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Abstract In this paper, we introduce an iterative scheme with error by the viscosity approxi-
mation method for finding a common element of the set of solutions of an equilibrium problem
and the set of fixed points of a nonexpansive mapping in a Hilbert space. A strong convergence
theorem is given, which generalizes all the results obtained by S.Takahashi and W.Takahashi in
2007. In addition, some of the methods applied in this paper improve those of S.Takahashi and
W.Takahashi.
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1. Introduction and preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, C' be a nonempty
closed convex subset of H, and N = {1,2,3,...} be the set of natural numbers. Assume, F is
a bifunction of C' x C' into R, where R is the set of real numbers. The equilibrium problem for
F:C xC — Risto find x € C such that

F(z,y) >0, VyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(F'). Given a mapping T : C — H, let F(z,y) =
(Tx,y —x) for all z,y € C. Then, z € EP(F) if and only if (Tz,y —z) > 0 for all y € C, i.e,,
z is a solution of the variational inequality. Numerous problems in Physics, optimization, and
economics reduce to find a solution of (1.1). Some methods have been proposed to solve the
equilibrium problem. Very recently, S.Takahashi and W.Takahashi!l studied an iterative scheme
of finding the best approximation to the initial data when EP(F') is nonempty. In addition, there

are several papers studying the same problem, such as [2], [3], [10] and so on.

Definition 1.1 A mapping S of C into H is called nonexpansive if

[Sz =Syl <lle—yl, Va,yeC.
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Let Fix(S) be the set of fixed points of the mapping S. If C' C H is bounded, closed and convex

and S is a nonexpansive mapping of C' into itself, then Fix(S) is nonempty!*l.

Definition 1.2 A mapping P¢ is called the metric projection of H onto C, if for any © € H,
there exists a unique nearest point in C, denoted by Pc(x), such that

|z — Po(z)| < llz—yll, VyeC.
We know that Pc is nonexpansive. Further, for x € H and z € C,
z=Pox s {(r—2,2—y)>0, VyeC.
We also know that for any sequence {x,} C H with z, — x, the inequality
liminf |z, — z|| < liminf ||z, —y |
holds for every y € H with x # y, see [4,5] for more detail. Here we denote weak convergence by
To solve the equilibrium problem for a bifunction F' : C x C — R, let us assume that F
satisfies the following conditions
(A1) F(z,z) =0 for all z € C;
(A2) F is monotone, i.e., F(z,y)+ F(y,z) <0 for all z,y € C;
(A3) for each z,y,z € C,
lim F(t 1—t <F ;
odm Ptz + (1= t)z,y) < F,y);

(A4) for each z € C, y — F(z,y) is convex and lower semicontinuous.

The following lemma appears implicitly in [6].

Lemma 1.1 Let C' be a nonempty closed convex subset of H and let F be a bifunction of
C x C into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such that

1
F(z,y)+;<y—z,z—x>20, Vy e C.

Lemma 1.2[2) Assume that F : C' x C' — R satisfies (A;)~(A4). For r > 0 and z € H, define a
mapping T, : H — C' as follows:
1
T.(z) ={2€C:F(z,y)+ ;(y—z,z—@ >0, VyeC}

for all x € H. Then, the following holds:
(1) T, is single-valued,
(2) T, is firmly nonexpansive, i.e., for any x,y € H,
| T2 — TryH2 <(Trx —Try,z —y),
(3) F(T,)=EP(F),
(4) EP(F) is closed and convex.
In 2007, S.Takahashi and W.Takahashi (1] proved the following strong convergence theorem:

Theorem Al Let C' be a nonempty closed convex subset of H. Let F be a bifunction from
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C x C to R satisfying (A1)-(A4) and let S be a nonexpansive mapping of C into H such that
Fix(S)NEP(F) # 0. Let f be a contraction of H into itself and let {x,,} and {u,} be sequences
generated by x1 € H and

F(tn,y) + 75y = tn, un — ) >0, Vy € C,
T4l = o f(@n) + (1 = an) Sun,

for all n € N, where {a,,} C [0,1] and {r,} C (0, 00) satisfy

oo oo
lim o, =0, E O = 00, E |ap41 — | < 00,
n=1 n=1

n—oo

n—oo

oo
liminfr, >0, Z [Pnt1 — rn| < o00.
n=1

Then, {z,} and {u,} converge strongly to z € Fix(S) NEP(F), where z = Ppix(s)ngp(r)f(2)-

In this paper, we introduce the new iterative process with error, which is as follows

Tn

(1.2)
Tn4+1 = anf(xn) + (1 - Qp — Vn)sun + YnUn,

where {an}, {7n} are two real sequences in [0,1] with o, + v, < 1, {r,} C (0,0), both {z,}
and {u,} are sequences generated by 1 € H and the iteration (1.2), v, is a bounded sequence
in H.

In this paper, we will give a strong convergence theorem of the iteration (1.2). Thereby, we
also need the following lemma, which can be proved similarly as the proof of [7, P.171] or [8,

Lemma 1] or [9].

Lemma 1.3 Let {a,} C [0,00), {bn} C [0,00), {¢,} C [0,00) be sequences of real numbers
such that
ant1 < (1= hp)an + by, +¢ny, V0> no,

where h,, C [0, 1] is a nonnegative real sequence with > | hy, = 00, b, = o(hy,) and Y.~ | cn <

00. Then lim,, .o a, = 0.

2. Main results
Now we give the main results of this paper.

Theorem 2.1 Let C' be a nonempty closed convex subset of H. Let F be a bifunction from
C x C to R satisfying (A1)-(A4) and let S be a nonexpansive mapping of C into H such that
Fix(S) N EP(F) # 0. Let f be a contraction of H into itself with the contractive constant
a € (0,1), and let {z,} and {u,} be sequences generated by x1 € H and the iteration (1.2).
{vn} is a bounded sequence in H, {ay}, {v} C [0,1] and {r,} C (0, 00) satisfy

o0

oo
lim «, =0, g Q, = 00, g |1 — am| < 00,
n—oo 1

-

n=1
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n—oo

liminfr, > 0, Z |71 — ol < 00, Z'yn < 00.
n=1 n=1
Then, {z,} and {u,} converge strongly to z € Fix(S) NEP(F), where z = Ppix(s)ngp(r)f(2)-

Proof For any given v € Fix(S) N EP(F), by the assumptions of Theorem 2.1 we know that
there exists a corresponding constant M > 0 such that

]l + 1f @)+ ol + lloall < M, Vn e N. (2.1)

Let @ = Prix(s)nep(r)- Then Qf is a contraction of H into itself. Since H is complete, there
exists a unique element z = Q f(z).
It is obvious that [|z; — v|| < M < (L. Assuming that ||z, — v|| < {2, we will prove that

[2nt1 — v < 2L ie., {zn} is bounded.

Indeed, by (1.2),(2.1) and Lemma 1.2, we have

[€nt1 = vll = lanf(@n) + (1 = an = yn)Stn + Ynvn — ||
< an|[f(zn) = vl + (1 = an = w)[[Sun = vl + m|[on =]
< an(alzn —of| + [ f(v) = ol) + (1 = an —m)
< aaplzn — ol + an| f(v) =0l + (1 = an = W) Tr, 20 = 0] + 90 M

[tn =0l + v M

< aapllrn — ||+ anM + (1 = an — ) |20 — 0[] + M

< (1= (@n +70)(1 = )llan = vl + (an +90)M < 77—

This implies that {z,} is bounded. i.e., we have
M

n—v] <——, VneN 2.2

e — vl < T2 Wne (22)

By (2.2) we know that {x,} is bounded, which implies that {u,}, {Su,} and {f(x,)} all are
bounded. i.e., for any given v € Fix(S) N EP(F'), there exists a corresponding constant My > 0
such that

M+ [|z[[ + llznll + [lunll + loall + [[f @)l + [ Suall < Mo, 7 € N. (2:3)

Next, we want to prove
lm ||@nt1 — 2,] = 0. (2.4)
n—oo

Indeed, by (1.2) and (2.3) we have

[#n41 — 2l
= lanf(wn) — anf(xn-1) + anf(Tn-1) — an-1f(Tn-1) + (1 — an — v)Sun
— (1= an—9)SUpn—1+ (1 —an —)Stup-1— (1 —ap—1—Yn-1)Sun—1+
YnVn = YnUn—1 + YnVn-1 — Vn—1Vn—1||
< ol f(zn) = f(@n-1)ll + o — -] [[f(@n-1)l| + (1 — 5 — W) |Sun — Sup—1][+
(L= an =) = (1 = an—1 = yn-1)| - [ Sun—1[l+
Yollvn = vn-1ll + [vn = Yn-1] - [|on-1l
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< ana”In - Infln + |05n - an71|MO + (1 — Qp — 'Yn)”un - un71||+
(|05n - an71| + Yn + 'Ynfl)MO + 2FYnMO + ("Yn + '-Ynfl)MO- (25)

In view of (1.2) and u,, = T}, 2, we can get

1
F(un, tunt1) + —(Upt1 — Up, Uy — Tp) > 0. (2.6)
r

n
Similarly, we can also have

1
F(upt1,un) + T—(un — Upt1,Unt1 — Tnt1) > 0. (2.7)
n+1

By (A2), (2.6) and (2.7), we have

<Un+1 — U, Unp — Tn _ Un41 — In+1> 2 07

Tn Tn+1

ie.,
r
<un+1 — Up, Up — Un+1 + Un+1 — Tn — - (unJrl - In+1)> Z 07

Tn+1
ie.,

r

llwnt1 — un||2 < (Unt1 = Uny g1 — T + (1= - )(Unt1 — Tpy1))
Tn+1
r —-r
< ltnss =l {onsa =l + L= s — ). @29)
n

By the assumption on r,, we can assume that there exists a real number b with 0 < b < r,, for
all n € N. Then by (2.3) and (2.8), we have
s = tnll < lnsr = @all + lrnss — ral Mo (29)
Hence, by (2.5) and (2.9) we have
[Zn41 = Znll (1= an + ana = yo)ll2n — Tp-1ll + o — an—1|Mo+
(1= tn = 1) ot = ral + (10 = tnot] 90+ 3-1) Mot
29 Mo + (v + Yn—1)Mo,
ie.,

My
b
(|05n - Oén71| + v + F)/'n,fl)MO + 2y, Mo + (FYn + "Ynfl)MO- (210)

Znt1 — znl <(1— (1 = a)an)||zn — a1 + [an — an—1|Mo + [Tnt1 — Tnl+

Let h, = (1 — @)ay, b, = 0 and

M,
Cn = |an - CV71—1|4Z\40 + To|rn+1 - rnl + (lan - an—l| +’7n+’7n—l)MO + 2’771M0 + (’771 +’7n—1)MO-

Then by (2.10), the assumptions of Theorem 2.1 and Lemma 1.3 we know that (2.4) holds, which
together with (2.9) imply that
lm |1 — unl = 0. (2.11)

By (1.2), (2.3) and (2.11), we have

zn — Sunll < [|zn = Sun—1] + [[Sun—1 — Sun||
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< O‘nflnf(lﬂnfl) - Sun71|| +%71||vn71 - Sunfln + ||un71 - un”
S an,1M0 + ’yn,1M0 + ||’U,n,1 - un|| — 0. (212)
For v € Fix(S) N EP(F), we have

[|wn — U||2 =T, zn — TrnU||2 < (Tr,zn = Tr\ 0,20 — V) = (Up — v, Ty — V)
1
= §(<un—v,xn—un—i—un—v)—i—(un—:En—i—xn—v,xn—v))
1
= 5 (llun — o2+ |l — ol)* = [lzn — uall®),
ie.,
[un = 0]|* < |2 — 01> = 20 — uall®. (2.13)

Therefore, by (1.2), (2.3), (2.13) and the convexity of || - ||?, we have

[2nt1 = v < anllf(zn) = v1* + (1 = @ = 70)[[Sun — 0l* + nllvn — v]|?
< an f(@n) = vl + (1 = an)Jun = v]|* + Mg
< an([f (@a)ll + [l)? + (1 = an)(lzn = v]|* = llzn = ual®) +7m Mg
< anMg + |z — UH2 - (1= an)llzn — un||2 + VnMga

ie.,
(1= an)l|zn = unll® < (an +790) MG + llzn = 0l* = 21 —v])%,
< (an + 7)) MG + |z — znsall(len — oll + zn41 =),
which together with (2.4) imply
nh_)rrgo 2n — unl|®> = 0= nh_}rrgo |2 — wnl|- (2.14)
By (2.12) and (2.14), we have
1tn = tunll < |Stn = 2l + 2 — ]l = 0. (2.15)

Next, we want to prove that
limsup(f(z) — z, @, — 2) <0, (2.16)

n—oo

where z = Ppix(s)nep(r) f(2), i.e., we want to prove that there exists a subsequence {u,,} C {un}
such that

limsup(f(z) — z, @y — 2) = lim (f(2) — 2,2, — 2) < 0. (2.17)

n—oo 1—00

Since {uy,} is bounded, there exists a subsequence {un,;} C {uy,}, which converges weakly to
w. Without loss of generality, we can assume that w,, — w. Then by (2.15), we know that
Sy, — w. We will show that w € EP(F). Considering that u,, = T ., we have

1
F(unvy)+r_<y_unaun_$n>207 VyedC.
Then by (Asz), we know

1

_<y — Up, Un — In> > F(yaun)a
Tn
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which implies that

7

Uy, — Tn,
<y_u7lm "T nl>ZF(y7unz)
"

7

2o 0 and w,, — w, from (A4), similarly as in [1], we also have

T

Since
0> F(y,w), VyeC.

For t with0 <t <1andye C,let y, =ty + (1 — t)w. Since y € C and w € C, we have y, € C
and hence F(y;, w) < 0. So, from (A;) and (Ay4), we have

0=F(y,ye) <tF(ye,y) + (1 = ) F (ye,w) < tF (s, y),
ie., 0 < F(y,y), which together with (Ag) imply
0< F(wy), VYyed,

i.e., we have w € EP(F).
Next, we predict w € Fix(S).
We assume that w ¢ Fix(S). Since u,, — w and w # Sw, from Opial’s theorem!®! and (2.15),

we have

liminf ||uy, —wl|| < liminf ||u,, — Sw| < lUminf{||wn; —Sun, ||+ ||Stn, —Sw||} < liminf ||u,, —w]|.
11— 00 71— 00 71— 00 11— 00

This is a contradiction.

Of course, we can also prove w € Fix(S) immediately by u,, — w, (2.15) and the Demi-Closed
Theory (e.g., [12, Lemma 1.1] or [11]).

Thereby, w € Fix(S) N EP(F).

Since z = PFix(S)ﬁEP(F)f(Z)a we have

limsup(f(2) — 2,20 — 2) = lim (£(2) = 2,20, — 2) = (f(2) = 2,0 — 2) <O,

n— oo 100

which verifies (2.16) and (2.17).
Finally, we will complete the proof by way of the method, different from that of [1].
By (1.2), (2.3) and (2.13), we have
[
<(1-ap— Vn)QHSUn - ZH2 + 200 (f(Tn) — 2, Tns1 — 2) + 2V (Vn — 2, Tnt1 — 2)
< (1= an)?llun — 22 + 200 (F(@n) — F() + £(2) = 23011 — 2) + 2yallon — 2] - g1 — 2]
< (1= an)?zn = 2l + acn((lzn — 2|7 + |znss — 2%+
20, (f(2) — 2, Tns1 — 2) + 27, M. (2.18)

We know, there exists ng € N such that 1 — aq,, > % if n > ng. Then by (2.18), we have

[#n1 — 22
(1 —an)? +aay, 5 20, 27, M3
<X Tn) T EEm _ o _ _ £/m770
< T aa. zn — 2[I" + 1—aan<f(z) 2, Tpt1 — 2) + T~ aa,

2(1 — a)ay,
1—ao,

apllzn — 2|2

<(1- )Hxn—z||2—|— +40‘n<f(z)_za$n+l_Z>+4"YnMg

1—ao,
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2(1 — a)ay,

<(1-
< 1-—aaqa,

Wan — 2)|% + 202 ME + 4ann, + 4y MZ, Y1 > ng, (2.19)
where 7, = max{(f(z) — z, Zpn+1 — 2),0}. We claim

lim 7, = 0. (2.20)

Indeed, by (2.16) we know, for any ¢ > 0, there exists a natural number ny > ng such that
(f(z) — z,xp41 — 2) <eif n > nq, ie, 0<n, <&, Vn > n;. By the arbitrariness of ¢ we know
that (2.20) holds.

Let hy, = 20229 Then 37 hy > 2(1— @) Y0, an = oco. Let by, = 202 Mg + 4o,

l—aay, n=n n=ngp

and let ¢, = 47, MZ. Then by Lemma 1.3, we know
lim |z, —z||* =0,
which implies the completeness of the proof of Theorem 2.1. O

Corollary 2.2 Let C' be a nonempty closed convex subset of H. Let S be a nonexpansive
mapping of C into H such that Fix(S) # (. Let f be a contraction of H into itself and let {x,}
and {u,} be a sequence generated by x1 € H and

Tpt1 = Oénf(xn) +(1—a,— ’Vn)SPan + YnUn, (2'21)

where {v,} is a bounded sequence in H, {ay}, {7y} C [0,1] and {r,} C (0, 00) satisfy

o0 o0 oo
lim «, =0, E Oy = 00 E |1 — ap| < o0, E Y < OO,
n—oo

n=1 n=1 n=1

Then, {x,} converges strongly to z € Fix(S), where z = Ppiy(s)f(2).

Proof Put F(z,y) =0 for all z,y € C and r,, = 1 for all n € N in Theorem 2.1. Then we have
uyn, = Poxy. So, from Theorem 2.1, the sequence {z,} generated by 1 € H and (2.21) for all
n € N converges strongly to z € Fix(S5), where 2z = Ppix(g)f(2).

Corollary 2.3 Let C' be a nonempty closed convex subset of H. Let F' be a bifunction from
C x C to R satisfying (A1)—(A4) such that EP(F) # 0. Let f be a contraction of H into itself
and let {z,} and {u,} be sequences generated by x1 € H and

Tn4+1 = anf(xn) + (1 — Qp — Vn)un + YnUn, n >0

where {v,,} is a bounded sequence in H, {a}, {y} C [0,1] and {r,} C (0, c0) satisfy

oo oo
lim «, =0, E Q, = 00, E |1 — am| < 00,
n—oo

n=1 n=1

n—oo

liminfry, >0, Y |rap1 —7al <00, Y gm < 0.
n=1 n=1
Then, {z,} and {u,} converge strongly to z € EP(F), where z = Pgp(p) f(2).

Proof Put Sz = z for all z € C and r, = 1 in Theorem 2.1. Then, from Theorem 2.1 the
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sequences {z,} and {u,} converge strongly to z € EP(F), where z = Pgp(r) f(2).

Remark (1) Theorem A (i.e.,[1, Theorem 3.2]) is Theorem 2.1 in the case of v,, = 0. Moreover,
some of the methods used in the proof of Theorem 2.1 improve that of [1, Theorem 3.2].

(2) In the case of v, = 0, Corollary 2.2 and Corollary 2.3 become [1, Corollary 3.3] and [1,
Corollary 3.4], respectively. Hence, the main results of this paper generalize all of results of [1].

(3) In the case of v, = 0, we obtain Wittmann’s theorem [10] in the case when f(y) =z, € C
for all y € H and S is a nonexpansive mapping of C into itself in Corollary 2.2. We also obtain
Combettes and Hirstoaga’s theorem!? in the case when f(y) = #; € H for all y € H in Corollary
2.3.
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