that 1 <i < k < j <m).

Then any derivation v, of p may be written as the sum of an inner derivation, an extremal

derivation and a central derivation.

4. Standard derivations of /,;

Let
lps =hps+ Z AT 5 + Z Ap, Ty, + Z Ao, —¢To,—¢

1<i<j<m 1<k<i<m 1<t<m
be any given intermediate Lie algebra between h,s and b, s, with A = {A; ;, Ak 1, Ao,—+ €
IR)|1<i<j<m, 1<k<l<m,1<t<m} aflag of ideals of R. In this section, we will

define some standard derivations of £, 5.

(A) Inner derivations of ¢, ;
Let X € {,5. Then adX : {,5 — ¢, s, sending Y to [X,Y], is a derivation of £, s, called the

inner derivation of £, 5 induced by X.
(B) Extremal derivations of ¢, s

Definition 4.1 Let 5 = {¢;; € Endr(4; ;), ¢x,—1 € Endr(Ak,—1), ¢0,—+ € Endr(Ao,—¢)|1 <i <
j<m,1<k<Il<m,1<t<m} bea set consisting of homomorphisms of R-modules. We call
(;NS suitable for extremal derivations of {, 5 if the following conditions are satisfied:

(1) ¢ij(aikar;) = dir(air)ar; + airdrjar;) (if1<i<k<j<m),

(2) ¢i—jlaikar,—;) = dik(aik)ar,—j + aikdr,—j(ar,—;) (1 <i<k<j<m),

(3) bi,—jlaikaj,—x) = Gin(aik)aj —k + airdj—rlaj—) ({1 <i<j<k<m),

(4) bi,—jlajrai—r) = ¢jrlajr)ai—r + ajrdi—r(ai—) (f1<i<j<k<m),

(5) (1= p)¢i—r(airar,—x) = (1 — p)[ir(air)ar,—k + aikdr,—r(ar, )] (1 <i<k<m),

(6) (1= p)pi—i(airai—r) = (1= p)[pir(air)ai—k+ airpi—r(ai—r)] (f1<i<k<m),

(7) 6(1 = p)¢i,—k(ao,~iao,—r) = 6(1 — p)[¢o,~i(ao,—i)ao,~k + ao,—i¢o,~k(ao,—x)] (If 1 <i <
k <m),

(8) 6(1 = p)go,—i(aikao,—k) = 6(1 — p)[¢ik(aik)ao,—k + aikpo,—k(ao,—x)] (if1<i<k<m),
where a; € Ajk, ... 08 —j € Ap—j,....

Using ¢ = {¢i; € Endr(A;;), b1, —1 € Endg(Ay, 1), b0+ € Endg(Ao,—¢)[1 <i<j<m,1<
k <1<m,1<t<m} which is suitable for extremal derivations, we define ng lys — Ly5 by

77(;( Z a; ;T + Z ag,—1Ty,—1 + Z ao,—tTo,—t)

1<i<;j<m 1<k<I<m 1<t<m
= Z bij(ai ;)T + Z bre,—1(ar,—1)Th,—1 + Z bo,—t(ao,—¢)To,
1<i<j<m 1<k<I<m 1<t<m

where ;5 € R, ;5 € Aiﬁj, ag,— € Akﬁfl, ag,—¢ € Aoyft.
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Lemma 4.2 P is a derivation of £, s, provided that 5 is suitable for extremal derivations of

Cp.5-

Proof Let 5 = {(bi,j S EHdR(AiJ'),(bk,fl € EndR(Ak,fl),QbO,ft S EHdR(Aoﬁft)H < < ] <
m,1 <k <Il<m, 1<t <m} be suitable for extremal derivations of ¢, s, and set

X = Z a; i T;; + Z ap,—1Th,—1 + Z ao,—tTo,—t € 4,5,

1<i<;<m 1<k<I<m 1<t<m
Y = E bi ;i Ti 5 + E b, —1Tk,—1 + E ao,—tTo,—t € £y 5,
1<i<j<m 1<k<I<m 1<t<m

where a;;,b;; lie in R, a;,b;; liein A;; (1 <i<j<m), ag,—i,bp—; liein Ay (1 <k<I<
m), and ag,—¢, bo,—¢ lie in Ag,—¢ (1 <t < m). It is obvious that n;(rX + sY) = rng(X) + sn;(Y)

for any r,s € R. Note that the equalities (2.1)—(2.4) hold. Because ¢ is suitable for extremal

derivations of ¢, s, we know (by calculation) that

03 (X, Y]) = [y (0, Y] + [X, (V).

So P is a derivation of £, s.
Definition 4.3 The above 0 is called an extremal derivation of £ 5.
Remark 4.4 The restriction of ny top exactly is np. 4.

(C) Central derivations of ¢, s
For1<i<j<m,1<k<IlI<m,1<t<m,letB;; (resp., Bi,_i, Bo,—:) be the annihilator
of Aiyj (resp., Ag 1, Ao,ft) in R:

Biﬁj = {’I” €ER | TAZ'J' = O}, Bkﬁfl = {’I” ER | TAkﬁfl = O}, Boyft = {T €R | ’I”Ao’ft = O}

Definition 4.5 Let o : h,5s — h,s be a homomorphism of R-modules. We call o suitable for
central derivations of £,,5, if xi(2(F(H))) — x; (p(F(H))) € By, xu(9(@(H))) + xulp(@(H))) €
By,—i, and x(p(c0(H))) € Bo,—y foralll1 <i<j<m,alll<k<Il<m,alll<t<mand all
H e hp)(;.
Using the homomorphism ¢ : h, s — h, s which is suitable for central derivations of ¢, 5, we
define 75 : £,5 — £, 5 by
Tg(X) = 5(HX), X e ép_,(;,

where Hx denotes the projection of X to by s (if X = 321 i jc)n @i Ti i+ 1 <pcicm W, —1Th,—1+
Zlgtgm CL()’,tToyft S ép_’(;, then Hx = Zlgigm aiyiTiyi).

Lemma 4.6 75 is a derivation of ¢, 5, provided that ¢ is suitable for central derivations of {, ;.

Proof By definition, 75([X,Y]) = 0 for any X,Y € ¢,5. On the other hand, [75(X),Y] +
[X,75(Y)] = 0, because 75 sends each element in £, 5 to its center Z(¢, 5). This shows that 75 is

a derivation of £, s.

Definition 4.7 We call 75 a central derivation of £, 5.
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5. Derivations of /,

When m = 1, the derivation algebra of £, 5 has been studied in [3] (the result is more trivial).

In this paper, we only consider the case when m > 1.

Theorem 5.1 Let m > 1, R an arbitrary commutative ring with identity, and £, s any given
intermediate Lie algebra between h, s and b, 5. If 2 € R*, then any derivation v of £, s may be

written in the form:

VY =adX +n;+ 75,
where ad X, g and 75 are the inner, extremal and central derivations of ¢, 5, respectively.

Proof Let {y5="hps+ 3 1 cicjomAiiTij+ 2 1<kcicm Ak—1Th,—1+ 21 <1< Ao,—tTo,— with
A ={A4;;Ap1,A0—+ € IIR1 <i<j<m1<k<I<m 1<t<m}aflagof
ideals of R. Let 9 be any derivation of ¢,5. Set z = £, s(\w,s and p = £,5()tps. Then
z = Z1§k§l§m Ap 1T 1 + Zlgtgm Ao —1To—4, p = Zlgigjgm A, ;T; ;. Denote

0
0

0
J=10
0 -B

o Iy o

In the following, we will give the proof by steps.

Step 1 There exists Zy € z such that (¢ +ad Zy)(h,s) C p.
For any A = diag(dy,ds,...,dn,) € d(m, R), we suppose that

0 0 O
vl 0 A O = Z Tk, —1 Lk, —1 + Z ro,—t10,—+ (mod p),
0 0 —A 1<k<i<m 1<t<m

and suppose that
P(J) = Z ap,—1Th—1 + Z ao,—¢To,—¢+ (modp),
1<k<I<m 1<t<m

where 74, _;, a,—; lie in Ay _;, and ro,_¢, ap,—¢ lie in Ag ;. By applying ¢ on

0 0 O
o a o |.J]=0
0 0 —-A
we get that 7y _; = 271 (dg+d;)ag,—; and 7o, —y = drag, . Choose Zg = 271 Z1§k§l§m ag,—1 T —1+

Y 1<i<m @0,—tTo,—+ € z. Then we have that

0 0 O
(p+adZo)[ O A 0 =0 (modp).
0 0 —A

Hence (¢ + ad Zg)(h,s) € p. Now we denote ¢ + ad Zy by 1.
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Step 2 z is stable under .

For any Z1 € Y, ,<,, Ao,—tTo,—+, we first prove that ¢1(Z;) € z. By applying ¥ on
[J, Z1] = Z1, we see that [11(J), Z1] + [J,41(Z1)] = ¢1(Z1). Tt is casy to know that [1h (), Z1] €
z, [J,¥1(Z1)] € z. Then we get ¥1(Z71) C z.

For any Zs € Y, cp<i<m Ak,—1Tk,—1, we next prove that 1;(Z2) € z. By applying 91 on
[J, Z2] = 275, we see that

[W1(J), Za] + [J,¢1(Z2)] = 241(Zo).

It is easy to see that the left hand side lies in z, which leads to ¢4 (Z2) € .

Step 3 p is stable under ;.

0 0 8
For any P € p, we suppose that ¢1(P) = -3 A B € {,s. By applying 91 on
0 0 -4
[J, P] = 0, we have [y (J), P] + [J, ¥1(P)] = 0. Because 91(h,s) C p, we get [¢1(J), P] € p. Set
0 O 0 0o 0 g
[Wi(J),Pl=1] 0 A 0 . On the other hand, [J,¢1(P)]=| -8 0 2B |. Then we
0 0 —A 0 0 0
0o 0 g
see that -6 A1 2B = 0. This implies that A; =0, B=0, 8§ =0. Thus ¥1(P) € p
0 0 -4

leads to ¥1(p) C p.

Step 4 There exists Py € p and there exists ¢ = {¢; ; € Endg(4;;),|1 <i < j < m} which is

suitable for extremal derivations of p, such that for any >, , ., ai;Ti; € p,
(1 —ad Po)( Z ai,jTi,j) = Z i j(aig)Tij
1<i<j<m 1<i<j<m

Since p is stable under 1, ¥1 may induce a derivation 1|, of p by restricting ¥ to p. Thus

by Theorem 3.5, 91|, can be written in the form:

Vilp = ady Po +1p,g + Tpo,
where Py € p, ¢ = {¢;; € Endr(4;,)|1 <i < j < m} is suitable for extremal derivations of
p (satisfies the condition that ¢; j(a;kar,;) = @ik (aik)ak; + aixdr,j(ar;)), and o : hys5 — hys
is suitable for central derivations of p satisfying the condition that x;(¢(o(H))) —x;(p(c(H))) €
Bijforalll1 <¢<j<mandall H € h,s;. It is obvious that the restriction of adFy to p is
ad,Py. Then (1 —ad Py)|p = 1p,¢ + Tp,o. We denote ¢ —ad Py by 2. Then

¢2( Z ai,jTi,j): Z bi(ai )T,

1<i<j<m 1<i<j<m
for any >, ;i< @i T € -

Step 5 1/)2(Ak,7lTk,fl) g AkyflTkﬁfl for all 1 S k S l S m and 1/)2(A0171T07,l) g AoﬁflT()y,l for
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alll1 <l <m.
For any 0 <k <1 <m (I #0) and ak,—_; € Ak _;, assume that
Yo(ag,—1Ty,—1) = Z Ti,—jLi,—5 + Z r0,—t10,~t, (5.1)
1<i<j<m 1<t<m

with r; _; € A; _j, ro.—¢ € Ao, —¢. By applying 2 on [T}, akx,—1Tk —1] = ax,—1Tk —1, we have that

Wa(T1,1), a,—1Th,—1) + [T1,0, Y2 (ar, 1Tk, —1)] = Yo(ar,~1Tk,—1)-

Since 92 (T1,1) € p, we have [2(T1,), ak, 1Tk, —1] € Ai,—1T; ;. On the other hand, we have
[Ti0,¢2(ak, 1Tk, —1)] = Z ri,— 1y, + Z ri,—1Ts —1 +10,—1To,—1.
1<j<m 1<i<i—1
These show that r; _; =0 when i # [ and j # [, and ro,_; = 0 when ¢ # [ in (5.1).

If k # [, similarly, by applying 12 on [Tk &, ak,—1Tk,—1] = ar,—1Tk,—1, we can get that r; _; =0
when ¢ # k and j # k, and ro_y = 0 when ¢ # k in (5.1). Thus, ¢o(ar,—i1Tk,—1) € Ak,—1Tk 1,
which shows that o (Ag, 1Tk —1) € Ak, —1Tk,—; for any 0 < k <1 <m.

Now we consider the condition of k = . For p = 1, which leads to T, _; = 0, v2(a;,_iT},—;) €

Aj,—T;,—; obviously holds. For p = —1, we see that Ty = 0 in (5.1), 1 < ¢ < m. Set
s# 1 (1 <s<m). By applying 13 on [Ts s, a1,—iT1,—1] = 0, we have that
[V2(Ts,s), ar,—i Ty, —1] + [Ts,s, Z ri,—i 11— + Z Ti,flTi,fl:| =0.
1<j<m 1<i<i—1

This shows that 7, _; = 0 when j = s, and r; _; = 0 when ¢ = s. Since s # [ is chosen arbitrarily,
we see that 1o (a;,—T;,—1) € A1, Ti,—;. Hence ¥o(A;, Ty, —1) € Ay, Ty .

Now for any 1 <k <1 <m, 1<t <m, we define ¢y, _; : A,y — Ap,—; and ¢g,—+ : Ag,—+ —
Ao, such that Yo (ar,—i1Tk,—1) = ¢, —1(ar,—1)Tk,— and Y2(ao,—To,—¢) = ¢o,—¢(ao,—¢)To,—¢- Then
¢r,—1 and ¢o,_; are endomorphisms of the R-modulars Ay _; and Ay _¢, respectively. Let

6= {6 br—1,00[1<i<j<m1<k<I<m1<t<m}
Step 6 5 is suitable for extremal derivations of £, s.

We know in Step 4 that ¢; ;(a; ke ;) = ¢ix(ik)0k; + @i kdrj(ak ), where 1 <i <k <j<
m and a; € Aig,ar; € A, ;.

For1<i<k<j<manda;r € Ak, ax,—; € Ag,—j, by applying 1, on

@i k@, —j Ti,—j = [@i kT ks e, — T,
we have that ¢; —;(aikar,—;) = ik (aik)ar,—; + aikPr,—j(ak,—;5)-

Forl1<i<j<k<manda;, € Air,aj—r €Aj_k, ajr € Ajk, ai—, € A; i, by applying
1/)2 on

i kg, —kTi—j = —[ai kT ks aj—kTj k], ajrai—Ti—; = [0k Tk, as,—kTi,—k;

we have that
Gi—j(aikaj k) = ¢ix(air)aj—k + aixdj—r(a;—x),

Gi,—j(ajrai—1k) = ¢jr(a;r)ai—r + ajrdi—k(ai k).
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Forl1 <i<k<m,and a; € Ajk, Q- € Ag—k, Gi—x € Ai _, a0,—; € Ao,—i, Go,—k €
Ao,—k, by applying ¥ on
(1 = p)a; war,—1 T~k = [aikTik, ak,—1Th,— k],
(1= plaigai—xTi—i = 2[a; kT k, i, — kT — k],
(1 + p)ao,—iao,—xTi,—k = —[ao,—iTo,—i, ao,—kTo,— k),
01+ p)a; xao,—xTo,—i = 2[% kT ks a0~k To,— k],
we have that
(1 = p)di,—k(aikar,—r) = (1 — p)|dix(aik)ar,—k + aikPr,—k(ar,—)],
(1- )¢z,—l(az k@i —k) = (1 = p)[dik(aik)ai—k + airdi—k(ai k)],
S(1+ p)di,—k(ao,—ia0,—k) = 6(1 + p)[¢o,~i(ao,—i)ao,—k + ao,—ipo,—k(ao,—)l,
6(1 + p)o,~i(aikao,—r) = 6(1 + p)|dix(aik)ao,~k + aikdo,—k(ao,—k)].

Hence g is suitable for extremal derivations of £, s. Using (;5, we construct the extremal derivation
775 Of fp)(; by

ng(H-i- Z a; ;15 5 + Z ak, 1Tk, 1 + Z ao,—tTo,—t>

1<i<j<m 1<k<I<m 1<t<m
= Z bij(ai ;)T + Z bre,—1(ar,—1)Th,—1 + Z bo,—t(ao,—¢)To,
1<i<j<m 1<k<I<m 1<t<m

where H € h,s, a;j € Aij, ax,—1 € Ak~ and ag—y € Ag,—;. Let 13 denote 1o — n5 Then
¥3(Z) = 0 for any Z € z and ¥3(3_1 < j<p @i Li5) = 0 for 32, ;o aijTi 5 € p.

Step 7 13 is a central derivation of £, s.

0 0 0
For any A = diag(dy,ds,...,dn) € d(m,R), let H = 0 A O € hps. For any
0 0 —A
aij € Aij, ag,—1 € Ag,—1, ao,—¢ € Ao,—¢, by applying 13 on
(H,ai;Ti;] = (di — dj)ai; T,
[H,ak, 1Tk, —1] = (di + di)ak, 1Tk —1,
[H,a0,—+To,—+] = drao,—+To,—¢,
we have that
[Ws(H),ai;Ti;] =0, [Ws(H),ax,~iTk—1] =0, [Y3(H),ao,—+To—¢] =0,

which implies that (xi—x;)(¢(v¥3(H)))-ai,; = 0, (xe+x1)(p(¥3(H)))-ak,— = 0 and x¢ (o (¢3(H)))-
aop,—¢ = 0. It is easy to see that 13 is exactly a central derivation of £, s.
Now we see that v is the sum of an inner derivation, an extremal derivation and a central

derivation of £, 5. The proof is completed. O
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