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1. Introduction

In the early 1990s, many authors investigated two-parameter or multi-parameter quantum

groups. Recall that Du, Parshall and Wang’s work[1], Dobrev and Parashar’s work[2] focused

on quantized function algebras and quantum enveloping algebras for the type A case. In 2005,

Bergeron, Gao and Hu[3] obtained two-parameter quantum groups of other types and proved that

they are just the Drinfel’d doubles. On the other hand, many mathematicians and physicians

are interested in the generalization of Hopf algebra, a typical way is to introduce a kind of weak

co-product such that △(1) 6= 1 ⊗ 1 into an algebra[4]. The face algebra[5] and generalized Kac

algebra[6] are examples of this class of weak Hopf algebras.

In fact, one can define a weak antipode on a given bialgebra by replacing the antipode of Hopf

algebra[7]. By definition, a bialgebra (H,µ, η,△, ε) is called a weak Hopf algebra if there exists

an anti-homomorphism T ∈ HomK(H,H) such that T ∗ idH ∗ T = idH and idH ∗ T ∗ idH = T ,

where idH is the identity map and ∗ is the convolution product. Yang[8] constructed a class of

weak Hopf algebras in this sense based on the quantized enveloping algebras Uq(g). Thanks to

the definition of quantized enveloping algebra U τ
q (g) associated with a generalized Kac-Moody

algebra g
[9], Wu[10] introduced a generator J such that Jm = J for some integer m ≥ 3 and

constructed a new class of weak Hopf algebra wUq(g) by weakening the group-likes of U τ
q (g)

motivated by the paper[8].
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A generalized Kac-Moody algebra can be regarded as a Kac-Moody algebra with imaginary

simple roots. It is determined by a Borcherds-Cartan matrix A = (aij)i,j∈I , where either aii = 2,

or aii ≤ 0. If aii ≤ 0, then the index i is called imaginary and the corresponding simple root αi

is called imaginary root. Along the line of two-parameter quantum groups[3], it is interesting to

construct a class of two-parameter weak Hopf algebras wτ
r,s(g). Following the idea of Yang[8] and

Wu[10] and basing on the two-parameter quantum group Ur,s(g) associated with a Borcherds-

Cartan matrix, in this paper we construct a class of two-parameter weak Hopf algebras. Let

τ = ({κi}i∈I | {κ̄
′
i)}i∈I) be an admissible type and Ei, Fi are of type τ . The algebra wτ

r,s(g) is

generated by Ei, Fi, Ki, K̄i, K
′
i, K̄

′
i (i ∈ I) and J with a series of relations, which is associated

with the generalized Kac-Moody algebra g. In this paper, it is shown that (wτ
r,s(g), µ, η,△, ε)

is a noncommutative and noncocommutative weak Hopf algebra with the weak antipode T , but

not a Hopf algebra. Some properties of this class of weak Hopf algebras are also investigated.

We organize the paper as follows. In Section 2 we give some notations and recall some basic

facts. In Section 3 we define a two-parameter quantum algebra wτ
r,s(g). In Section 4 a weak

Hopf algebra structure is equipped with wτ
r,s(g) and a basic fact for wτ

r,s(g) is described. And

furthermore we give a special example in the case of m = 2.

2. Notations and preliminaries

We fix some notations and review some fundamental results about generalized Kac-Moody

algebras.

Let I = {1, . . . , n} or the set of positive integers and A = (aij)i,j∈I a Borcherds-Cartan

matrix. That is, the matrix A satisfies:

(1) aii = 2 or aii ≤ 0 for all i ∈ I,

(2) aij ≤ 0 for all i 6= j,

(3) aij ∈ Z,

(4) aij = 0 if and only if aji = 0. An index i is real if aii = 2 and imaginary if aii ≤ 0. Let

I+ = {i ∈ I|aii = 2} and Iim = I − I+. In addition, we assume that all aii ∈ 2Z and aii 6= 0.

Let A = (aij)i,j∈I be a symmetrizable Borcherds-Cartan matrix. This means that there exist

a set of mutual prime positive integers {di|i ∈ I} such that diaij = djaji for all i, j ∈ I.

Let α = (ai)i∈I ∈ Z|I| and β = (bi)i∈I ∈ Z|I|, where ai, bi almost all but finite are zero. For

example, αi = (ai)i∈I where ai = 1 and aj = 0 with j 6= i. We define

〈α, β 〉 =
∑

i∈I

diaibi −
∑

i<j

aijdjaibj .

Set

(α, β) = 〈α, β 〉 + 〈β, α 〉.

It is well known that both 〈−,−〉 and (−,−) are well defined. The bilinear forms 〈−,−〉 and
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(−,−) are called Euler form and symmetric Euler form, respectively. In particular, we have

〈 i, j 〉 := 〈αi, αj 〉 =











−diaij , i < j,

di, i = j,

0, i > j.

Let Q(r, s) be the function field in two variables r, s over the field Q of rational numbers.

Let ri = rdi , si = sdi for i ∈ I. For an indeterminant u, v and an integer n, we define

(n)v =
vn − 1

v − 1
,

(n)v! = (n)v · · · (2)v(1)v and (0)v! = 1,
(

n

k

)

v

=
(n)v!

(k)v!(n− k)v!
.

Definition 2.1 The two-parameter quantum group Ur,s(g) associated with symmetrizable

Borcherds-Cartan matrix A = (aij)i,j∈I is a unital associative algebra over Q(r, s) generated

by ei, fi, k
±1
i , k

′±1
i , i ∈ I, subject to the following relations:

kik
−1
i = k

′

ik
′−1
i = 1, (2.1)

kikj = kjki, kik
−1
j = k−1

j ki, k−1
i k−1

j = k−1
j k−1

i , (2.2)

k
′

ik
′

j = k
′

jk
′

i k
′

ik
′−1
j = k

′−1
j k

′

i k
′−1
i k

′−1
j = k

′−1
j k

′−1
i , (2.3)

kjei = r〈 i,j 〉s−〈 j,i 〉eikj , k
′

jei = r−〈 j,i 〉s〈 i,j 〉eik
′

j , (2.4)

kjfi = r−〈 i,j 〉s〈 j,i 〉fikj , k
′

jfi = r〈 j,i 〉s−〈 i,j 〉fik
′

j , (2.5)

eifj − fjei = δij
ki − k

′

i

ri − si

, (2.6)

1−aij
∑

k=0

(−1)k

(

1 − aij

k

)

i

c(i, j, k)e
1−aij−k

i eje
k
i = 0 if aii = 2, i 6= j, (2.7)

1−aij
∑

k=0

(−1)k

(

1 − aij

k

)

i

c(i, j, k)fk
i fjf

1−aij−k

i = 0 if aii = 2, i 6= j, (2.8)

eiej − ejei = fifj − fjfi = 0, if aij = 0, (2.9)

where

c(i, j, k) = (ris
−1
i )

k(k−1)
2 rk〈 j,i 〉s−k〈 i,j 〉, i 6= j,

(

1 − aij

k

)

i

:=

(

1 − aij

k

)

ris
−1
i

.

Proposition 2.1 The algebra Ur,s(g) is a Hopf algebra with the co-multiplication, the counit

and the antipode given by

△ (k±1
i ) = k±1

i ⊗ k±1
i , △ (k

′±1
i ) = k

′±1
i ⊗ k

′±1
i ;

△ (ei) = 1 ⊗ ei + ei ⊗ ki, △ (fi) = fi ⊗ 1 + k
′

i ⊗ fi;

ε(k±1
i ) = ε(k

′±1
i ) = 1, ε(ei) = ε(fi) = 0;

S(k±1
i ) = k∓1

i , S(k
′±1
i ) = k

′∓1
i ;
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S(ei) = −eik
−1
i , S(fi) = −k

′−1
i fi.

Proof It suffices to prove that △, ε are algebra homomorphisms and S is an antipode. One can

refer to the proof of Theorem in Section 4. We only prove that S is the antipode of Ur,s(g). It

is easy to see that S keeps relations (2.1), (2.2), (2.3) and (2.9),

S(ei)S(kj) = −eik
−1
i k−1

j = −r〈 i,j 〉s−〈 j,i 〉k−1
j eik

−1
i = −r〈 i,j 〉s−〈 j,i 〉S(kj)S(ei).

Similarly, we have S(ei)S(k
′

j) = −r−〈 j,i 〉s〈 i,j 〉S(k
′

j)S(ei),

S(fj)S(ei) − S(ei)S(fj) = k
′−1
j fjeik

−1
i − eik

−1
i k

′−1
j fj

= δijk
′−1
j

k
′

i − ki

ri − si

k−1
i = δij

T (ki) − T (k
′

i)

ri − si

.

The map S also keeps quantum Serre relations. Indeed, we let s = 1 − aij

s
∑

k=0

(−1)k

(

s

k

)

i

c(i, j, k)S(ei)
kS(ej)S(ei)

s−k

=

s
∑

k=0

(−1)k

(

s

k

)

i

c(i, j, k)(−eik
−1
i )k(−ejk

−1
j )(−eik

−1
i )s−k

= (−1)s+1(r−1
i si)

k(s−k)r−k〈 j,i 〉−(s−k)〈 i,j 〉sk〈 i,j 〉+(s−k)〈 j,i 〉×
(

s
∑

k=0

(−1)k

(

s

k

)

i

c(i, j, k)ek
i eje

s−k
i

)

(k−1
i )sk−1

j = 0.

For the relation (2.8) the proof is similar.

It remains to prove that the following relation
∑

(x)

x′S(x′′) =
∑

(x)

S(x′)x′′ = ε(x)

holds when x is any of the generators ei, fi, k
±1
i , k

′±1
i , i ∈ I. For the generator ei, we have

∑

(ei)

e
′

iS(e
′′

i ) = µ(id ⊗ S) △ (ei) = µ(id ⊗ S)(1 ⊗ ei + ei ⊗ ki)

= S(ei) + eiS(ki) = −eik
−1
i + eik

−1
i = 0

and

∑

(ei)

S(e
′

i)e
′′

i = µ(S ⊗ id) △ (ei) = µ(S ⊗ id)(1 ⊗ ei + ei ⊗ ki)

= ei + S(ei)ki = ei − eik
−1
i ki = 0.

Since ε(ei) = 0, we have
∑

(ei)
e
′

iS(e
′′

i ) =
∑

(ei)
S(e

′

i)e
′′

i = ε(ei). For other generators the proof

is similar. This completes the proof. 2

3. The τ-type weak quantum algebras w
τ
r,s(g)

Let m ≥ 2 be a fixed positive integer. Let us introduce generators J , Ki, K̄i, K
′

i and K̄
′

i
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with i ∈ I, which satisfy the following relations:

Jm = J, J = KiK̄i = K̄iKi = K
′

iK̄
′

i = K̄
′

iK
′

i . (3.1)

We suppose Ki and K̄i are not zero divisors and

KiJ
m−1 = Jm−1Ki = Ki, K̄iJ

m−1 = Jm−1K̄i = K̄i. (3.2)

K
′

iJ
m−1 = Jm−1K

′

i = K
′

i , K̄
′

iJ
m−1 = Jm−1K̄

′

i = K̄
′

i . (3.3)

An element Ei is said to be of type m− 1 if it satisfies

KjEi = r〈 i,j 〉s−〈 j,i 〉EiKj , K̄jEi = r−〈 i,j 〉s〈 j,i 〉EiK̄j;

K
′

jEi = r−〈 j,i 〉s〈 i,j 〉EiK
′
j , K̄ ′

jEi = r〈 j,i 〉s−〈 i,j 〉EiK̄
′
j. (3.4)

Similarly, if

KjFi = r−〈 i,j 〉s〈 j,i 〉FiKj , K̄jFi = r〈 i,j 〉s−〈 j,i 〉FiK̄j ;

K
′

jFi = r〈 j,i 〉s−〈 i,j 〉FiK
′

j , K̄ ′
jFi = r−〈 j,i 〉s〈 i,j 〉FiK̄

′
j , (3.5)

then Fi is said to be of type m− 1.

To define other relations, it is convenient to set J0 = Jm−1. Suppose

KjEiJ
tK̄j = r〈 i,j 〉s−〈 j,i 〉EiJ

t+1, K
′

jEiJ
tK̄

′

j = r−〈 j,i 〉s〈 i,j 〉EiJ
t+1, EiJ

m−1 = Ei (3.6)

for some 0 ≤ t ≤ m− 2. Then we say that Ei is of type t. Similarly, Fi is of type t if it satisfies

the following

KjFiJ
tK̄j = r−〈 i,j 〉s〈 j,i 〉FiJ

t+1, K
′

jFiJ
tK̄

′

j = r〈 j,i 〉s−〈 i,j 〉FiJ
t+1, FiJ

m−1 = Fi. (3.7)

Lemma 3.1 (1) If Ei is of type t for 0 ≤ t ≤ m− 2, then EiJ
t+1 is of type m− 1.

(2) If Fi is of type t for 0 ≤ t ≤ m− 2, then FiJ
t+1 is of type m− 1.

Proof If Ei is of type t, we have

KjEiJ
t+1 = KjEiJ

tJ = KjEiJ
tK̄jKj = r〈 i,j 〉s−〈 j,i 〉EiJ

t+1Kj

and

K̄jEiJ
t+1 = r−〈 i,j 〉s〈 j,i 〉K̄jKjEiJ

tK̄j = r−〈 i,j 〉s〈 j,i 〉JEiJ
tK̄j = r−〈 i,j 〉s〈 j,i 〉EiJ

t+1K̄j .

Similarly,

K
′

jEiJ
t+1 = K

′

jEiJ
tJ = K

′

jEiJ
tK̄

′

jK
′

j = r−〈 j,i 〉s〈 i,j 〉EiJ
t+1K

′

j

and

K̄ ′
jEiJ

t+1 = r〈 j,i 〉s−〈 i,j 〉K̄
′

jK
′

jEiJ
tK̄

′

j = r〈 j,i 〉s−〈 i,j 〉JEiJ
tK̄

′

j = r〈 j,i 〉s−〈 i,j 〉EiJ
t+1K̄j

′
.

So EiJ
t+1 is of type m− 1 by definition.

The proof of (2) is similar to that of (1). 2

Proposition 3.1 (1) Ei is of type t for 0 ≤ t ≤ m − 2 if and only if Ei is of type m − 1 and

EiJ
m−1 = Ei.
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(2) Fi is of type t for 0 ≤ t ≤ m− 2 if and only if Fi is of type m− 1 and FiJ
m−1 = Fi.

Proof (1) If Ei is of type t for 0 ≤ t ≤ m − 2, then KjEiJ
t+1 = r〈 i,j 〉s−〈 j,i 〉EiJ

t+1Kj by

Lemma 3.1. So we have

KjEi = KjEiJ
m−1 = KjEiJ

t+1Jm−t−2 = r〈 i,j 〉s−〈 j,i 〉EiJ
t+1KjJ

m−t−2 = r〈 i,j 〉s−〈 j,i 〉EiKj

and

K̄jEi = K̄jEiJ
m−1 = K̄jEiJ

t+1Jm−t−2 = r−〈 i,j 〉s〈 j,i 〉EiJ
t+1K̄jJ

m−t−2 = r−〈 i,j 〉s〈 j,i 〉EiK̄j .

Similarly,

K ′
jEi = K ′

jEiJ
m−1 = K

′

jEiJ
t+1Jm−t−2 = r−〈 j,i 〉s〈 i,j 〉EiJ

t+1K
′

jJ
m−t−2 = r−〈 j,i 〉s〈 i,j 〉EiK

′

j

and

K̄ ′
jEi = K̄ ′

jEiJ
m−1 = K̄ ′

jEiJ
t+1Jm−t−2 = r〈 j,i 〉s−〈 i,j 〉EiJ

t+1K̄ ′
jJ

m−t−2 = r〈 j,i 〉s−〈 i,j 〉EiK̄
′
j .

Hence Ei is of type m− 1.

Conversely, if Ei is of type m− 1 and EiJ
m−1 = Ei, then

KjEiJ
tK̄j = r〈 i,j 〉s−〈 j,i 〉EiKjJ

tK̄j = r〈 i,j 〉s−〈 j,i 〉EiJ
t+1,

K
′

jEiJ
tK̄

′

j = r−〈 j,i 〉s〈 i,j 〉EiK
′

jJ
tK̄

′

j = r−〈 j,i 〉s〈 i,j 〉EiJ
t+1.

This means that Ei is of type t.

(2) The proof of (2) is similar to (1). 2

Remark 3.1 Note that if Ei is of type t, then JEi = EiJ . Indeed, if Ei is of type m − 1 for

example, then

JEi = KjK̄jEi = r−〈 i,j 〉s〈 i,j 〉KjEiK̄j = EiKjK̄j = EiJ.

Similarly, JFi = FiJ if Fi is of type t.

The types of Ei and Fi are denoted by κi, κ̄
′
i, respectively. Let τ = ({κi}i∈I | {κ̄

′
i)}i∈I) and

the τ is called admissible if it satisfies the following condition:

(1) If ki = t, then k̄i = t for 1 ≤ t ≤ m− 2;

(2) If ki = 0, then k̄i = 0, m− 1;

(3) If ki = m− 1, then k̄i = 0, m− 1.

In the sequel, we always assume that τ is admissible and m ≥ 2.

Definition 3.2 The algebra wτ
r,s(g) over Q(r, s) is generated by Ei, Fi, Ki, K̄i, K

′

i , K̄
′

i (i ∈ I)

and J , which satisfy the following relations:

J = KiK̄i = K
′

iK̄
′

i for all i ∈ I, (3.8)

Jm−1x = xJm−1 = x, for x = Ki, K̄i,K
′
i, K̄

′
i, (3.9)

KiK̄j = K̄jKi, KiKj = KjKi, K̄iK̄j = K̄jK̄i, (3.10)

K
′

iK̄
′

j = K̄
′

jK
′

i , K
′

iK
′

j = K
′

jK
′

i , K̄i

′

K̄j

′

= K̄
′

jK̄
′

i , (3.11)

K
′

iK̄j = K̄jK
′

i , KiK
′

j = K
′

jKi, K̄
′

iKj = KjK̄
′

i , K̄
′

iK̄j = K̄jK̄
′

i , (3.12)
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Ei Fi are of admissible type τ, (3.13)

EiFj − FjEi = δij
Ki −K

′

i

ri − si

, (3.14)

1−aij
∑

k=0

(−1)k

(

1 − aij

k

)

i

c(i, j, k)E
1−aij−k

i EjE
k
i = 0 if aii = 2, i 6= j, (3.15)

1−aij
∑

k=0

(−1)k

(

1 − aij

k

)

i

c(i, j, k)F k
i FjF

1−aij−k

i = 0 if aii = 2, i 6= j, (3.16)

EiEj − EjEi = FiFj − FjFi = 0, if aij = 0, (3.17)

where

c(i, j, k) = (ris
−1
i )

k(k−1)
2 rk〈 j,i 〉s−k〈 i,j 〉, i 6= j,

(

1 − aij

k

)

i

:=

(

1 − aij

k

)

ris
−1
i

.

The algebra wτ
r,s(g) is said to be a τ -type weak quantum algebra associated with the generalized

Kac-Moody algebra g.

It is straightforward to check by induction that Ei (respectively Fi) is of type m− 1 or type

t for 0 ≤ t ≤ m− 2, the following relations hold in wτ
r,s(g)

Em
i K

n
j = r−mn〈 i,j 〉smn〈 j,i 〉Kn

j E
m
i , Fm

i Kn
j = rmn〈 i,j 〉s−mn〈 j,i 〉Kn

j F
m
i .

Em
i K

′n
j = rmn〈 j,i 〉s−mn〈 i,j 〉K

′n
j Em

i , Fm
i K

′n
j = r−mn〈 j,i 〉smn〈 i,j 〉K

′n
j Fm

i .

In particular, we have

Em
i K

n
i = r−mn

i smn
i Kn

i E
m
i , Fm

i Kn
i = rmn

i s−mn
i Kn

i F
m
i ,

Em
i K

′n
i = rmn

i s−mn
i K

′n
i Em

i , Fm
i K

′n
i = r−mn

i smn
i K

′n
i Fm

i .

By Remark 3.1, J t is a central element for all 0 ≤ t ≤ m− 1 in wτ
r,s(g).

4. The weak Hopf algebras structure of w
τ
r,s(g)

To make the τ -type algebra wτ
r,s(g) become a weak Hopf algebra, we define three maps

△ : wτ
r,s(g) −→ wτ

r,s(g) ⊗ wτ
r,s(g)

ε : wτ
r,s(g) −→ K

T : wτ
r,s(g) −→ wτ

r,s(g)

as follows

∆(Ki) = Ki ⊗Ki, ∆(K̄i) = K̄i ⊗ K̄i, (4.1)

∆(K
′

i) = K
′

i ⊗K
′

i , ∆(K̄
′

i) = K̄
′

i ⊗ K̄
′

i , (4.2)

∆(Ei) = Jm−1−t ⊗ Ei + Ei ⊗KiJ
t, Ei is of type t. (4.3)

If t = 0, then ∆(Ei) = Jm−1 ⊗ Ei + Ei ⊗ Ki. If t = m − 1, then ∆(Ei) = 1 ⊗ Ei + Ei ⊗ Ki.

Similarly,

∆(Fi) = Fi ⊗ Jm−1−t +K
′

iJ
t ⊗ Fi, Fi is of type t, (4.4)
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ε(Ki) = ε(K̄i) = 1, ε(K
′

i) = ε(K̄
′

i) = 1, ε(J) = 1, (4.5)

ε(Ei) = ε(Fi) = 0. (4.6)

The map T is defined as follows

T (1) = 1, T (Ki) = K̄iJ
m−2, T (K̄i) = KiJ

m−2, (4.7)

T (J) = Jm−2, T (K
′

i) = K̄
′

iJ
m−2, T (K̄

′

i) = K
′

iJ
m−2, (4.8)

T (Ei) = −EiK̄iJ
m−2, T (Fi) = −K̄

′

iFiJ
m−2. (4.9)

We use µ, η to denote the multiplication and unit of wτ
r,s(g). The main theorem is as follows.

Theorem (wτ
r,s(g), µ, η,△, ε) is a noncommutative and noncocommutative weak Hopf algebra

with the weak antipode T , but not a Hopf algebra.

The Theorem follows from Lemmas 4.1 and 4.2 below.

Lemma 4.1 wτ
r,s(g) is a bialgebra with a co-multiplication △ and co-unit ε.

Proof It is easy to check that the following relations hold:

△(J) = △(Ki) △ (K̄i) = △(K
′

i) △ (K̄
′

i),

△(Ki) △ (K̄j) = △(K̄j) △ (Ki), △(K
′

i) △ (K̄
′

j) = △(K̄
′

j) △ (K
′

i),

△(KiJ
m−1) = △(Ki), △(K̄iJ

m−1) = △(K̄i),

△(K
′

iJ
m−1) = △(K

′

i), △(K̄
′

iJ
m−1) = △(K̄

′

i).

If Ei is of type m− 1, then

∆(Kj)∆(Ei) = (Kj ⊗Kj)((1 ⊗ Ei + Ei ⊗Ki) = Kj ⊗KjEi +KjEi ⊗KjKi

= r〈 i,j 〉s−〈 j,i 〉∆(Ei)∆(Kj).

Similarly, we can prove ∆(K
′

j)∆(Ei) = r−〈 j,i 〉s〈 i,j 〉∆(Ei)∆(K
′

j).

If Ei is of type t for 0 ≤ t ≤ m− 2, then

∆(Kj)∆(Ei)∆(J)t+1 = (Kj ⊗Kj)(J
m−1−t ⊗ Ei + Ei ⊗KiJ

t)(J t ⊗ J t)(K̄j ⊗ K̄j)

= KjJ
m−1−tJ tK̄j ⊗KjEiJ

tK̄j +KjEiJ
tK̄j ⊗KjKiJ

tJ tK̄j

= r〈 i,j 〉s−〈 j,i 〉(Jm ⊗ EiJ
t+1 + EiJ

t+1 ⊗KiJ
2t+1)

= r〈 i,j 〉s−〈 j,i 〉∆(Ei)∆(J)t+1

and

∆(Ei)∆(J) = (Jm−t ⊗ EiJ + EiJ ⊗KiJ
t+1) = ∆(J)∆(Ei).

Similarly, we can prove

∆(K
′

j)∆(Ei)∆(J)t∆(K̄
′

j) = r−〈 j,i 〉s〈 i,j 〉∆(Ei)∆(J)t+1.

For the Fi cases, all relations can be proved in a similar way.
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To show that

∆(Ei)∆(Fj) − ∆(Fj)∆(Ei) = δij
∆(Ki) − ∆(K

′

i)

ri − si

, (4.10)

we assume that Ei and Fj are of type p, q, respectively, where 0 ≤ p, q ≤ m− 2. We have

∆(Ei)∆(Fj) − ∆(Fj)∆(Ei) =(Jm−1−p ⊗ Ei + Ei ⊗KiJ
p)(Fj ⊗ Jm−1−q +K

′

jJ
q ⊗ Fj)−

(Fj ⊗ Jm−1−q +K
′

jJ
q ⊗ Fj)(J

m−1−p ⊗ Ei + Ei ⊗KiJ
p)

=Jm−1−p+qK
′

j ⊗ (EiFj − FjEi) + (EiFj − FjEi) ⊗KiJ
m−1−p+q

=δij
∆(Ki) − ∆(K

′

i)

ri − si

.

Suppose Ei is of type m− 1 and Fj is of type q for q = 0, m− 1. We have

∆(Ei)∆(Fj) − ∆(Fj)∆(Ei) =(1 ⊗ Ei + Ei ⊗Ki)(Fj ⊗ Jm−1−q +K
′

jJ
q ⊗ Fj)−

(Fj ⊗ Jm−1−q +K
′

jJ
q ⊗ Fj)(1 ⊗ Ei + Ei ⊗Ki)

=K
′

jJ
q ⊗ (EiFj − FjEi) + (EiFj − FjEi) ⊗KiJ

m−1−q

=δij
∆(Ki) − ∆(K

′

i)

ri − si

.

Similarly, we can prove that

∆(Ei)∆(Fj) − ∆(Fj)∆(Ei) = δij
∆(Ki) − ∆(K

′

i)

ri − si

if Ei is of type p for p = 0,m− 1 and Fj is of type m− 1. Therefore (3.14) holds for all i, j.

Finally, we have to prove that △ satisfies the relations (3.15)–(3.17). The direct calculation

shows that

∆(Ei)∆(Ej) − ∆(Ej)∆(Ei) = 0, ∆(Fi)∆(Fj) − ∆(Fj)∆(Fi) = 0.

Hence △ satisfies the relation (3.17).

To show that △ satisfies relation (3.15), the following cases should be considered:

(1) Ei is of type t, Ej is of type p. aii = 2, where 0 ≤ t, p ≤ m− 2;

(2) Ei is of type m− 1, Ej is of type p. aii = 2, where 0 ≤ p ≤ m− 2;

(3) Ei is of type t, Ej is of type m− 1. aii = 2, where 0 ≤ t ≤ m− 2;

(4) Ei and Ej are of type m− 1.

We will show that △ keeps the relation (3.14) for the case (1). The proof for the rest cases

are more or less the same as the case of Uq(g)
[11, pp 67-68].

Let r = 1 − aij and

uij =

r
∑

a=0

(−1)a

(

r

a

)

i

(
ri

si

)
a−(a−1)

2 ra〈 j,i 〉s−a〈 i,j 〉Er−a
i EjE

a
i .

Since △(Ei) = J (m−1−t) ⊗ Ei + Ei ⊗KiJ
t and

(Ei ⊗KiJ
t)(Jm−1−t ⊗ Ei) = ris

−1
i (J (m−1−t) ⊗ Ei)(Ei ⊗KiJ

t),
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we have

△(Ei)
a =

a
∑

β=0

(

a

β

)

ris
−1
i

J (m−1−t)βE
a−β
i ⊗ E

β
i K

a−β
i J t(a−β).

This implies that

r
∑

a=0

(−1)a

(

r

a

)

i

(
ri

si

)
a−(a−1)

2 ra〈 j,i 〉s−a〈 i,j 〉 △ (Ei)
r−a △ (Ej) △ (Ei)

a

= J (m−1−t)r+(m−1−p) ⊗ uij + uij ⊗ J tr+pKr
i Kj +

r
∑

ε=1

J (m−1−t)ε+(m−1−p)Er−ε
i ⊗Xε+

∑

l,n

J (m−1−t)(r−l−n)El
iEjE

n
i ⊗ Yl,n

with suitable Xε and Yl,n. The last sum is over the integers l, n ≥ 0 with l+ n < r. We have to

show that all Xε and Yl,n are equal to zero. Since

K
r−a−ζ
i EjE

ε−ζ
i = r(r−a−ζ)〈 j,i 〉s−(r−a−ζ)〈 i,j 〉(ris

−1
i )(r−a−ζ)(ε−ζ)EjE

ε−ζ
i K

r−a−ζ
i ,

Xε (with 1 ≤ ε ≤ r) is just the following identity

Xε =
r

∑

a=0

(−1)a

(

r

a

)

i

(ris
−1
i )

a(a−1)
2 ra〈 j,i 〉s−a〈 i,j 〉

∑

ζ

(

r − a

ζ

)

i

E
ζ
i K

r−a−ζ
i Ej

(

a

ε− ζ

)

i

E
ε−ζ
i K

a−ε+ζ
i J t(r−ε)

=

r
∑

a=0

∑

ζ

(−1)a

(

r

a

)

i

(

r − a

ζ

)

i

(

a

ε− ζ

)

i

(ris
−1
i )

a(a−1)
2 +(r−a−ζ)(ε−ζ)

r(r−ζ)〈 j,i 〉s−(r−ζ)〈 i,j 〉E
ζ
i EjE

ε−ζ
i K

(r−ε)
i J t(r−ε) = 0.

Since Kr−a−l
i KjE

n
i = (ris

−1
i )n(r−a−l)rn〈 i,j 〉s−n〈 j,i 〉En

i K
r−a−l
i Kj for all l, n as above the term

Yl,n is equal to

Yl,n =
r−l
∑

a=n

(−1)a

(

r

a

)

i

(ris
−1
i )

a(a−1)
2 ra〈 j,i 〉s−a〈 i,j 〉

(

r − a

l

)

i

El
iK

r−a−l
i Kj

(

a

n

)

i

En
i K

a−n
i J t(r−l−n)+p

=
r−l
∑

a=n

(−1)a

(

r

a

)

i

(

r − a

l

)

i

(

a

n

)

i

(ris
−1
i )

a(a−1)
2 +n(r−a−l)

ra〈 j,i 〉+n〈 i,j 〉s−a〈 i,j 〉−n〈 j,i 〉El
iE

n
i K

(r−l−n)
i KjJ

t(r−l−n)+p = 0.

Hence, △ keeps the relation (3.15). Similarly, we can prove that △ satisfies the relation (3.16).

Therefore, △ is an algebra homomorphism. On the other hand, it is easy to see that

(△⊗ id) △ (x) = (id ⊗△) △ (x) for any x ∈ wτ
r,s(g)

and that ε is a homomorphism from wτ
r,s(g) to Q(r, s) and enjoys the counit axioms. This proves

wτ
r,s(g) is a bialgebra. 2

Lemma 4.2 T is a weak antipode of the bialgebra wτ
r,s(g).
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Proof The following relations hold

T (Ki)T (K̄j) = T (K̄j)T (Ki), T (K
′

i)T (K̄
′

j) = T (K̄
′

j)T (K
′

i),

T (K
′

i)T (K̄j) = T (K̄j)T (K
′

i), T (K̄
′

i)T (Kj) = T (Kj)T (K̄
′

i),

T (Jm−1)T (K̄i) = T (K̄i), T (Jm−1)T (K̄
′

i) = T (K̄
′

i),

T (Jm−1)T (Ki) = T (Ki), T (Jm−1)T (K
′

i) = T (K
′

i),

T (Ei)T (Ej) = T (Ej)T (Ei), T (Fi)T (Fj) = T (Fj)T (Fi), if aij = 0.

If Ei is of type m− 1, then

T (Ei)T (Kj) = −EiK̄iJ
m−2K̄jJ

m−2 = −r〈 i,j 〉s−〈 j,i 〉K̄jJ
m−2EiK̄iJ

m−2

= r〈 i,j 〉s−〈 j,i 〉T (Kj)T (Ei).

If Ei is of type t for 0 ≤ t ≤ m− 2, then

T (K̄j)T (J)tT (Ei)T (Kj) = −KjJ
m−2J (m−2)tEiK̄iJ

m−2K̄jJ
m−2

= −r〈 i,j 〉s−〈 j,i 〉J (m−2)(t+1)EiK̄iJ
m−2

= r〈 i,j 〉s−〈 j,i 〉T (J)t+1T (Ei).

The following relation can be proved in a similar way

T (K̄
′

j)T (J)tT (Ei)T (K
′

j) = r−〈 j,i 〉s〈 i,j 〉T (J)t+1T (Ei).

Similarly, we can prove

T (Kj)T (Fi) = r−〈 i,j 〉s〈 j,i 〉T (Fi)T (Kj), T (K
′

j)T (Fi) = r〈 j,i 〉s−〈 i,j 〉T (Fi)T (K
′

j)

and

T (K̄j)T (J)tT (Fi)T (Kj) = r−〈 i,j 〉s〈 j,i 〉T (J)t+1T (Fi),

T (K̄
′

j)T (J)tT (Fi)T (K
′

j) = r〈 j,i 〉s−〈 i,j 〉T (J)t+1T (Fi)

if Fi is of type t for 0 ≤ t ≤ m− 2. Moreover,

T (Fj)T (Ei) − T (Ei)T (Fj) = K̄
′

jFjJ
m−2EiK̄iJ

m−2 − EiK̄iJ
m−2K̄

′

jFjJ
m−2

= J2(m−2)r−〈 j,i 〉s〈 i,j 〉(K̄
′

jFjEiK̄i − K̄
′

jEiK̄iFj)

= J2(m−2)(K̄
′

jFjEiK̄i − K̄
′

jEiFjK̄i)

= δij
T (Ki) − T (K

′

i)

ri − si

.

T also satisfies the quantum Serre relation. Indeed, suppose aii = 2 and s = 1 − aij . We have

s
∑

k=0

(−1)k

(

s

k

)

i

c(i, j, k)T (Ei)
kT (Ej)T (Ei)

s−k

= (−1)s+1J (m−2)(s+1)
s

∑

k=0

(−1)k

(

s

k

)

i

c(i, j, k)(EiK̄i)
k(EjK̄j)(EiK̄i)

s−k

= (−1)s+1J (m−2)(s+1)(r−1
i si)

k(s−k)r−k〈 j,i 〉−(s−k)〈 i,j 〉sk〈 i,j 〉+(s−k)〈 j,i 〉
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(

s
∑

k=0

(−1)k

(

s

k

)

i

c(i, j, k)Ek
i EjE

s−k
i

)

K̄jK̄
s
i = 0.

The argument for Fi is similar. It follows that T can be extended to an anti-automorphism

of wτ
r,s(g). Now, we define the convolution product in the bialgebra (wτ

r,s(g), µ, η,△, ε) as

(f ∗ g)(x) = µ(f ∗ g) △ (x)

for all f , g ∈ Hom(wτ
r,s(g), wτ

r,s(g)) and x ∈ wτ
r,s(g). We have to prove that T satisfies the

antipode axioms such that id ∗T ∗ id = id and T ∗ id ∗T = T . In fact it can be proved as in[14,16]

that T ∗ id ∗ T (x) = T (x) and id ∗ T ∗ id(x) = id(x) for any x ∈ wτ
r,s(g). Therefore, T is a weak

antipode of wτ
r,s(g). 2

Assume that wτ
r,s(g) is a Hopf algebra and there exists an algebra anti-morphism S : wτ

r,s(g) −→

wτ
r,s(g). Then S must satisfy (S ∗ id)(J) = µS(J) and S(J)J = 1 and J is invertible. It is im-

possible since J(Jm−1 − 1) = 0. The proof of the theorem is finished. 2

Let J̄ = 1
m−1

∑m−1
r=1 Jr, Wr,s = wτ

r,s(g)J̄ and W̄r,s = wτ
r,s(g)(1 − J̄). It is easy to see that J̄

is a central idempotent element and that wτ
r,s(g) = Wr,s ⊕ W̄r,s and Wr,s

∼= Ur,s(g) as algebras

but not as Hopf algebras.

Example 4.1 Wr,s
∼= Ur,s(g) as Hopf algebras if m = 2.

To see this, we have J̄ = J since m = 2. It is easy to see that

wτ
r,s(g) = Wr,s ⊕ W̄r,s

as algebras. Note that Wr,s is generated by EiJ , FiJ , KiJ , K̄iJ , K
′

iJ , K̄
′

iJ , and J subject to

the relations (3.8)–(3.11) and

Kj(EiJ) = r〈 i,j 〉s−〈 j,i 〉(EiJ)Kj , K
′

j(EiJ) = r−〈 j,i 〉s〈 i,j 〉(EiJ)K ′
j , (4.11)

Kj(FiJ) = r−〈 i,j 〉s〈 j,i 〉(FiJ)Kj , K
′

j(FiJ) = r〈 j,i 〉s−〈 i,j 〉(FiJ)K
′

j , (4.12)

(EiJ)(FjJ) − (FjJ)(EiJ) = δij
KiJ −K

′

iJ

ri − si

, (4.13)

1−aij
∑

k=0

(−1)k

(

1 − aij

k

)

i

c(i, j, k)(EiJ)1−aij−k(EjJ)(EiJ)k = 0 if aii = 2, i 6= j, (4.14)

1−aij
∑

k=0

(−1)k

(

1 − aij

k

)

i

c(i, j, k)(FiJ)k(FjJ)(FiJ)1−aij−k = 0 if aii = 2, i 6= j, (4.15)

(EiJ)(EjJ) − (EjJ)(EiJ) = (FiJ)(FjJ) − (FjJ)(FiJ) = 0 if aij = 0, (4.16)

where

c(i, j, k) = (ris
−1
i )

k(k−1)
2 rk〈 j,i 〉s−k〈 i,j 〉, i 6= j.

Here J can be viewed as the identity of Wr,s. At this point of view Wr,s is a Hopf algebra. The

comultiplication △ is

△(EiJ) = J ⊗ EiJ + EiJ ⊗Ki,

△(FiJ) = FiJ ⊗ J +K
′

i ⊗ FiJ,
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△(KiJ) = KiJ ⊗KiJ, △(K̄iJ) = K̄iJ ⊗ K̄iJ,

△(K
′

iJ) = K
′

iJ ⊗K
′

iJ, △(K̄
′

iJ) = K̄
′

iJ ⊗ K̄
′

iJ.

The counit ε is

ε(EiJ) = ε(FiJ) = 0,

ε(KiJ) = ε(K̄iJ) = 1, ε(K
′

iJ) = ε(K̄
′

iJ) = 1.

The antipode S is

S(EiJ) = −(EiJ)K̄i, S(FiJ) = −K̄
′

i(FiJ),

S(KiJ) = K̄iJ, S(K̄iJ) = KiJ,

S(K
′

iJ) = K̄i
′J, S(K̄

′

iJ) = K
′

iJ.

Let ψ be the algebra morphism from Ur,s(g) to Wr,s, defined by

ψ(ei) = EiJ, ψ(fi) = FiJ, ψ(ki) = KiJ, ψ(k−1
i ) = K̄iJ,

ψ(k
′

i) = K
′

iJ, ψ(k
′−1
i ) = K̄

′

iJ, ψ(1) = J.

It is straightforward to check that ψ is a Hopf algebra isomorphism. 2

5. Remarks

In this paper a class of two-parameter weak Hopf algebraswτ
r,s(g) corresponding to Borcherds-

Cartan matrix is constructed. One observation is possible to extend the construction to a quan-

tized superalgebra. All the two-parameter weak Hopf algebras given in this paper have non-

cocommutative coproducts. This implies existence of universal R-matrices that could give new

solutions of quantum Yang-Baxter equations. A future work is to investigate the form of such

R-matrices. We expect the expressions would not be that different from those of the original

Hopf algebra.
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