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0. Introduction

Throughout this paper, p denotes a number satisfying 1 < p < oo, 2 denotes a connected

open set of R*"(n > 1) and dV denotes Lebesgue volume measure. For any x € R*", we rewrite

= (2, 2®)) where M) = (z1,29,...,2,), 2 = (Tpy1, Tnio, ..., T2,). p(x) is a continuous
. . . _ o o o
function defined on the closure of Q satisfying p(z) > 0,2 € Q. A = 9a7 + 523 R
_ [é) el o)
Az = ax31+1 + axfwrz Tt da3,, "

Definition DP({, p) is the set of functions u defined on ) satisfying the following condions: u

is twice continuously differentiable, complex-valued, Aqyu = 0, Asu = 0,

1/p
fully = ( [ plupav)” <o

In the next section, we will prove D?(£2, p) is a Hilbert space with inner product

(u,v>=/puUdV.
Q

For each z € Q, the map u — u(z) is a bounded linear functional on the Hilbert space D?(, p).
Thus there exists a unique function To(z,) € D?(Q, p) such that

u(z) = / p(y)u()Talz, 9)dV () (1)
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for every u € D?(, p). The function T, which can be viewed as a function on  x Q, is called the
reproducing kernel of  or the reproducing kernel for D?(, p). In several complex variables, the
Bergman kernel of product domains equals to the product of kernels. But harmonic Bergman
kernel has no such property. What interests us is that To(z,y) has the following important
property: If p(z) = 1,Q = Q1 x Qo, where Q;,{y are the connected open sets in R™, then
To(z,y) = Ra, (2, y™M) x Ra,(2®,y?), where Rq,, Rq, are the harmonic Bergman kernels
of 1,5, respectively.

Harmonic Bergman spaces have not been studied as extensively as their holomorphic coun-

terparts. Holomorphic Bergman kernel functions have the following important property!!: Let
Qq, Qs be domains in C", f: 3 — Qs be biholomorphic. Then

det Jo f(2) Ko, (f(2), f(¢))det Jo f(C) = Ko, (2, ().

Harmonic Bergman kernel functions have no such good property. Furthermore, the computation
of harmonic functions is more difficult than their holomorphic counterparts. For example, one
must use zonal harmonic functions and Poisson kernel to compute the harmonic Bergman kernel
for the unit ball in R*!?. And one also needs Poisson kernel to compute the harmonic Bergman
kernel for the upper half-spacel®l. Bergman kernel functions play an important role in several
complex variables. One of the main applications is to construct Bergman metrics on bounded
domains of C™. In this paper, the author makes use of Tq(z, y) to construct metrics for bounded
domains in R?".

Let us summarize the main results of this paper: In the first section, we proved that D?(, p)
is complete, that To(z,y) is the product of harmonic Bergman kernels, when Q is a product
domain and p = 1; In the second section, we calculated the reproducing kernel for D?(€, p),
when Q = B, x B, and p are some special functions; In the third section, we constructed
a distance function and a semi-positive definite matrix drawing on Tq(z,y) and obtained an
inequality about the distance function and the pseudo-distance induced by the semi-positive

definite matrix.

1. Preliminaries and basic lemmas

In this paper, B denotes the unit ball of R™ and S denotes the unit sphere. Normalized

surface-area measure on S is denoted by o (o(S) = 1). Q will denote a bounded domain in R?".

Lemma 1.112) Ify is a harmonic function on B(a,r), then there exist p,, € H,,(R") such that

u(z) = Z Pm(x — a)
m=0
for all x € B(a,r), the series converges absolutely and uniformly on compact subsets of B(a,r).

Theorem 1.212) Suppose (um) is a sequence of harmonic functions on D such that w,, converges
uniformly to a function u on each compact subset of D. Then u is harmonic on ). Moreover,

for every multiindex o, D®u,, converges uniformly to D*u on each compact subset of D.
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Lemma 1.3 If f is integral on R", then
1 oo
—— | fdV = / rt / f(r&)do(&)dr.
nV(B) R» 0 S
Theorem 1.4 DP((, p) is a complete space.

Proof Suppose that {u;} is a Cauchy sequence in DP(£2, p). Then {p'/Pu;} is a Cauchy sequence
in LY(Q). There exists f € LT(Q) such that u; — f in LT(Q). Let K be a compact subset
of Q and 2r = dist(K,R*"\Q). K* = {z|dist(z,K) < r}. For each z € K, B(x,r) C K*. If
u € DP(Q, p), then v is a harmonic function on 2. For each z € I,
1
") = G fo, MOV W)
According to Holder inequality, we have

1
) S Gy Lo, MOV E)

u(y)|p(y)*/?

1 1
V(B 1) /BW) VW

< 7‘,(3&”)) (/B(M) Iul”pdV(y))l/p(/Bw) pq—%dv(y))l/q
gﬁ ol (/}C* pq%dv)”". (2)

1 1 1/q
@) ) < gy s = o ()

for all x € K and j,m. The inequality above implies that{u;} converges uniformly on K. It
follows from Theorem 1.2 that {u;} converges uniformly on compact subset of Q to a harmonic
function u on ©Q and Aju = 0, Asu = 0. Because {ujpl/p} has a subsequence converging
to f poinwise almost everywhere on Q, f equals to up'/? almost everywhere on €2, and thus
u € DP(Q, p). limy_oo ([ plus — ulPAV)/P = 0. O

Take p = 2. Then the above theorem shows that D?({, p) is a Hilbert space with inner
product

(u,v>=/puUdV.
Q

For each z € Q, the map v — wu(z) is a bounded linear functional on the Hilbert space
D?%(Q, p) (by formula (2)). Thus there exists a unique function Tq(z,) € D?(£, p) such that

u(z) = / p(y)u() Tz, )V () 3)

for every u € D?(€, p). The function Tq, which can be viewed as a function on Q x Q, is called

the reproducing kernel of 2.

Lemma 1.5 Tq(x,y) has the following properties:

(a) Tq is real valued;
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(b) If {um} is the orthonormal basis of D*(Q, p), then

oo

a(z,y)

for all z,y € €;
(c) Ta(z,y) =Ta(y,x) for all z,y € Q;

(d) || Ta(z,) ||lo= /Ta(z,z) for all z € Q.

Theorem 1.6 Let Qq,€Qs be the bounded domain of R", Q = Q1 x Q9 and p(x) = 1. Then
Ta(z,y) = Ra, (2™, yM) x Ra,(2®,y?), where Rq,, Rq, are the harmonic Bergman kernels
of Qq, Qa, respectively.

Proof Suppose that t = (1), ¢(2)) € Q. We have

Rg, (2, tM)Rg, (2@, t?)) = / Ro, (yV,t ") Ra, (v, 1) T (z, y)dV (y)
Q1 xQ2

:LRMWM%W@WARMWM%%mmMW@“(WWUU
1 2

:/ Ro, (Mt T (W, 2@), (yV, t@))dv (y™)
o
= To((zM,2®), ¢V, +2))).
Lemma 1.7 Let B denote the unit ball in R", p = 1. Then Tpxp(z,y) = Rp(z™,yM) x
Rp(z®,y?)), where

(n = DOy + (820 -y — 20— DRl +

1) (M) =
RB(QU Y ) - nV(B)(l — o). y(l) + |x(l)|2|y(1)|2)l+n/2

2. The reproducing kernel for B x B

Theorem 2.1 Suppose that = (z(V),2() € R?", and p(x) is a polynomial on R?*" about
x satisfying Aijp(x) = 0, Agp(x) = 0. Then p(x) can be written in the following form: p(x) =
Z;vzl fi(xMW)g;(x?), where f;, g; are homogeneous harmonic polynomials on R" about x(!),

x| respectively.

Proof p(r) can be written in the following form: p(z) = Y (2())¥ga(z®?), where a =
(a1,02,...,0n), ga(z?) is a polynomial about (). Because Asp(z) = >, (2(V)*Asga (z?) =

0, we have Agge(z®) = 0. Thus go(z) is a harmonic polynomial on R™. There exists
nonnegative integer N, such that g, = Zj-vjo g((lj ) (), where g&j )(:1:(2)) is a homogeneous har-
monic polynomial on R" about z(?) of degree j. Let m = max{N,|a} and dimHg(R") =
Ly, k =0,1,...,m. Suppose that the basis for the Hx (R™) are p1,Dk2;- - -,PkL,- P(x) can be
written in the following form: p(z) = ", ZJ 1 Pk (@) fro; (2, where fi; (V) is a poly-
nomial about z(*). Because Aip(z) = 0, we have > ;- OZ] L P (8P A i (x(M) = 0. For
each t € R, 370, Z]L:k1 Py (tz@) Ay frog (z V) = 3o tF E ) pry (@) A fiy (2)) = 0. Thus
Zf:’“lpkj(x@))Alfkj(x(l)) = 0. Because pi1,pr2,.--,PrL, are the basis of Hx(R™), we have
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A frj (M) = 0. frj(z™M) is the sum of some homogeneous harmonic polynomials on R™. The

desired result is proved. O

Theorem 2.2 Let f be a function defined on B,, x By, satisfying A1f =0, Asf = 0. Then f

can be written in the following form:

=3 3 4"Eg" ), ()

m=0 j+k=m

where f;m)(:zr(l)) is a homogeneous harmonic polynomial on R™ about =) of degree j and
g,(cm) () is a homogeneous harmonic polynomial on R"™ about (? of degree k. For each fixed
point 2 € By, Y0 (3 f;m)(:v(l))g,(cm)(:c@)) as a series about 1) converges uniformly

on any compact subset of B,,.

Proof It follows from Bs, C B, x B, that f is harmonic on Bs,. According to Lemma
1.1, we can write f in the following form: f(z™M,2®) = 3" p,,(zV,2?), z € Bs,, where
DPm (:C(l) $(2)) is a homogeneous harmonic polynomial on R2" about x of degree m. Because

A f(zM, 2?) = S Arpm(x W 2®) = 0,Asf(zM), 2?) = ¥ Aopp (M), 2?) = 0,
A1pm (2™, 2?)) = 0, Agpu (™, 2)) = 0. Theorem 2.1 shows that we can write f in the

following form:

FlaW, 2@ = Z Z f(m 2M)gi™ (22, 2 € By,

m=0 j+k=m

where f;m)(:ﬂ(l)) is a homogeneous harmonic polynomial on R™ about z(!) of degree j and
g,(cm)(x@)) is a homogeneous harmonic polynomial on R about () of degree k. For each fixed
point 22 € B, f(z™,2®) as a function about (! is harmonic. For each fixed point z(!) € B,,,
f(zM, 2(2)) as a function about #(?) is harmonic. Lemma 1.1 shows that formula (4) holds for

any x € B, X By,. O

Theorem 2.3 Suppose that f is a function defined on the open set containing B,, X By, satisfying
A1 f =0,Asf =0. Then we can write f in the following form:

D=3 3 4"Eg" ),
m=0 j+k=m
where f; (m) ()Y and g(m) (2(?)) are the same as in Theorem 2.2. The series converges uniformly

on any compact subset of B,, X B,,.

Proof Suppose that p(t,€) is the Poisson kernel for B,,. Then p(t,§) = It ‘g‘ln,

write p(t, €) in the following form: p(t,&) = Yoo Zim(t,€), t € By, £ € S, where Z,,(t, &) is the
zonal harmonic of degree m. The series converges absolutely and uniformly on K x S for every
compact set K C B,,.

f(fc(”,:v@))=/Sf(§(”,w(2))p(:v(”,5(1))(10(5(”))

and we can also
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_ / p(a™, £D)do (D) / FED, €2)p(a®  €@)do(6®)
S S

= i i f(§(1>7 5(2))Zj($(1) , f“’)Zk(:z;(Q) , 5(2))(10(5(1))(10(5(2))

=0 k=0 SxS

S [ HED €12, €0) 2 € (e o ().

m=0 j+k=m Sx8

Theorem 2.2 shows that we can write f in the following form:
f(x(l), I(2)) — Z Z f;m)(x(l))g,(gm) (I(2)),
m=0 j+k=m

where f;m)(:zr(l)) is a homogeneous harmonic polynomial on R" about z(!) of degree j and

g,(cm) () is a homogeneous harmonic polynomial on R™ about z(?) of degree k. Hence we have

> FEW, €225, 60 Z (2, €2)do(€V)do (62))

jtk=m SxS
= > A ED)g™M ().
Jjt+k=m

By the property of zonal harmonic, there exists constant C' > 0 such that
1Zj(2M, W) 24 (2@, 62)| < 02D OR" e,
Let M = sup{f(¢M,£)|(€M,6®) € 5 x S}.
FED, 62252, €M) 2P, €P)do (¢ da(€P)) < MO 2D P CR" 2|2 |F.

SxS

Thus the desired result is proved. O

Theorem 2.4 Suppose that p(z) is continuous on B, x B,,, p(x) > 0, for eachz € B,, x B,,. For
each f € D*(B,, x By, p) and € > 0, there exists a polynomial u(x) = 3, pi(z™")g; (), where
pi(ac(l)) is a homogeneous harmonic polynomial on R™ about (") and qi(ac@)) is a homogeneous
harmonic polynomial on R"™ about x?), such that (anxBn p(W)f(y) — uw(y)|?2dV (y)/? < e.

Proof There exists M > 0 such that p(z) < M, z € B, x B,. For each f € D?*(B, x
By, p) and € > 0, there exists a continuous function g on R?" with compact support such that

(anxBn If(y) — g(y)|2dV (y))'/? < e. For each real number r satisfying 0 < r < 1, we have

[/B . p(y)lf(ry)—f(y)lde(y)] v

< {/ansn p(Y)|f(ry) —g(y)lde(y)} v + [/ p()|g(y) — f(y)|2dV(y)T/2

By X By,

= {/angn pY)|f(ry) — 9(ry)l2dv(y)} v + [/anBn p(W)lg(ry) — g(y)FdV(y)] 1/2 T

< g[/BMBn pWIf () —g(y)IQdV(y)} "y [/

B, X By

p(y)lg(ry) — g(y)|2dV(y)} i ++vMe
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S(g+\/ﬁ)a+[/

1/2
p)lg(ry) = 9v)Pavy)|
B, xXBj,

There exists § > 0, such that when 0 < 1—1r < 4, (\/W +VM)<3vVM, anxBn p(y)lglry) —

rn

9(y)|*dV (y) < e. Hence we have ([ 5 p(u)|f(ry) — f(y)|?dV(y))/? < (1 + 3VM)e, when
0 <1—17r < 4. Theorem 2.3 shows that f(ry) can be approximated uniformly on B, x B, by

u(z). The desired result is proved. O

Theorem 2.5 Let o(t1,t2) = Zi:o dito aitith, ti, ta € R, aij > 0 (i = 0,1,...,1; j =
0,1,...,m) and p(x) = p(|lzM], |2?)|). Then

1 oo o0
TB,xB,(2,Yy) Zm Z Z Ly (x(l)ay(l))zkg ($(2)ay(2))

k1:0k2:0
l m
1 —1
ij - - . 5
{;;jz—:oa](%wﬂx%wnﬂ) ®)

Proof Denote by F(z,%) the series on the right hand of formula (5). Let p(z")) be a ho-
mogeneous harmonic polynomial on R™ about z(!) of degree k; and q(x(2)) be a homogeneous

harmonic polynomial on R about z(?) of degree k.

/B . p()p(y™M)a(y®) Zy, (2, y W) Zy, (2@, yP)dV (y)
nXDn

:/B p(y(”)Zkl(x(”,y(”)dV(y(”)/B ey [y P Na(y ) Zi, (22, y@)av (y?)

n

/ (5O P Da®) Zey (@@, y®)av (5

1
:nV(B)‘/O ’f‘n_l/sspﬂy(l”,|r§(2)|)q(7a§(2))zk2($(2)7ré’(?))da(é-@))dr

1
=nV(B) /0 e(ly D], r)r2Ftrtdr /S a(€P) Zy, (2P, P )do(¢?)

l m 1
= nV(B)q(x@)) Z Z ai; / |y(1)|zr2k2+n+]_1dr
0

i=0 j=0
l m
. 1
_ @) L
nV(B)g(z )Z;j;a”'y |2k2+n+j'
Hence
/ p()p(y)a(y®) Zy, (2D, y M) Zy, (212, y@)dV (y)
B, xXB,
l m
. 1
— V(B <2>/ W2, (04O RWENE AV (yW
nV(B)q(z )Bnp(y )2k, (24 y );j:zoagly |2k2+n+j V(y')

I m 1 1 )
= [nV(B)]2q(x(2))ZZaij72k2+n+j/0 7“"_1/Sp(rf(l))zkl(w(l),T§(1))|T§(1)|lda(§(l))dr

i=0 j=0
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I m 1
= [V (B)Pq(=z®)p [;ZO 2k2+n+3)(2k1+n+z’)]

p(zM)q(a?) = p(y) Py )a(y®)x

ﬁ /BB

I m
1 —1
1) @ (2)
Zi (@055 ) 2 (@ [EOZO 2k1+n+z)(2k2+n+])} V().

There exists C' > 0 such that

l m
1 -1
Zy 2D,y Z1y (22, [ 30y ’
b (@090 2 (2, )[i_oj_oaj(ﬂﬂ+n+i)(2k2+n+j)}

(2/€2 +n)(2k1 +n)
apo

aoo

| (1)|k1|x 2)|kg|y(1)|k1|y 2)|k20kn QCkn 2

kl kz n—2 n—2
iy Cky ™ “Cky ™",

where 0 < 71, 72 < 1, [z < ry, 2P| < ry, y, y3 € B". The above inequality

e’} o) l m _
shows that >°_ >0 o Zg, (¢, y M) Zy, (2, y P[>, ST ai (2k1+n+i)1(2k2+n+j)] L con-
verges uniformly and absolutely on (r1 B, X r2B,,) X (B, X By). Thus we have

paa@®) = [ o) Py ) P )V o). (©)

According to Theorem 2.4, for each f € D*(B,, x By, p) there exists {u;} which has the same
form as u in Theorem 2.4 such that u; — f in D?(B,, X By, p). Because u; satisfies formula (6),
we must have f(z) = [ 5 p(y)f(y)F(z,y)dV (y). The desired result is proved. O

Theorem 2.6 Suppose that p(z) = (1 — |z |)E(1 — |23)|)N, where L, N are positive integers.

Then there exist positive constants cg, 1, ...,cr+1; bo, b1, ...,bn+1 such that
L+1
1 dip t:zr(l S ty™M))
TBnXBn(x7y) |: L' Zcz z ‘t 1:|><
L NZ* p S, 1y)) ]
nV (B)N! dt? t=11"

where
1 — [t |w]?

(1= 2{t, w) + [¢[*|w]*)"/2”

p(t,w) = t,w € By.

Proof Let p(x(l)) be a homogeneous harmonic polynomial on R™ about z(!) of degree k; and

q(z?) be a homogeneous harmonic polynomial on R™ about z(?) of degree kj.

/B i p()p(y)a(y®) Zy, (2P, y M) Zp,, (22, y@)dV (y)
X
= [ =) 2 Oy ()¢

B,

/ (1 —y)Ng(y®) Zp,, (212, y@)av (y?)

n
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1
= V(B,) [ [ (0= ) 2, 0. re (e ar)
V(B [ 17 [0 a ) 2 a0 ar)

= [V (B,)*p(=)q(«?) /1 PR (L =) tdr /1 S
0 0

_ 2 (1 2)y L(n + 2k)T(L + 1) T'(n + 2k)I(N + 1)

= [nV(B)]*p(zV)q(z?) T(nt2k +L+1) T(nt2ks + N+ 1)

pw)p(yM)a(y™) 1?5: T 221]:11);5:1 11)> )

1
1) @y __ -

pa)e(a®) = /

[nV (Bn)]? B, x By,
I'(n+2ky+ N+ 1)

Zo (2 N7 (23 PNV ().

There exists C' > 0 such that
P(n+2ki+L+1) D(n+2ks+N+1)
I(n+2k)0(L+1)T(n+2k)I(N +1)
F(n+2ki+L+1) T(n+2ka+N+1)
I'(n+2k)T(L+ 1) T'(n 4+ 2k)T'(N 4+ 1)
Fn+2ki+L+1) (n+2k2+N+1)
“ T'(n+2k)T(L+1)T(n+ 2ke) (N + 1)

Ziy (&, y W) Zyy (2P, y®)

—~

< | (1)|k1|x(2)|k2|y(1)|k1|y 2)|k20kn QCkn 2

—_

ry>Cky~*Chy 2,

—~

where 0 < 71, 1o < 1, [z | < 71, [P)] < ro, y(V, ¥y € B™. The above inequality shows that

Ziy (2, y®)

Z, (x

P(n+2ki+L+1)
TanBn r,y) Z T(

(n+2k1)T(L + 1) g F

n+2k2 (N+1)

converges uniformly and absolutely on (r1 By, X r2By,) X (Bn X By). Thus we have

paaa®) = s [ o a6, e, 09) ™

According to Theorem 2.4, for each f € D*(B,, x By, p) there exists {u;} which has the same
form as u in Theorem 2.4 such that u; — f in D?(B,, X By, p). Because u; satisfies formula (7),

we must have

1 *
f(z) = W/an pWf YT, B, (T,Y)

Hence T, xp, (x,y) = T «B, (x,y).

Next, we shall obtain the explicit formula of Ts, « B, (z,y).

Suppose that ¥(t) = (n+t+ L)(n+t+L—1)---(n+t). It is obvious that v is a polynomial
about ¢ of degree L + 1. T'(n + 2k1 + L+ 1)/T'(n + 2k1) = ¥(2ky1). There exist cg,c1, ..., 041
such that ¢(t) =co + 1t +eat(t — 1)+ -+ -cppat(t —1)(t—2)--- (¢t = L).

2

(x5 V) = $(2k1) Zk, (2D, y V)
— « D(n+2k1)0(L +1) ! 'klzo
oo L+1
L' Z Z Cl2l€1 2k, — 1) (2k1 -1+ 1)Zk1 (x(l)vy(l))
kl 0 1=0

Z T(n+2k +L+1)



596 ZHAO Z G

L+1 e’}
VB D i > 2k (2ky — 1) (2ky — i + 1) Zg, (2, y M)
=0 k1=0
1 — |z WPy
My (2D, y (1),
e kZoZ’“ =) = T, gy oo v € B
1

Let G(t) = 320 Zg Ziy (b2, ty M) = 3700 171 Z, (W), yV)

d'G(t > , d'P(tx, t
th )| - D 2%k (2 — 1) (21 — i+ 1) Zg, (2, yV) = %
t=1 =0 t=1
L+1
(n+2ki+L+1) 1 d*P(tx,ty))
7 (2D M ’
Zrn+2k1 TLan 2@ V) = g )L';c a |,
We can also prove that there exist by, b1, ...,bn41 such that
F n+ 2 )T(N + 1) k'8 Y nV(B)NT & dtl -
The desired result is proved. O

3. Metric matrix induced by reproducing kernel

Let H be a Hilbert space and consider the following equivalent relation between non-zero
elements ~: hy ~ hy <= hi = chs, where ¢ is a complex number. The set of all equivalence
classes forms projective space P(H). This is a complete metric space with respect to the distance
©([h1], [h2]) = dist([h1] N S, [he] N'S), where S C H is the unit sphere.

9 h ’Ltlhl eZt2h2
i(t1—t2)(h1,h2)
i [ el Mbshal]
tita [ ha ([} Pz |] [ ha (1| Pz |]

[(ha, ha)| }1/2
Il a1 P |l
Remark The knowledge about P(H) comes from [4].
Let Q be a bounded domain in R?". Define 7: Q — P(D*(Q, p)), 7(z) = [Ta(z,)], z € Q. It
is obvious that 7 is an injective map. Hence
1

= —op(r(p), 7(q) = |1 — Ta(p, q) 1/2
pa(p,q) : ﬁw( (), 7(a)) [1 \/Tﬂ(p,p)\/TQ(q,q)}

Vp,q € 2, is a distance function. Let G be bounded domain in C™ and dg be the Bergman
distance of G,

@[], [ha]) = V21 - (8)

9)

, zZ,w € G,

[Ka(zw)| }1/2
VEc(w,w)y/Ka(z,2)
where K¢g(z,w) is the Bergman kernel of G . In [5], Pflug proved that there exists ¢ > 0 such

oc(z,w) = [1 -

that ¢ (z,w) < cdg(z,w). In this section, we will make use of Tq(x,y) to construct a metric
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matrix and prove a similar result.

Definition 3.1 Let Q be a bounded domain in R®", and 7 : [a,b] — 2 be a curve. Define

Lo () = sup >, Yo (v(t:),Y(tis1)), where a = tg <ty < ty < --- < t, = b is a partition of

[a,b].
Definition 3.2 Let p,q € Q. Define ¢&(p,q) = inf{Ly,(v)|v : [0,1] — D, v is a piecewise
smooth curve, FY(O) = pa’Y(l) = q} ¢;2(paq) Z (bQ(pv Q)

Theorem 3.3 Let

1 82TQ($,$)
Gin(y) = 2T3(, x){ Oz j0xy,

OTa(x,y) 0Ta(x,y)

T -2
n(z,7) oz Dz,

- 2TQ (.I, y)

82TQ (.I, y) }
Oz;0x, -

Go(z,x) = {Gjr(z, ) hi<jr<on:
Then Gq(x,x) is a real semi-definite matrix.

Proof

[Ta(p, q)l _ VTao(p.p)vTalg,q) — [ Ta(p, q)|
VTaolp,p)v/Talg, q) VTao(p.p)v/Talg, q)
_ Ta(p,p)Talg, q) — T4, q)
VTo,p)v/Ta(e,9)(v/Talp, p)v/Tala, @) + Ta(pq)|)

Let v: [0,1] — £, be a piecewise smooth curve . For V¢, s € [0, 1],

Pa(v(t),7(s)) =

oo (pq) =1—

VTa(y(t),7(t)) \/Tsz (v(s),7(s))
Ta(v(t),v(t)Ta(y(s),7(s)) — T3(v(t).7(s))
(VTa((8),7(8)v/Ta(1(5),7(s)) + [Ta(v(1),7(s)))
Let ®(h) = Ta(y(s) + h(v(t) = 7(5)),7(s) + h(v(t) = ¥(s)))Ta(v(s).7(s)) = T3(v(s) + h((t) —
~v(8)),7(s)), 0 < h < 1. According to Taylor theorem, there exists £ € [0, 1] such that ®(1) —
(0) = '(0) + 5L Let A(t) = (1 (6),72(0). - 72 (1),

@/ (h) =3 (22T ) () Ta (), ()~

oz
j=1 J

2T, (s)) T2 E)

(3 (8) = 75 (s))],

O0x;
where z = y(s) + h(y(t) — v(s)). ®(0) = 0.
(2) o n 0?Tq(z, ) ‘ ‘
()= > {5 e 050 =) (0(t) = (5) Ta(y(5), 7(5)=
j=1k=1 J
T 8TQ(§’7(S)) (35 6) = 25(6)) (e (8) = 31(5)) -
T T

PTo(x,~(s))

5o e (03(8) = () (0) = (5D}

2T (7, 7(s))
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Suppose that ¢ > s. By the above formula, we have

i 2200:7() _ 1 d(1) — B(0)
=s (t—s)? 1= 2T5((5),7(s))  (t —s)?
=D > ()G ((5), 7)1k (s).
j=1k=1
Hence .
Hm w = {V'(5)Ga(v(s), Y)Y ()F2, t > s.
It is obvious that Gq(z, z) is semi-definite, for Va € Q. O

Definition 3.4 Define
Ba(p, q) = inf { /01[”/(8)% (v(s), 7)Y ()] 2ds|
v :[0,1] — Q, where v is a piecewise smooth curve, v(0) = p,y(1) = q},
for all p,q € Q. Bq(p,q) is called pseudo-distance induced by the reproducing kernel.

Theorem 3.5 ¢q(p,q) < Ba(p,q). If Ga(z,z) is positive definite, then that Bq(p,q) Is a
distance and that (Q, ¢q) is complete implies that (2, Bq) is complete.

Proof Let

F(t,s) = W —{V(5)Ga(v(s), v(sHY () }/2, t> s,

0, t=s,
where (¢,s) € {(t,5)]0 < s <t <1}. Since F(t,s) is uniformly continuous on {(¢,s)|0 < s <t <

1}, we can easily get

Loa(y) < / {7'(8)Galy(s). V(DI ()} /*ds.

It follows from the above definitions that

Pa(p,q) < ¢5(p,q) < Bal(p, q).

The desired result is proved. O
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