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Abstract In this article, we consider the integral representation of harmonic functions. Using a

property of the modified Poisson kernel in a half plane, we prove that a harmonic function u(z)

in a half plane with its positive part u
+(z) = max{u(z), 0} satisfying a slowly growing condition

can be represented by its integral of a measure on the boundary of the half plan.
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1. Introduction and main theorem

Let α ≥ 0 be a real number and let Hα denote the space of all the functions harmonic in the

right half plane C+ = {z = x + iy = reiθ : x > 0} satisfying

I1 =

∫ ∫

C+

xu+(x + iy)dxdy

1 + (x2 + y2)α+2
< ∞ (1)

and

I2 = sup
0<ε<1

∫ ∞

−∞

u+(ε + iy)dy

1 + |y|2α+2
< ∞, (2)

where u+(z) = max{u(z), 0} is the positive part of u(z). Suppose P (z, t) = 1
π
Re[ 1

z−it
] is the

Poisson kernel of the right half plane C+. Suppose m is an integer. A modified Poisson kernel

of order m for z ∈ C+ is defined by

Pm(z, t) =

{

P (z, t) − |t|m+2

π
Re

∑m

k=0
i(−iz)k

tk+1 , if |t| ≤ 1,

P (z, t) − 1
π
Re

∑m

k=0
i(−iz)k

tk+1 , if |t| > 1.

It is obvious that P0(z, t) = P (z, t). Pm(z, t) has the following properties: if z = x + iy =
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reiθ, x > 0, |z| ≥ 1,

xπ|Pm(z, t)| ≤



















(1 + 3mm)|z|m+1, if |t| ≤ 1,

2(3 + m)3m
(

|z|
|t|

)m+1

, if 1 ≤ |t| ≤ 2|z|,

(2m + 4)
(

|z|
|t|

)m+2

, if |t| > 2|z|.

(3)

Using this, we prove the following conclusion:

Theorem Let α ≥ 0 be a real number and m ∈ [2α, 2α + 1) be an integer, u ∈ Hα. Then

i)

I3 = sup
0<ε<1

∫ ∞

−∞

|u(it + ε)|

1 + |t|2α+2
dt < ∞; (4)

ii) There exists a measure µ on (−∞,∞) such that
∫ ∞

−∞

d|µ|(t)

1 + |t|2α+2
< ∞; (5)

iii) If α > 0, there exists a polynomial Qα(z) =
∑m

k=1 aki(−iz)k of degree < 2α + 1, where

ak (k = 1, 2, . . . , m) are real numbers, such that

u(z) = ReQα(z) +

∫ ∞

−∞

Pm(z, t)dµ(t), z = x + iy ∈ C+; (6)

iv) If α = 0, there exists a real number a1, such that

u(z) = a1x +

∫ ∞

−∞

P (z, t)dµ(t), z = x + iy ∈ C+.

2. Proof of Theorem

We first prove inequalities in (3). If |t| ≥ 2|z|,

P (z, t) =
1

π
Re[

1

z − it
] =

1

π
Re

∞
∑

k=0

i(−iz)k

tk+1
,

Pm(z, t) = P (z, t) −
1

π
Re

m
∑

k=0

i(−iz)k

tk+1
=

1

π
Re

∞
∑

k=m+1

i(−iz)k

tk+1
= −

1

π
Im

∞
∑

k=m+1

(−iz)k

tk+1
.

Since | sink(θ − π
2 )| ≤ k| sin(θ − π

2 )|,

|Im(−iz)k| = |z|k| sin k(θ −
π

2
)| ≤ |z|kk| sin(θ −

π

2
)| = kx|z|k−1,

we have

xπ|Pm(z, t)| ≤

∞
∑

k=m+1

kx2|z|k−1

|t|k+1
.

Suppose S =
∑∞

k=m+1
k|z|k−1

|t|k+1 . Then |z|
|t|S =

∑∞
k=m+1

k|z|k

|t|k+2 ,

(1 −
|z|

|t|
)S =

(m + 1)|z|m

|t|m+2
+

|z|m+1

|t|m+3
+

|z|m+2

|t|m+4
+ · · ·
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=
(m + 1)|z|m

|t|m+2
+

|z|m+1

|t|m+2(|t| − |z|)
,

S =
(m + 1)|z|m

|t|m+2
·

|t|

|t| − |z|
+

|z|m+1

|t|m+2(|t| − |z|)
·

|t|

|t| − |z|

≤
(m + 1)|z|m

|t|m+2
· 2 +

|z|m

|t|m+2
· 2

= (2m + 4)
|z|m

|t|m+2
,

hence

xπ|Pm(z, t)| ≤ x2S ≤ (2m + 4)
|z|m+2

|t|m+2
.

If 1 ≤ |t| ≤ 2|z|,

Pm(z, t) =
1

π

[ x

|z − it|2
+ Im

m
∑

k=0

(−iz)k

tk+1

]

,

∣

∣

∣
Im

m
∑

k=0

(−iz)k

tk+1

∣

∣

∣
≤

m
∑

k=0

kx|z|k−1

|t|k+1
= xSm,

Sm =
|z|m−1

|t|m+1

[

m +
(m − 1)|t|

|z|
+ · · · +

2|t|m−2

|z|m−2
+

|t|m−1

|z|m−1

]

≤
|3z|m−1

|t|m+1

[

m +
(m − 1)|t|

|3z|
+ · · · +

2|t|m−2

|3z|m−2
+

|t|m−1

|3z|m−1

]

=
|3z|m−1

|t|m+1
Tm.

Similarly to |t| ≥ 2|z|, Tm ≤ 3m, therefore

xπ|Pm(z, t)| ≤ 1 + x2Sm ≤ 2(3 + m)3m(
|z|

|t|
)m+1.

If |t| ≤ 1,

xπ|Pm(z, t)| ≤ 1 + x2Sm|t|m+2 ≤ (1 + 3mm)|z|m+1.

Proof of Theorem If u ∈ Hα, R > 1, for every 0 < ε < 1, applying Nevanlinna formula[1,2] to

u(z + ε), we obtain

u(1 + ε) =
R2 − 1

2π

∫ π

2

−π

2

( 1

|Reiθ − 1|2
−

1

|Re−iθ + 1|2

)

u(Reiθ + ε)dθ+

1

π

∫ R

−R

( 1

|it − 1|2
−

R2

|R2 + it|2

)

u(it + ε)dt. (7)

Let u−(z) = max{−u(z), 0} be the negative part of u,

m+(R, ε) =
R2 − 1

2π

∫ π

2

−π

2

( 1

|Reiθ − 1|2
−

1

|Re−iθ + 1|2

)

u+(Reiθ + ε)dθ;

m−(R, ε) =
R2 − 1

2π

∫ π

2

−π

2

( 1

|Reiθ − 1|2
−

1

|Re−iθ + 1|2

)

u−(Reiθ + ε)dθ;
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n+(R, ε) =
1

π

∫ R

−R

( 1

|it − 1|2
−

R2

|R2 + it|2

)

u+(it + ε)dt;

n−(R, ε) =
1

π

∫ R

−R

( 1

|it − 1|2
−

R2

|R2 + it|2

)

u−(it + ε)dt.

Then if R > 1, (7) becomes

m−(R, ε) + n−(R, ε) = m+(R, ε) + n+(R, ε) − u(1 + ε). (8)

If R ≥ 2, 2R > |Reiθ − 1| ≥ R
2 , 2R > |Re−iθ + 1| > R,

16R4 > |Reiθ − 1|2|Re−iθ + 1|2 ≥
R4

4
,

m+(R, ε) =
R2 − 1

2π

∫ π

2

−π

2

4R cos θ

|Reiθ − 1|2|Re−iθ + 1|2
u+(Reiθ + ε)dθ

≤
R2 − 1

2π

∫ π

2

−π

2

4R cos θ
1
4R4

u+(Reiθ + ε)dθ.

If |z| =
√

x2 + y2 ≥ 2, since

(ε + x)2 + y2 ≤ 2(ε2 + x2) + y2 ≤ 2(1 + x2 + y2) ≤ 4(x2 + y2),

that is

x2 + y2 ≥
1

4
[(ε + x)2 + y2],

we have
∫ ∞

2

m+(R, ε)

R2α+1
dR ≤

1

2π

∫ ∞

2

∫ π

2

−π

2

R2 − 1

R2α+1
·
4R cos θ

1
4R4

u+(Reiθ + ε)dθdR

≤
8

π

∫ ∞

2

∫ π

2

−π

2

R cos θ

R2α+3
u+(Reiθ + ε)dθdR

=
8

π

∫ ∫

D

xu+(x + iy + ε)

(x2 + y2)α+2
dxdy

≤
8

π
4α+2

∫ ∫

D

(ε + x)u+(ε + x + iy)

[(ε + x)2 + y2]α+2
dxdy

≤
8

π
4α+2I1,

where D = {z = x + iy : x > 0, |z| ≥ 2}. Hence

sup
0<ε<1

∫ ∞

2

m+(R, ε)

R2α+1
dR ≤

8

π
4α+2I1 < ∞. (9)

By (9), we have

sup
0<ε<1

lim inf
R→∞

m+(R, ε) = 0. (10)

Since

n+(R, ε) ≤
1

π

∫ R

−R

u+(it + ε)

t2 + 1
dt, (11)
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by the Fubini theorem[3], we have
∫ ∞

2

1

R2α+1
n+(R, ε)dR ≤

1

π

∫ ∞

2

∫ ∞

t

u+(it + ε)

R2α+1(t2 + 1)
dRdt+

1

π

∫ 2

−2

∫ ∞

2

u+(it + ε)

R2α+1(t2 + 1)
dRdt +

1

π

∫ −2

−∞

∫ ∞

−t

u+(it + ε)

R2α+1(t2 + 1)
dRdt. (12)

If α > 0,
1

π

∫ ∞

2

∫ ∞

t

u+(it + ε)

R2α+1(t2 + 1)
dRdt =

1

2απ

∫ ∞

2

u+(it + ε)

t2α(t2 + 1)
dt, (13)

1

π

∫ 2

−2

∫ ∞

2

u+(it + ε)

R2α+1(t2 + 1)
dRdt =

1

22α+1απ

∫ 2

−2

u+(it + ε)

t2 + 1
dt, (14)

1

π

∫ −2

−∞

∫ ∞

−t

u+(it + ε)

R2α+1(t2 + 1)
dRdt =

1

2απ

∫ −2

−∞

u+(it + ε)

|t|2α(t2 + 1)
dt. (15)

By (2), (12)–(15), we have

sup
0<ε<1

∫ ∞

2

1

R2α+1
n+(R, ε)dR ≤

1

2απ
I2 < ∞, α > 0. (16)

It is evident that if α > 0,

sup
0<ε<1

∫ ∞

2

1

R2α+1
[−u(1 + ε)]dR =

1

22α+1α
sup

0<ε<1
[−u(1 + ε)] < ∞. (17)

(8), (9), (16), (17) imply

sup
0<ε<1

∫ ∞

2

1

R2α+1
n−(R, ε)dR < ∞, α > 0. (18)

sup
0<ε<1

1

8π

∫ ∞

2

∫ π

2

−π

2

cos θ

R2α+2
u−(Reiθ + ε)dθdR

≤ sup
0<ε<1

∫ ∞

2

1

R2α+1
m−(R, ε)dR < ∞, α > 0. (19)

If R > 4,

πn−(R, ε) ≥

∫

1≤|t|≤R

2

( 1

1 + t2
−

R2

R4 + t2

)

u−(it + ε)dt

≥

∫

1≤|t|≤R

2

( 1

1 + t2
−

4

16t2 + 1

)

u−(it + ε)dt

≥

∫

1≤|t|≤R

2

1

2(1 + t2)
u−(it + ε)dt. (20)

By (18), (20) and the Fubini theorem[3], we see that if α > 0,

sup
0<ε<1

∫ ∞

1

1

R2α+1

∫ R

2

1

1

2(1 + t2)
u−(it + ε)dtdR = sup

0<ε<1

1

22α+2α

∫ ∞

1

1

(1 + t2)t2α
u−(it + ε)dt

≤ π sup
0<ε<1

∫ ∞

2

1

R2α+1
n−(R, ε)dR < ∞. (21)

(2) and (21) show if α > 0,

sup
0<ε<1

∫ ∞

−∞

|u(it + ε)|dt

1 + |t|2α+2
dt < ∞.
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If α = 0, (8), (10), (11), (20) imply

sup
0<ε<1

∫ ∞

−∞

|u(it + ε)|dt

1 + |t|2
dt < ∞.

Thus i) holds. For every positive integer n ≥ 2α, by the property (3) of the modified Poisson

kernel Pn(z, t), we have
∣

∣

∣
x

∫

|t|≤1

Pn(z, t)u(it + ε)dt

∣

∣

∣
≤ (1 + 3nn)|z|n+1

∫

|t|≤1

|u(it + ε)|dt;

∣

∣

∣
x

∫

1≤|t|≤2|z|

Pn(z, t)u(it + ε)dt
∣

∣

∣
≤ 2(3 + n)3n|z|n+1

∫

1≤|t|≤2|z|

|u(it + ε)|

|t|n+1
dt;

∣

∣

∣
x

∫

|t|≥2|z|

Pn(z, t)u(it + ε)dt

∣

∣

∣
≤ (2n + 4)|z|n+2

∫

|t|≥2|z|

|u(it + ε)|

|t|n+2
dt

hold for |z| > 1, z = x + iy, x > 0. Let

un(z, ε) =

∫ ∞

−∞

Pn(z, t)u(it + ε)dt.

Then

xun(z, ε) = o(|z|n+2), |z| → ∞, x > 0. (22)

For arbitrary T > 2, put DT = {z = x + iy : x > 0, |z| < T }. DT indicates the closure

of DT . Suppose χ[−2T,2T ](t) is the characteristic function of the interval [−2T, 2T ], Sn(z, t) =
1
π
Re

∑n

k=0
i(−iz)k

tk+1 . Thus un(z, ε) may be written as

un(z, ε) =

∫

|t|≤2T

P (z, t)u(it + ε)dt −

∫

|t|≤1

|t|n+2Sn(z, t)u(it + ε)dt−

∫

1≤|t|≤2T

Sn(z, t)u(it + ε)dt +

∫

|t|≥2T

Pn(z, t)u(it + ε)dt

=Xε(z) − Yε(z) − Zε(z) + Vε(z).

The function Xε(z) is the Poisson integral of u(it + ε)χ[−2T,2T ](t), hence it is harmonic in DT ,

with Xε(iy) = u(iy + ε); Sn(z, t) is a harmonic polynomial with Sn(iy, t) ≡ 0, so Yε(z), Zε(z)

are also harmonic polynomials, with Yε(iy) = 0, Zε(iy) = 0 (y ∈ [−T, T ]); Similarly from (3),

Vε(z) is harmonic in DT , with Vε(iy) = 0, |y| ≤ T . Thus by the arbitrary of T > 2, the function

un(z, ε) is harmonic in C+ = {z = x + iy = reiθ : x ≥ 0}, and

lim
z→iy

un(z, ε) = un(iy, ε) = u(iy + ε), y ∈ (−∞,∞). (23)

For real number α ≥ 0, we denote by C [1 + |t|2α+2] the space of all continuous functions G(t)

on R for which

lim
t→±∞

|G(t)|(1 + |t|2α+2) = 0.

If its norm is defined by

‖G‖ = sup
t∈R

|G(t)|(1 + |t|2α+2),

then C [1 + |t|2α+2] is a Banach space and

Pn(z, t) ∈ C [1 + |t|2α+2], n > 2α.
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Let εn decrease and tend to 0. Linear functional Λn on C [1 + |t|2α+2] defined by

Λn(G(t)) =

∫ ∞

−∞

G(t)u(εn + it)dt,

satisfies

|Λn(G(t))| ≤
[

sup
t∈R

|G(t)|(1 + |t|2α+2)
]

∫ ∞

−∞

|u(εn + it)|

1 + |t|2α+2
dt ≤ ‖G‖ · I3,

thus each Λn is a bounded linear functional on C [1 + |t|2α+2], and ‖Λn‖ ≤ I3. By the diag-

onal process[3], we can construct a subsequence of u(εn + it) (we still denote by u(εn + it) for

convenience), such that

Λ(G) = lim
n→∞

Λn(G) = lim
n→∞

∫ ∞

−∞

G(t)u(εn + it)dt, (24)

holds for each G(t) ∈ C [1+ |t|2α+2] and ‖Λ‖ ≤ I3. Therefore, Λ is a bounded linear functional on

C [1+ |t|2α+2] and by the Riesz representation theorem[3], there exists a measure µ on (−∞,∞),

such that for each G(t) ∈ C [1 + |t|2α+2],

Λ(G) =

∫ ∞

−∞

G(t)dµ(t), (25)

∫ ∞

−∞

d|µ|(t)

1 + |t|2α+2
= lim

n→∞

∫ ∞

−∞

|u(εn + it)|

1 + |t|2α+2
dt ≤ I3 < ∞,

thus (5) holds. Fix a z ∈ C+ and put G(t) = Pm+1(z, t). Then by (24), (25), we obtain
∫ ∞

−∞

Pm+1(z, t)dµ(t) = Λ(G) = lim
n→∞

∫ ∞

−∞

Pm+1(z, t)ϕn(t)dt

= lim
n→∞

∫ ∞

−∞

Pm+1(z, t)u(εn + it)dt = lim
n→∞

um+1(z, εn) = um+1(z). (26)

Let um(z) =
∫ ∞

−∞ Pm(z, t)dµ(t). Similarly to (22), we see that

xum(z) = o(|z|m+2), |z| → ∞, x > 0. (27)

um+1(z) =um(z) + Re
[

m
∑

k=0

∫ 1

−1

|t|m+2 − |t|m+3

πtk+1
dµ(t) · i(−iz)k

]

−

1

π
Re

[

∫ 1

−1

|t|m+3

tm+2
dµ(t) · i(−iz)m+1

]

−

1

π
Re

[

∫

|t|>1

1

tm+2
dµ(t) · i(−iz)m+1

]

.

In other words

um+1(z) = um(z) + Re

m+1
∑

k=1

bki(−iz)k. (28)

For every z ∈ C+, let

wε(z) = u(z + ε) − um+1(z, ε).

By the Schwarz reflection principle[3], there exists an entire function

fε(z) =

∞
∑

k=0

ak,εi(−iz)k, z ∈ C
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such that Refε(z) = wε(z), x = Rez > 0, Refε(iy) ≡ 0 (y = Imz ∈ (−∞,∞)). Hence fε(iy) =

iImfε(iy) = i
∑∞

k=0 ak,εy
k. This shows ak,ε (k = 0, 1, 2, . . .) are real. Therefore

Refε(−re−iθ) = −Refε(re
iθ) =

∞
∑

k=0

ak,εr
k sin k(θ −

π

2
), r > 0, θ ∈ (−∞,∞). (29)

It follows that

−an,ε =
1

πrn

∫ 3π

2

−π

2

Refε(re
iθ) sin n(θ −

π

2
)dθ

=
2

πrn

∫ π

2

−π

2

wε(re
iθ) sinn(θ −

π

2
)dθ, r > 0, n = 1, 2, . . . . (30)

Since | sinn(θ − π
2 )| ≤ n| sin(θ − π

2 )|, n ≥ 1, by (9), (19), (22), (29) and (30), we have

|an,ε| ≤ lim inf
r→∞

2n

πrn

∫ π

2

−π

2

|wε(re
iθ)| cos θdθ = 0, n ≥ m + 3. (31)

In addition, it is obvious that Re(ia0,ε) = 0. If α > 0, similarly we have am+2,ε = 0, so

u(z + ε) = Re

m+1
∑

k=1

ak,εi(−iz)k + um+1(z, ε). (32)

If α = 0,

u(z + ε) = a1,εRez + u1(z, ε). (33)

Since both u(z + ε) and um+1(z, ε) are harmonic in the closed right half plane C+, there exist

holomorphic functions gε(z) and hε(z) in the closed right half plane such that u(z +ε) = Regε(z)

and um+1(z, ε) = Rehε(z). Let

Qε(z) =
m+1
∑

k=1

ak,εi(−iz)k = gε(z) − hε(z).

Then

Qε(z) =

m+1
∑

k=1

Q
(k)
ε (1)

k!
(z − 1)k =

m+1
∑

k=1

ck,ε(z − 1)k.

Since gε(z) and hε(z) are holomorphic in the closed right half plane C+, there exists a constant

M independent of ε, such that for every z ∈ {z : |z − 1| = 1
2}, we have |gε(z) − hε(z)| ≤ M .

Since

Q(k)
ε (1) =

k!

2πi

∫

|z−1|= 1
2

Qε(z)

(z − 1)k+1
dz =

k!

2πi

∫

|z−1|= 1
2

gε(z) − hε(z)

(z − 1)k+1
dz,

we see that

|
Q

(k)
ε (1)

k!
| ≤ 2kM.

Hence there is a sequence {εn : n = 1, 2, . . . , } of positive numbers with εn → 0 as n → ∞ such

that for each k ∈ {1, 2, . . . , m + 1}, ck,εn
→ ck, as n → ∞, that is, Qεn

(z) → Q(z) as n → ∞.

Take ε = εn in (32) and let n → ∞, it follows that

u(z) = Re

m+1
∑

k=1

aki(−iz)k + um+1(z). (34)
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By (28) and (34), we have

u(z) = Re

m+1
∑

k=1

aki(−iz)k + um(z) + Re

m+1
∑

k=1

bki(−iz)k,

that is

u(z) = Re
m+1
∑

k=1

(ak + bk)i(−iz)k + um(z). (35)

If α > 0, by (27), we have the following analogue of (31),

am+1 + bm+1 = 0.

If α = 0, using a similar method as in (33), we see that

u(z) = (a1 + b1)Rez + u0(z).

This completes the proof of Theorem. 2
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