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Abstract Estimate bounds for the Perron root of a nonnegative matrix are important in theory
of nonnegative matrices. It is more practical when the bounds are expressed as an easily calcu-
lated function in elements of matrices. For the Perron root of nonnegative irreducible matrices,
three sequences of lower bounds are presented by means of constructing shifted matrices, whose
convergence is studied. The comparisons of the sequences with known ones are supplemented
with a numerical example.
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1. Introduction

Let A = (a;5) be a nonnegative n x n matrix, denoted by A > 0. By the Perron-Frobenius
theorem, A possesses a nonnegative eigenvalue p (A) (the spectral radius of A), called the Perron
root of A.

Now we introduce some general definitions which will be referred to in the next section.

Definition 1.1 Forn > 2, an n X n complex matrix A is reducible if there exists an n X n

PAPT = BC ,
O D

where B is an r X r submatrix and D is an (n —r) X (n — r) submatrix, where 1 <r < n. If no

permutation matrix P such that

such permutation matrix exists, then A is irreducible. If A is a 1 X 1 complex matrix, then A is

irreducible if its single entry is nonzero, and reducible otherwise.

Definition 1.21 Let A > 0 be an irreducible n x n matrix, and let k be the number of
eigenvalues of A of modulus p (A). If k = 1, then A is primitive. If k > 1, then A is cyclic of

index k.
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Let A > 0 be an irreducible n x n matrix and ¢ = min; a;;. The matrix B := A — al is called
the shifted matrix of A and is again nonnegative irreducible.

Bounds for p (A) have been obtained by several authors. Szulcl®! showed that

K n=246,...
A)>a+ , 1
Pl max{K, \/% > aijaji} n=3,5,7,... o

1<i<j<n

where a = min; a;;, K? = %tr ((A - aI)2). Later, the results in (1) were improved by Szulc*.
Let A = (aij)nxn > 0 with n > 2. Assume that there exists a pair (k, s) such that

(ass - akk) Aks > 07

and define
M—min{ min {E},Ls_akk},
i€{j:ar; >0} | Qki 20
E—min{ min {aii}, akk —I—Maks} ,
i€{1,...,n}\{k,s}
— 1
K = tr ((A - 51)2) .
n
Then
K n=2,4,6,...
p(A) >a+ ¢ max{ K, % < > aijaj; + Mags (ass — agk) — (Maks)2> . (2)
1<i<j<n
n=3,5717,...

Bounds for the Perron root of a nonnegative irreducible partitioned matrix were studied by
Deutsch!®. Let A = (a;;)nxn > 0 be irreducible and in the form

A A - Ay
Aor Aoy . A

Ao 21 A |
Apt Aga - A

where A;; is a square matrix of order n;, Zle n; =n, 1 <i < k. Let p;; and ¢;; be the minimum

sum and maximal sum of row of A;;, respectively, 1 <, j < k and denote

P(A) = (pij)exk, Q(A) = (¢ij)kxk-

Then
p(P(A)) < p(A) < p(Q(A)), 3)
and either
p(P(A)) = p(Q(A)),
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Recently, Kolotilinal8! showed that
ai; +a (aii — a)2 ’
p(A) = max 5 T 1 + Z @ij Qi ) (4)
J#i

)

where a = min; a;;.

In this paper, three sequences of lower bounds for the Perron root of nonnegative irreducible
matrices were presented by means of constructing shifted matrices, whose convergence is studied.
2. Main results

We shall make use of the following lemmas.

Lemma 2.12 Let A = (@ij)nxn > 0 be an irreducible cyclic matrix of index k (k > 1). Then

there exists an n X n permutation matrix P such that

0 Az 0 - 0
0 0 Ay
PAPT = R : (5)
: 0
0 0 - 0 A
At 0 -~ 0 0

where the null diagonal submatrices are square of order n;, 1 < i <k, Zle n; = n.
We say that (5) is the norm form of an irreducible n x n matrix A > 0, which is cyclic of
index k (k > 1).

Lemma 2.2/ Let A = (a;;)nxn > 0 be an irreducible cyclic matrix of index k (k > 1). Then

there exists an n X n permutation matrix P such that
c! 0

, cy
pATPT = T : (6)

0 cy
where each diagonal submatrix C; is square and primitive with
p(C1) = p(Ca) = --- = p(C) = p"(A). (7)
We present now our main results.
Theorem 2.3 Let A = (aij)nxn > 0 be irreducible, a = min; a;;, B := A — al. Then
g0 <e1<--oe < p(A), (8)

tlim ey = p(A),
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trB2' 2
where, €; = a + (IT)

Proof Note that

t t t t B2t

((A) — 0)* = (B = p(B”) = T,
we have ¢; < p(A) immediately. Let A1, Aa,..., A, be eigenvalues of B. Since, for any positive
integer ¢,

2 2 2
. trB* . trB? ¢ trBY
(A%—r >+<A§—r >+-~~+<Ai—r
n n n
2
t 2 2t
t trB2 t (tI‘B )
tr <B2 - I) B2 >0
n
we have i
L\ 270 . o—(t+1
<tr32 ) (tr32 i )
< ;
n n
this implies that
€t < €41

(8) is thus proved. O

To prove lim;_,o €: = p(A), we consider the following two cases.

Case 1 If A is a primitive matrix, then B := A — al is also a primitive matrix. Since, for any
primitive matrix B2,

lim (trB™)Y™ = p(B),

m—00

we have

B
—00 — 00 n

Case 2 If A is a cyclic matrix of index k (k > 1), from the norm form of nonnegative irreducible
n x n cyclic matrix of index k (k > 1), we have a = 0. Then B = A is also cyclic of index
k (k> 1). And from Lemma 2.2, we have

g () (35

i=1
Now let
mk = 2¢,
we obtain
t 277
. . trA?
Q= ( " ) =4,

since t — 0o as m — oo. The conclusion now follows.
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1/2
Remark 2.4 If we set t = 2 in (8), then p(A) > min; a;; + (%) , which yields the result of

Szulcl! and can be further improved by (8).

1/2
Remark 2.5 Let ¢t = 2 in (8), then the inequality min; a;; + (%) >

1/2
%) . This shows

that lower bounds for the Perron root were improved by constructing shifted matrices.

Theorem 2.6 Let A = (aij)nxn > 0 be an irreducible matrix, ¢ = min; a;;, B := A—al. Then

. 2
where o; = a + max; [(32 ) ‘ ]

(2

Proof Note that

(0(4) —a)” = p(B) =p (B*) = max[(B¥) |,

3 kX3
inequality oy < p(A) is immediate. Since, for any positive integer ¢,
2y 12 (2] ~5(2,2)
max {(B )”} = max {bii } < max (Z b,y by )
K3

K2 2

= mzax{[(thf]ii} = max [(32

t4+1

)i

so that
—t o—(t+1)

max [(5%), ] < max[(57) ]

ot < 0441

that is

(9) is thus proved. From Theorem 2.3 and note that

e () s (57), ] <o

we get lim;_,o, 0 = p (A), so that the proof is completed.

Remark 2.7 From (10), one can get e, < oy < p(4).
Remark 2.8 Since

max [(A%) ] V2 < min a;; + max [ (B?) ]1/2 < p(A),

i -

9)

(10)

it follows that improvements on lower bounds for the Perron root can be achieved by constructing

shifted matrices.
Let A > 0, Schwenk[ and Kolotilinal® showed that

p(S(4)) < p(A),



Sequences of lower bounds for the Perron root of a nonnegative irreducible matriz 735

where S(A) is the matrix whose entry in row 4, column j is given by ,/a;;a;; and is called

geometric symmetrization of A. Further, Szyld!”) proved the following theorem.
Therorem 2.9 Let A = (ai;)nxn > 0, and let B, = p(S(A2'))2 . Then
Bo <P <--- <08 < p(A).
Next we give the last sequence of lower bounds for the Perron root.

Therorem 2.10 Let A = (ai;)nxn > 0 be an irreducible matrix, a = min; a;;, B := A —al.
Then
po<p1 << pr < p(A), (11)

where p; = a+ p(S(B2))2".

Proof Since

we need to prove that

atp(S(B) <a+p(S(BY) P < <atp (S<B?>)2 < p(A),
this is equivalent to
p(S(B)) < p(S(BY) << (55%)" < pl4)—a=p(B).

which is clearly true from Theorem 2.9 and since

p(4) = at (S8 = atmax[(5(82)) | =avmae[(5*) [T

we get
lim = [a+p(S(B*))* '] = p(A).

Hence, the theorem is proved. O
Remark 2.11 It is convenient to know that o; < p; < p(A) from (12).
3. Numerical example
Example 3.1 We use the example in [6]. Consider the following matrix:
11 2

A=|2 b 53 1 p)=7531L
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We have the comparison results in Table 1.

p(A) > 1+ (29)"? ~ 4915 (1) (see [3])
p(A) > 1+ 19Y/2 ~5.3588 (2)k =1,5 =3 (sce [4])
2 2
sy o) =o (| 2 2]) =5 @ (e )
p(A) >1+[17.5+ (132_.25 + 3%8)1/2]1/2 ~ 7.331 (4) applying to (A — I)? (see [6])
p(A) > e5 = 7.3107 > 3 = 6.6931 > 1 = 4.9158 (8)
p(A) > 05 = T.4498 > 03 = 7.2117 > oy = 6.3852 (9)
p(A) = py = 7.5311 > p; = 7.5293 (11)

Table 1 Lower bounds for the Perron root
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