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Abstract Two kinds of convergent sequences on the real vector space m of all bounded sequences
in a real normed space X were discussed in this paper, and we prove that they are equivalent,
which improved the results of [1].
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1. Introduction

On the real vector space m of all bounded sequences in a real normed space X, in [1] the
almost convergence (z;) € m was defined, and it was gotten that (x;) almost converges to s € X
iff

p—1

1
||;Z$k+i_5|| — 0asp— 00
=0

uniformly in £ =0,1,....
In [2], the quasi almost convergence (x;) € m was defined, and it was shown that (z;) quasi

almost converges to s € X iff

1(n+1)p*1
[ S R P
p i=np

uniformly in n =0,1,....

And [2] gave the following theorem:

Theorem 1 If a sequence (x;) € m almost converges to s € X, then it quasi almost converges
to s.

In this paper we show that the converse of the above theorem is also true.

2 Main result
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First we give some notations and facts.
Let (z;) € m. We denote a,, = £ 37" 0 x;. Since (x;) € m, m = sup;cz{||x;||} is finite. And
we can easily see that ||a,| < m, for any n € Z.

Now we give our main theorem.

Theorem 2 Let {z;};°, € m. Then the following aconditions are equivalent.

(n+1)p—1
(1) ||1—17 > x; —s|| — 0 asp— oo, uniformly inn =0,1,....

1=np

p—1
(II) ||% > xp4i — 8|l — 0 as p — oo, uniformly in k =0,1,....
i=0
Proof If (II) is true, by Theorem 1, we get (I) is also true.
For the converse, if (IT) does not hold, then there exits eg > 0 such that for any p > 0, there
isap’ >pand k' € Z, such that H% f o Tri+i — S| > eo.

For the gy above, by (I), there are K and py € Z satisfying:

(i) szlnﬁ)k Yo — | < £ as k > K, uniformly inn =0,1,....
(i) po > K, pom < 2 and K clisll < 5, where m = sup;cz {||:[l}-

Since (IT) does not hold, for the Do above p1 > po and ko € Z exist such that ||+ ! Zpl 0 Thoti—
s|| > eo.

1) If kg < K, then

p1—1 p1+ko—1 +ko— p1—1
||— ZZEkOJrz Z x; — 8| + +k Z - — szoﬂH
i=0 p =0 i=0
) (p1 + ko)ap, +ko — koak
< E + Ha;DlJrko - T 0 ||
b1
<2 5 +H ap1+ko||+|\p—1ako|\
€o
< —= < egy.
=5 €0

2) If ko > K, then there are two cases:
(a) If ko S P, then

1= (p1 + ko)ap,+ko — Kotk
= > @i — sl = | - - — s

=0

ko ko
||ak0+P1 - SH + _HakoJr;Dl - S” + _Hako - SH
b1 Y41

IN

(b) If ko > p1, since p; > py > K, there exist ng,n1 € N and ki, ko € Z, k1, ko < K such

that ngK + k1 = ko and n1 K — ko = p1 + k1.

_ 1 ko—1 _ 1 ko+pi+ke—1 o (no+i—1)K—-1 .
Let a = T DvimnoK Tis b = T Dimko-tpr z; and a; = KEJ (no+i-1)K L3> where ¢ =
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1,...,n1. Then
p1—1
(a1—|—-~—|—an )—kla—ka
H— Z Tho+i — sl = || : — sl
b1
K||al—s|\ mK —p kob
<Z + 1l ||+H H+|| |
P
€0 €o
<250 4 9%0 , f0, f0
=25 + 6 + 6 + 6 €0,
contradicting the assumption that we made before. O

Similarly with the proof above, we can get a theorem for multi sequences on the real vector

space T of all bounded multi sequences in a real normed space X.

Theorem 3 Let {z;;}{5_, € T. Then the following conditions are equivalent.
ONF ZE”ZJ)” 125’”,2; " gy — s — 0 as p,q — oo, uniformly in n,m =0,1,....

(II) ||p1q > ] 0 Thtii+; — S|l — 0 as p,¢ — oo, uniformly in k,1=0,1,....
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