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Abstract Let T be a mapping from the unit sphere S[I?(T")] into S[I?(A)] of two atomic ALP-
spaces. We prove that if 7" is a 1-Lipschitz mapping such that —7T[S[I?(T")]] C T[S[I?(I")]], then
T can be linearly isometrically extended to the whole space for p > 2; if T' is injective and the
inverse mapping 7! is a 1-Lipschitz mapping, then T’ can be extended to be a linear isometry
from [P (T") into IP(A) for 1 <p < 2.
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1. Introduction

In [1] the author found “a condition under which an into-isometry T' between unit spheres can
be linearly isometrically extended” (for atomic ALP-spaces, 0 < p < 0o, p # 2). Under the same
assumption as in [1], [2] presented a short and simple proof for the isometric extension theorem of
atomic ALP-spaces, i.e., [P(I')-type space on index set I', I’(I") = {z = (2)|z: T — R, || z ||P=
> er Ty P} (p > 1,p #2). Dingl®! discussed the extension problem on Hilbert spaces E and F,
who proved that for any 1-Lipschitz mapping T from S(E) into S(F), if —T[S(E)] C T[S(E)],
then T can be extended to a real linear isometry of the whole space E. In particular, every
isometric mapping from S(FE) into S(F) can be extended to a real linear isometric mapping from
E into F.

In this paper, we study the linear isometric extension of mappings between two unit spheres
of atomic ALP-spaces (1 < p < o0). We obtain that for any 1-Lipschitz mapping T from the unit
sphere S[iP(T")] of [P(T") into the unit sphere of IP(A) (2 < p < o0), if =T[S[IP(T")]] C T[S[I*(T")]],
then T can be extended to be a real linear isometry from [P (T") into [?(A); for any mapping T from
S[IP(T)] into S[IP(A)] (1 < p < 2), if T is injective and the inverse mapping 7! is a 1-Lipschitz
mapping, then T can be extended to real linear isometry on the whole IP(T"). In particular, any
isometric mapping from S[I?(I")] into S[I?(A)] (1 < p < o0,p # 2) can be extended to be a real

linear isometry from I?(T") into [P(A).The main-idea of the proofs in this paper is from the paper
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[3] and [5].
2. Some important lemmas

Definition 2.1 Let E and F' be two normed spaces, the set U C F and V C F. A mapping
T :U — V is said to be a Lipschitz mapping for the constant k > 0, if || T'(x) — T'(y) [|< k ||
x—y | forall z,y € U. When k = 1, the Lipshitz mapping is called a 1-Lipshitz mapping.

We first recall the following well-known inequalities.

(4]

Lemma 2.1'*) Suppose that £ and n be two real numbers. Then

1) 1E+nP+1E—nP >2 (€| + |n|P) for every real number p satisfying that p > 2,
2) [E+nP+1E—nP <2 (|¢P + |n|P) for every real number p satisfying that 1 < p < 2.

Moreover, equality of signs in the obove inequalities can only hold if ¢ =0 or n = 0.
Corollary 2.1 Ifz,y,€ P(T'), then
fe+ylP+llz—ylP<2(lzP+lyl"), 1<p<2;
[z+yllP+le—yllP=2(z["+yl"), 2<p<ooc
Proof Let x = (z,) and y = (y,). When 1 < p < 2, by Lemma 2.1(2), we have

[z+ylP+[z—y ||p:Z|x'v+y'v|p+Z|x'y_y'v|p
¥ v
= Z(|xv T yyl? + 12y — 9, 17)

gl
<D 2(an P+ [y, )
¥

2(1 2 17 + 11y 117)-

When 2 < p < 0o, by Lemma 2.1(1), we have ||z +y [P+ |z —y [[P>2 (| z [|P + || v ||P).
Corollary 2.2 Ifz,y,€P(T) (1 <p < oco,p # 2), then

(suppz) [ (suppy) = @ <=z +y [P+ [z =y [P=2 (| = [* + |y |?),
(here, suppz = {](7) # 0,7 € T}).

Lemma 2.2 Let T be an injection from S(E) into S(F') (E and F are two normed spaces) such
that the inverse mapping T~! is a 1-Lipshitz mapping, i.e., let T satisfy | x —y ||<|| Tz — Ty ||
for all x,y € S(E). If F is strictly convex, then T'(—z) = =T (x), Vo € S(E).

Proof For any z € S(F), we have
2= 2z =]z - (—=) |<| T(x) - T(-=) < 2.
So, || T(z) — T(—=x) |= 2. Since F is strictly convex, T(—z) = =T (z).

Lemma 2.3 Let T be a mapping from the unit spheres S[IP(T')] into S[I?(A)] (T, A are two
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index sets). If || x — y ||<|| Tz — Ty || for all x,y € S[I’(T")], then for any z,y € S[I?(T)],

(supp ) [ )(suppy) = @ = (supp T(x)) (\(supp T'(y)) = 2,
where 1 < p < 2.
Proof By the hypothesis of the T, we have ||z —y| < ||T(x) =T (y)|| for all z,y € S[I?(T")]. Since
P(A) (p> 1) is strictly convex, by Lemma 2.2, T'(—y) = —T(y) and so ||z +y|| = ||z — (—y)|| <
IT(2)=T(=y)ll = IT(2)+T(y)||. Therefore, for any x,y € S[IP(I')] with (supp =) (\(suppy) = &,
using Corollaries 2.1 and 2.2, we have
[z P+ My lP)=lz+yll” + Iz -y P<|T(@) + TP+ T (@) - T)"
<21 T@E) P+ 1T NP) =20 = [P+ Ty 7).
Which implies that [|T(z) + T(y)|[” + [T () = TW)|I" = 2(] () [* + [ T(y) |I)-
So, using Corollary 2.2 again, we have (supp T'(z)) ((supp T'(y)) = 2.

Lemma 2.413 Let T be a 1-Lipschitz mapping from the unit sphere S(E) into S(F) (E and F are
two normed spaces). If E is strcictly convex and if =T[S(E)] C T[S(E)], then T(—x) = =T (z),
Vr € S(E).

Lemma 2.5 Let T be a 1-Lipschitz mapping from the unit sphere S[IP(T")] into S[IP(A)] (2 <
p < o0). If =T[S[IP(T)]] C T[S[i?(T")]], then, for any =,y € S[IP(T)],
(suppz) ()(suppy) = @ = (supp T'(x)) ( |(supp T(y)) = 2.

Proof For any z,y € S[IP(T")], we have | T'(z) — T(y) |I<|| * — y ||, by Lemma 2.4, | T(z) +
Tw) [|I=1T(x) —T(—y) I<]|z = (=y) ||=]|  + y || (notice that {P(T") (p > 1) is strictly convex).
Hence, if (supp z) ((suppy) = &, by Corollaries 2.1 and 2.2,

201 () P+ 1 Tw) IP) <l T(@) + T () [IP + | T(@) = T(y) [IP< lz +yll” + [z -yl
=21z 1"+ 1y I7) =21 T() " + 11 T(w) [I"),
which implies that
[ T()+Tw) 1"+ 11 T(x) =T [P=2( T() " + | T(y) 7).

So, using Corollary 2.2 again, we obtain (supp T(x))((suppT'(y)) = @.

3. The main results

Now we derive the isometric extension theorem for the 1-Lipschitz mapping between two unit

spheres of atomic ALP-spaces (1 < p < 00).

Theorem 3.1 Let T be a mapping from the unit spheres S[IP(T")] into S[IP(A)] (1 <p < 2). If
| z—y||<|| Tx — Ty | for all x,y € S[IP(T")], then we have

T(x) = Z{WT(G»Y), Vo = Zf’ye’y € S[P(I)).

yel’ yell
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Furthermore, the map

=Y NT(ey), Vo= Ae, €lP()

yel’ yel’

is a real linear isometric extension of T (here, ey = {&/|§y =1,& = 0,7 #~v,7 € T'}).

Proof For any z =3 &yeq € S[IP(T')], when &, # 0, we have

§ §
Iz + ey [IP=] D ey + ey, |7
yel

& 1€

=1 Y e+ (2 en, 1= 3 I+l + 241

Rkant! YFEY
=1— 16,7+ 1+ 16,0 (1)
By Lemmas 2.2 and 2.3, T(—e,) = —T(e,), ¥y € T, (suppT'(e,))(\(suppT'(ey)) = &,
v#4', v, €T. Hence, we can put

T(z) = ZyerT (@) |supp T(e,) +y (here y = T($)|A\Uver8uppT(ew))' (2)
Thus, we have
§ 3
I T()+ (|§71|671) [P=1—| T($)|SuppT(ewl) 7+ I T'(z) |suppT (ey1) +T(|§Vl|e%) I”
Y1 Y1
3
<1- H T(x)|suppT(ewl) Hp +(|| T(x)lsuppT(ea,l) || + H T(|€Vl|ev1) H)p
Y1
=1- H T(CL') |suppT(e~,1)||p +(1+ || T(CL') |suppT(e~,1)||)p' (3)
Noticing the assumption of 7' and Lemma 2.2, we obtain
1- |§’)’1|p =+ (1 + |€'Yl|)p <1- H T(:E) |suppT(ew1)||p +(1+ ” T(‘T) |suppT(ew1)||)p (4)
ie.,
(L4165, DP = [ [P < A+ | T (@) lsupp T(ery) NP = | T(@) |suppTes) II” - (5)

Recall that the function f(t) = (1+¢)P —t? is strictly increasing in R* when p > 1. Therefore,
by (5), we get
& | SN T (@) lsupp T(ery) |l Y11 € suppa.

Moreover, it follows from

Yo IEP =l IP=I T(@) [P=] Y T@)lowppre,) + 9 17

yell ~ET
= Z | T(x SuppT ey) ||p + 1y P
yel’
that y = 0 and
|§V| :” T(LL') |suppT(e.y)||7 V’Y erl. (6)

Hence, (4) is an equality. By (1), (3) and (4), (3) is also an equality. The equality (3) implies

that
5’71

(&
|§V1| "

) =11 T(@) leupo ey | + | TE2e) |

|| T(‘T) |suppT(eW1) +T( €y,
|§V1|
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Since IP(A) (p > 1) is strictly convex,

£
T(‘T) |SHPPT(871): |§'Yl |T(|§’Yl|e’71) = 5’71T(€’71)7 V’Yl € Supp . (7)
71

From (2), (6) and (7), we find
T(z) = &T(ey), Yo=Y &e, € SIP()].
yel’ ~el’
Thus we immediately obtain that the real linear isometric extension of T" as follows:
V(z)=> MT(ey), Vo =>_ Aey € P(D). O
yer ~er

Theorem 3.2 Let T be a mapping from the unit spheres S(E) into S(F) (E and F are two
Hilbert spaces). If || x — y ||<|| Tx — Ty || for all x,y € S(E), then T can be extended to a real

linear isometry from E into F.

Proof Since E and F are Hilbert spaces, by the “parallelogram law”, we have
le+yl?+llz—yl*=2(lz >+ 1y ?

and | T(z)+T(y) I + | T(z) = T(y) |I>=2( T(x) | + [ T(y) |[*), for any 2,y € S(E). By the
assumption of T and Lemma 2.2, we have || z—y ||<|| T'(x)—T(y) || and || z+y || <|| T(z)+T (y) |-
So,

2l 1P+ 1y 1) =llz+y 1* + 2 =y IP< |T(2) + TW)I* + |1 T () = T(y)II?
=21 T@) I*+ 1 T 1) =21« II” + [ y ),

which means that || z —y |=|| T(z) = T(y) ||, Vz,y € S(E), i.e., T is an isometry from S(E) into
S(F). Thus, by [3], T can be extended to a real linear isometry from E into F.

Theorem 3.3 Let T be a 1-Lipschitz mapping from the unit sphere S[IP(T')] into S[IP(A)] (2 <
p <oo). If =T[S(P("))] C T[S(P(T))], then we have T'(x) =3 §&T(ey), Vo =3 (r&yey €
S[P(I)]. Furthermore, the map V(z) = 3° cp MT(ey), Vo =3 cp Ayey € IP(T') is a real linear

isometric extension of T'.

Proof For each x = > &yeq € S[P(I)], from the above assumption and Lemmas 2.4 and

2.5, we can put

T(x) = XqyerT(@)lsuppr(e,) + ¥ (¥ = T(@)|a\U. 1 supp T(e-))- (8)
Similarly to the proof of Theorem 3.1, we have, for each v, € supp z,
L= 60+ (L= 67 =l 2 = e, I72] T(@) = T( e, I
= 1 I T@ )l 166 1”1 T buppricr) ~T () P
2 1= T(2) lsupp r(es) II” +A= I T(2) lsupp 1(esy) D" 9)

Notice that the function g(¢) = (1—¢)P —t? is decreasing in [0,1], so that from the above inequality



692 FANG X N

we can derive
& SN T(@) lsupp T(ery) |l Y11 € suppa.

It follows from

Z |§V|p :” T ||p:|| T(LL') ||p:|| ZT(J;)'suppT(e.y) +y ||p: Z ” T(x)|suppT(e,y) ”p + ” Yy ||p

~er yer yer
that y = 0 and
&) = T(@) loupp e, ¥y €T (10)
Hence, (9) is an equality and so
| T) loupp e —T(@hew) = T(@hew) | = I T@) lopo el 1 € supper.

Since IP(A) (p > 2) is strictly convex, we get
5’71

T(‘T) |SuppT(e,Yl): |§’71|T(ﬁe’71
Y1

) =¢&,T(ey,), V71 €suppe.
Together with (8) and (10), we obtain

T'(x) = Z@T(ev)u Vo = 25767 € S[iP(T)].

yel’ ~el’
Thus, we immediately obtain the map V(z) =3 cr AT (e4), Vo =3 cp Ayeq € IP(T) is a real
linear isometry from [P(T") into {P(A) that agrees with T on S[IP(T)]. O

Corollary 3.1 Let T be an isometry from the unit sphere S[I?(T')] into S[IP(A)] (p > 1,p # 2).
Then T can be extended to a real linear isometry from IP(T") into IP(A).

Proof When 1 < p < 2, the conclusion is obtained directly from Theorem 3.1.
If p > 2, noticing that || T'(x) — T(—x) ||=|| 2z ||=|| T'(z) || + || T(==) ||, Vz € S[IP(T)], we
have T'(—xz) = =T (z). So, =T[S(I?(I"))] C T[S(I?(T"))]. By Theorem 3.3, the conclusion is valid.
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