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Abstract Let g1, g2 be normal functions. For all 0 < p,q < oo, the necessary and sufficient
conditions for weighted composition operators Ty , : A} — A, to be bounded or compact
between Bergman type spaces on the unit ball of C™ are given.
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1. Introduction

Let B,, denote the unit ball of C"™, dv be the Lebesgue measure on the unit ball B,, normalized
so that v(B,,) = 1, and do be the normalized rotation invariant measure on the boundary 0B,
of By, so that 0(0B,,) = 1. The class of all holomorphic functions on B, is denoted by H(B),)
and H denotes the class of all bounded holomorphic function on B,,.

A positive continuous function g on [0,1) is normal, if there are constants 0 < a < b such
that

_9(r) is decreasing for r € [0,1) and lim _9(r) =0;
(I—r)e r—1- (1 —r)e
% is increasing for r € [0,1) and Tl_i}I{lﬁ % =00

For 0 < p < oo, let g be normal on [0,1). The Bergman type space AP is the space of

functions f that are holomorphic on B,, and satisfy

I1£115. :/B [F(2)IPg(12))P (1 = |2]) " du(z) < oo.

n

For z = (z1,...,2n), w = (wi1,...,w,) in O, let (z,w) = 3", 2;W;. Let 3(:,-) denote the
Bergman metric on B,,. The Bergman ball E(z, r) with center z € B,, and radius r > 0 is defined
as E(z,7) = {w € B, : B(z,w) < r}.
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Let ¢: B,, — B,, be holomorphic and ¢ € H(B,,). The weighted composition operators T .,
on H(B,,) is defined as

Ty o(f) =0(fow) (f € H(Bn)).

Recently several authors have studied the boundedness and compactness of composition
operator T, or weighted composition operators Ty , on Hardy spaces, Beraman spaces and
Bloch spaces. For example, in [1], Lou and Shi considered the composition operators from
Bergman space AP to A% on the bounded symmetric domains in C”, and characterized the
boundedness and compactness of T}, in terms of Carleson measures for 0 < p < ¢ < co. In [2],
Xu and Liu characterized the boundedness and compactness of Ty, from H? to H? (0 < p <
q < 00). This paper will give the necessary and sufficient conditions for Ty , : Ab — Af to be
bounded or compact between Bergman type spaces on the unit ball of C™ for all p > 0, ¢ > 0
and normal functions g1, go.

We will use the symbol C or C’ to denote a positive constant which does not depend on vari-

ables z, w and maybe depend on some parameters, not necessarily the same at each occurrence.

2. Some lemmas

Lemma 2.18 For each r > 0, there exists a positive constant C' such that

-1 1—Jz?
< <CandC "< <C
1= Jwl? 1= (z,w)]
for all z and w in B,, with §(z,w) <.

Lemma 2.2

that

Suppose 11 > 0, ro > 0 and r3 > 0. Then there exists a constant C > 0 such

v(E(z,71))

O S B, )

<C

for all z,w € B,, with 3(z,w) < r3.

(3]

Lemma 2.3 Suppose r > 0, 0 < p < co. Then there exists a constant C' > 0 such that

Lf(2)P < W /E(Z Y | f(w)[Pdv(w)

for all f € H(B,,) and all z € B,

Lemma 2.4!! There exists a postive integer N such that for any r > 0, there are sequences

{w;} in B,, with the following properties:

() Bn = U2, E(wj,);
(ii) Each point z € B,, belongs to at most N of the sets E(wj, 2r);

(iii) Specially, some sequence {w;} exists such that w; — 0B, (j — o0) and satisfies (i) and
(ii).

Lemma 2.5 Let r > 0,0 < p < oo, and g be normal on [0,1). Then there exists a constant
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C' > 0 such that

2)P ¢ w)|Pg? (lw])(1 — |w|) " do(w
O S g ) Jo, P87 o)L= ) o)

for all f € H(B,,) and all z € B,

Proof For w € E(z,r), by the definition of normal function, we have

(I E V() 2 (1t < 1
(o) < 2o < G (21 < ol
V() e Sl (VR
(Tqar” < Sial < Goqap)” 21> o)

By Lemma 2.1, there exists a constant C’ > 0 such that C""1g(|z]) < g(Jw|) < C’g(|z]) for
w € E(z,r). Then the desired results can be obtained by using Lemma 2.3.

Lemma 2.6 Let 0 < g < p < 0o, 7 > 0. If pu is a positive Borel measure on By, and g is
normal on [0, 1), then the following conditions are equivalent:
~ E(z,r .
(i) Jg, (12D = 2])~ 1gP(|z])dv(z) < oo where s = Sl = %,
(ii) There exists a constant C' > 0 such that

{ /B F@lane} < of /B PP ~ ) o)}

for all f € AP.

Lemma 2.7 Let 0 < p < oo, ¢ € AP, ¢ be a holomorphic self-map of B,,. If f is a nonegative

Lebesgue measurable function on B,,, then
[ 1@mean) = [ SR - ) )
where fig p.g.p(A) = f¢7l(A) [¥(2)|PgP(|2])(1 — |2])~tdw(z) for a given Borel set A C B,,.

Proof First assume that f is a nonegative simple Lebesgue measureable function. Let f(z) =
> aixa,. Then

/f 2)dptp,p,9.p(2 Zamwp i /duwgp()
—Zaz / g(121)(1 — [2) " dv(2)

= [ BEFPIDE )7 (3w aonn, )

Bn i=1

:/ (fFle@)@)P g (21) (1 = [2))~ dv(2).

By
If f is a nonegative Lebesgue measurable function, then there exists a monotone increasing simple
measurable function sequence {f;}, such that f;(z) — f(2) (j — ), 2z € B,,. Therefore,

[i(2)dpg p.g.0(2) — f(2)dpgp,gp(2) (j — 00),
B, B,
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and {f;(p(2))]¢(2)[PgP(]z])(1 — |z|)~*} is a monotone increasing simple measurable function se-

quence. Moreover
{Fi(eN ()PP (12D = |2) 7} = {f () (2)[PgP (121)(L = [z) 7'} (j — o0), 2 € Bn.
We have

f(2)dpg,yp,gp(2) = lim fi(2)dpe,p,g,p(2)

B, j— JB,
= fim f;( (D[e(2)PgP(12))(1 = |2]) " do(z)
= [ HelDw@Pe ) - ) (o).
This completes the proof of the lemma. O

3. Boundedness

Theorem 3.1 Let 0 <p<oo,r>0,1<n<oco. If uis a positive Borel measure on B,,, and
g is normal on [0,1), then the following conditions are equivalent:

1
. n(E(z,r
(i) sup,ep, % < 09

(ii) There exists a constant C' > 0 such that

{[ r@mue} <c [ 11epeane - ) )
B, By,
for all f € Ab.

Proof (i)==(ii). Suppose sup,cp % = M. Then choosing the sequence {w;} in

Lemma 2.4 gives

1
n

{[ ermae) Z /E INCLETEY

n

3=

< {Zsup{lf(Z)l’”’ 2 € Blwg,r) (B, )
j=1

by Lemmas 2.1, 2.5 and the normality of g we get

sup{l/ ()™ : 2 € By} < {7 |wj|§§ngp(|wj,) /| o FEPP U= D o)}

Thus, by Lemma 2.4 we have

{ [, e}’ <3 T I C T RIS

. ) gP(|w;])

<une [ erfElae),

B, 1—|z]
(ii)==(i). Assume f € AL and

{[ vermrae) <o [ 1rereane - e

n By,
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Let fo(z) = {qp(‘a‘)((ll |<|Z2 ji;nﬂw} , where § > pb —1, a € B,,. By the definition of nomoral

function and Lemma 2.1 of [7], we have

9P (|z 1 — |a]?)PH! P(|z

e do (©)
<
<O / 1—r/aB 1= (g, aypres "

)
G-l )
gr(lal)  Jo (L=r)(1 —rla))t+?

dr

S lap)y g flel #(r) )
=g a) {/o +/|a|}<1—r><1—r|a|>l+ﬁd

(L) gr(a) @t (e @t
() {<1—|a|>bp/o <1—r|a|>1+ﬁd+<1—|a|>ap/|a|<1—r|a|>1+ﬁd}
SC”-

Therefore f, € AY and |[fa[|a» < C” (C" is independent of a). Thus

1 — |a|?)B+n
CC" > C|fallar > ( q
2 Cllella; —{/Bn DT ()}

(1= Jaf?)(®+Dn :
= du(z)
{/Em.,r) gP(la])|1 = (z, a)|(nF1+5)m }

c’ Vs Cui(E(ar)
S |a|2>"gp<|a|>{/E<a,T> W} 2 T ey

Hence sup,cp % < o0

This completes the proof of the theorem. O

Theorem 3.2 Let 0 < p,q < oo, ¢ € AL . r > 0. If g1,92 are normal on [0,1), and ¢ is a

g2’
holomorphic self-map of B,,, then Ty, is a bounded operator from A¥ to Al if and only if:

(i) When 0 <p < g < o0,

(ii)) When 0 < g < p < o0,

/ (12D = [2) gt (J2])dv(z) < oo,

~ g0 (E(z,1)) z)|?
where s = 725, i = "EELEEEER 00 (A) = [y PHHE (), AC By,
Proof (i) When 0 < p < ¢ < oo, if

p/q
0 E(z
sup 1/179041792( (

zem, (1—[2[*)"g

<
~—
~—

=g
~
=
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From Theorem 3.1, we can find a constant C such that

{[ veltmmnn@} <c 1P~ J2l) o)
for all f € AV .

By the definition of fiy 4 4,9, and Lemma 2.7, we have

Q=

[.f ol

s = { [ WP ae 0~ ) o))

n

={ / |f<z>|qdu¢,¢,q,g2<z>}% < C%||flap, -

n

This proves the operator Ty ., is a bounded operator from AP to A .

If Ty, is a bounded operator from A? to Af , then there exists a constant C' such that

{[ w@rseeralsae ) <cr [ 15erdina - =) )
B,

n

for all f € AP . By the definition of py 4 ¢, and Lemma 2.7, we have

{[ P can@} < [ PR - 1))

n

Using the Theorem 3.1 again, we get

p/q Ez.r
sup 1/179041792( ( ’ ))

zeB, (1= [2[?)"g7(|2])
(i) When 0 < ¢ < p < 00, we can prove the results similar to the proof of case (i) by using
Lemmas 2.6 and 2.7.

4. Compactness

Theorem 4.1 Let 0 <p<oo,r>0,1<n<oco. If uis a positive Borel measure on B,,, and

g is normal on [0, 1), then the following conditions are equivalent:
1
. . n (E(z,r)) .
(i) iy 1 Tty =0
(ii) {an | fm(2)["du(2)}7 — 0 (m — oo), for any bounded sequence { f,,} of AL converge

to 0 uniformly on compact subsets of By,.

1
Proof (i)=(ii). Suppose lim,|_; %

{w;} satisfying the case (iii) of Lemma 2.4, we have
1
i 5 (E()
i=o0 (1= fw;[?)"gP(Jw;])

= 0 for some fixed r > 0. Choosing the sequence

=0.

Then for any € > 0 there exists a positive integer number jo > 0, when j > jo, we have

W (B(wy, 1))
(L — [w;2)n g7 (Jw;])

Suppose {fm} is a bounded sequence of AD which converges to 0 uniformly on compact subsets

<e. (4.1)
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of B,,. Then there exists a constant K > 0 such that
/B [fm(2)Pg"(12))(1 = |2]) " do(2) < K (4.2)

for all m.
Using the method similar to that in the proof of Theorem 3.1, we get

{[ 1) < {Z / AP

(wJ7T)

< Z { Drduz)} /E )

(’LU] T j= J0+1
5 > CT;ﬁ(E(w»,r))
< auz)} " + s
Z . ' 2 T e

/ (PR = o) o),
E(wj,2r)

By (4.1), (4.2) and Lemma 2.3, we get

{[ 1) }%<Z{/E

Since f,, converges to 0 uniformly on E(w,,r) for (m =1,2,...,jo), (4.3) means

|fm(2)|npdu(z)}; + eKNC,. (4.3)

(wjxr)

1

{[ m@rrau}” =0 (m— o).

n

(i)=(@1). If {fB | frn (2)|Pd (2 )}% — 0 (m — ©c0), for any bounded sequence {f} of A}
which converges to 0 uniformly on compact subsets of B,. Let {a,} be a sequence in B,
(1—]am|?)o*

such that |ap| — 1 (m — o0) and let f,(z) = {gp(mm‘ - am>)n+1+g}% (6 > pb—1). Then

{fm} € AL || fm
subsets of B,,. So

(1 = |a,|?)B+Dn 2
d
0~ {/Bn P (|am|)|1 — (2, @y, )| (+1+58)m /L(Z)}
(1 = |ay,[?)B+Dn
- dp(z)
{/E'(am,r) P (Jam|)|1 — (2, @y, ) | (W1 }

C. {/E(GM) du(z)}; - : Crp (E(am, 1))

2 A= TanP) g7 (am]) T— [am ) g? ([am])

1
This means (i) lim.|_; % 0.

Az < C (Cis independent of m) and { fm} converges to 0 uniformly on compact

3=

Theorem 4.2 Let 0 < p,q < o0, ¢ € Al , v > 0. If g1, 92 are normal on [0,1), and ¢ is a

holomorphic self-map of B, then Ty, is a compct operator from AP to Al if and only if:
(i) When 0 <p<g< o0
p/q
lim Py, 0.9,95 (E(z,7)) -0
l==1 (1 = [2]%)"g7 (|2])
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(ii) When0 < g <p < o0

/ (12D = =) gt (12])dv(z) < oo,

n

p e.a.92 (E(2,1)) ?
where s = ﬁ, H= W—n(u)y Hiapp,,92(A) = f@fl(A) %dv( ), A€ By.

Proof Case (i) can be easily obtained by the definition of py 44,4, and Theorem 4.1, and we
omite the details here.

(it) Suppose [ A°(|2[)(1 = [2]) "¢} (|z[)dv(2) < 00 as 0 < ¢ < p < oo. Let {fi} be a
bounded sequence of AY which converges to 0 uniformly on compact subsets of B,,. By Lemmas
2.5 and 2.7, we have

1Ty o (Fe)llhs, = /B [ ()| fu((2)) 795 (|21) (1 = [2))~du(2)

n

= / | fx (2)|qdﬂw,%q,gz (2)
By

! e()I?gi(wl) 4 .
=¢ Bn{ (1= [=P)rgi(l=]) /Ew) G400 b (2)

_ Xoen @) )
=0 [ A, s e a2

Applying Fubini’s theorem, using that xg(. (W) = Xg(w,r(2) (Vz,w € By), Lemma 2.1 and
the proof of Lemma 2.5, we get

XB(n) (W)fr )95 (wl) .
C/ / (1 —212)"gi(|z])(1 — |w|)d ( )}dﬂ¢7s&7q792( )
=},

XE(z,r) (W) _a | fre(w)]?g7 (Jw])
oa.92(2) p ————g—dv(w)
{/ A= Pl — )5 T
1 | fe(w)]?g7 (Jw])
C d ©,q,92\# 7 dv(w
/Bn{/E(wr (1 = |w|2)g?(Jw))(1 = |w]) 7" s ()} (1= fwl)> )
_ () gt~ () @lgi(wl)
_C~/Bn( (1= fwl?) g7 (jwl) (1_|w|)%> (1 - |w|)? dofw).

IN

Since fB *(IzD( = [2]) "¢} (]z)dv(2) < oo and {fx} is a bounded sequnce of A? , there is
a constant M > 0 such that

{[ 16@Pana - )} < (14)
B,
1o, 0,0,9: (B (w, 7)) 7 (1 — w1 (lwDdo(w ot
{ [ (s )7 0= ) gk o)} 7 < (15)

For any € > 0, there exists a number ¢ € (0,1) such that

b—q

1, 0,9,92 (E(w, 7)) (1 — lwh~Le? (lwhdu(w) b 7 .
{/Bn—asn((l—lez)”gf(|w|)) (L = |w])™ g7 (Jw])dv( )} <e (4.6)

Because { fi} converges to 0 uniformly on compact subsets of B,,, for above ¢, there is a constant
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N > 0 such that

q
p

{[ 1nGpana -l ae)}" < (47)
as k> N. So for k > N, applying Holder inequality and (4.4)—(4.7) yields
q
||Tw,<p(fk)||Agz

< C{ /68n(ﬂw,<p,q192(E(w,T)) )pra 9113(|w|)dv(w>}ppq{/63n Mdv(w)}%+

A =lwP)"gi(lw)”™ 1= w| 1= Jwl

P (Ew.r) o ghllul) 3 IAOIZAIPINE
o{ /Bn_wn((l—|w|2>nga”<|w|>) T v} {/Bn_wn Tl )
< 2CMe.

This means ||T¢,</,(f;€)||‘f432 — 0 (k—00). So Ty, : AP — Al is a compact operator.
If Ty, : A — Al is a compact operator, then Ty , : AP — A must be a bounded

operator, and the results can be obtained from Theorem 3.2 clearly.
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