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Abstract For an entire function represented by a generalized dirichlet series, we define its
maximal term, maximal modulus, order and type. We use the classical methods to study the
relation between order, type and coefficients, exponents, which improve and generalize some
results of the dirichlet series with real exponents.
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1. Introduction

Let A = {\, = [An]e?" : n = 1,2,...} be a sequence of complex numbers in the right half
plane satisfying the following conditions:

(a) Iminf, o (|Ant1] — [An]) = 6(A) > 0;

(b) sup{largf,|:n=1,2,...} <a<F;

(c) limsup,,_, . oy = D < +o0.

Assume that F is an entire function represented by a generalized dirichlet series
(o)
F(s):ZanefA"s, s=o+it: o,t ER, (1)
n=1

where {a,} is a sequence of complex numbers and {\,} is expressed as above. Let
Go={|args—m| <0< 7w/2:s=0+1it, ot€R}.
Now we introduce some definitions which will be discussed in the sequel.

Definition 1 Similar to [1] or [4], we define the order p of F(s) by

loglog M
» = limsup 122108 M (@) @)

o——00 —0

where the maximal modulus M (o) = sup,cp{|F (0 +it)| : s =0 + it € Go}.
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Definition 2 If 0 < p < oo, then define the type T of F(s) by

e 220 ®
where M (o) is defined by (2).
Definition 3 Assume that
m(o) = sup{|ane | : s =0 +it € Gg, n € N} }, (4)

which is called the maximal term of the series (1).

If 0 < p < 00, by [1], we introduce

Re, log Re),, . A
pr = T T e e ®
and  og Iy \
pm = limsup Pallog Ml k’;g' ﬁ%ﬁ', T, = limsup L;' jan| T (0 < p; < 0), i=1,2,  (6)

_ _ 1
where p1 = pcosb, p2 = prmnsrana-

In this paper, firstly we discuss the relation between the maximal term and the maximal
modulus, then apply it to estimate the order p and the type 7, respectively.

At last, we point out that we denote by A a positive constant, and by A(-) a positive constant
only depending on (-) for the whole article, not necessarily the same at each occurrence. ¢ is an

arbitrary small positive number.

2 Preliminary results
In this section, we will give lemmas which play an important role in the proof of theorems.
Lemma 1 Assume that a, b and \ are positive constants. Then
(o) =be’® — oA
reaches its minimal value at the point o = % log %.

Lemma 2 If the sequence A = {\,} (n =1,2,...) satisfies

logn

lim sup

msup g = F < +o0, (7)

then M(o) < A(e)m(c — E —¢).

Proof Since lim, .o 22" = E < +o00, Ve > 0, IN > 0, s.t., Vn > N, we have logn <

Re\,
(E + £/2)Re),. Obviously, if o + it € Gy, then 0 — E — ¢ + it € Gy. Hence
N oo
M(O’) < Z |ane—>\ns| + Z |ane—>\n(U—E—€)+it| . e—(E—i—a)Re)\n
n=1 N+1
> 1 Frer
< Nm(o)+m(c —FE —¢) - < Ale)m(c — E —e¢).

N+1
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Lemma 3 If the sequence A = {\,} (n =1,2,...) satisfies the conditions (a), (b) and (c), then
hD
);

Cos &

where 09 = (7D + €) cos ¢g, 0 < ¢g < 2m, h =9 — 3logd(A)D.

m(o) < A(D,e)M (o + 6o —

Proof Let - ,
Tn(z) = 1- 2.
k—H;&n ( )\k2)

Since the sequence A = {\,,} (n =1,2,...) satisfies the conditions (a) and (b), using the similar
method to [1, Lemma 3.1.3], we can show that T},(z) is an entire function of exponential type

7D and because

- Mel® = A
mea > T (L=l
k=1,k#n | Ak
we have | )
T (A,
lim sup W <hD, D >0,

where h = [9 — 3logd(A)D]. For D = 0 is trivial, we omit this case. Then for sufficiently large
N, ¥n > N, we can obtain

1 DUte) Anl
.00 | )
By (1.3.3) and (1.3.5) in [2], we have
., | = ; . S . e)\ns
ol = sy ] ) 0
and
|Ln[F(s)]] < A(D,e)M (o + do), (10)

where s is an arbitrary point in the complex s plane, o = (7D + ¢) cos ¢g, 0 < ¢p < 27. Using
the similar method to [1], we can prove 6(A)D < 1, so §y — 22 < 0. By (8), (9) and (10), for

o sufficiently small, we obtain

|anef)‘"5| < A(D,e)M (o + do) exp{hD|\,|} (11)
hD
< A(D,e)M (o + do) exp{cosaRe)\n}. (12)

Hence,
hD )
cosa’’
Lemma 4 If the sequence A = {\,} (n =1,2,...) satisfies the conditions (a), (b) and (c), then
log logm(o)

p = limsup —————=.
o——00 —0

m(o) < A(D,e)M (o + 6o —

If 0 < p < oo, then
lo
7 = lim sup M.
c——0o €7P9
logn
ReA,,

Proof By the condition (c), we have limsup,,_, = 0. So from Lemmas 2 and 3, we obtain

the lemma.



1044 HUANG W P, NING J H and TU J

Remark Since F(s) = > °7

> Lane % (s =o+it: o,t € R) is an entire function in the complex

plane, according to [5], we have

lim log |an| =

—00. (13)
So pr < pm.-

3 Main theorems
Our main conclusions are as follows:

Theorem 1 If the sequence A = {\,} (n = 1,2,...) satisfies the conditions (a), (b) and (c),
then

pr < p < sect py, (%)

and
pr < p < (1+tanftana)p,. ()

Proof 1) We prove p, < p. By the definition of p, for sufficiently small o, we have
log M (o) < e~ (PHe)e,
For equation (11) holds for all s € Dy, without loss of generality, putting s = 0 € Dy, 0 € R

sufficiently small, then
lan| < A(D,e)M (o + 8)e?ReAnthDIAnl

So
10g |an| < log A(D,e) + hD|\,| — doRe\, 4+ e~ P+ +%0) L (5 4 50)ReA,,.

By Lemma 1, we have

Re\,
gp+a

e~ (pte)(o+do) | (o + dp)ReA, < - (I+lo
pte

).

Hence, we obtain
1 log |ay| 1
—— =1 _— < ——.
Pr lﬁsogp ReA;, log ReA, p

2) We prove p < sec p,,. By the definition of p,,, for sufficiently large n, we have

_|)‘n|10g|)‘n|
W< —onlelmniy
|a|_ﬁmp{ Pm + € }
Then for —Re(Aps) < |Aps| < |A\polsect, o < 0, we have
—|An|log [An] —|An|log |An]
1 < “IAnl 08 Anl _ Re(ans)) < T1Anl08 A0l 1N, sec ).
ogm(c) < max { otz e(Ans)} < max { . o|An| sect}

Let hyi(t) = —ajtlogt + bit, t > 0, where t = |\,], a1 = #, by = —osecf. Then hq(t) gets its

maximal value a;e”1T%1/%1 at the point ¢; = e~ 1+?1/% So by Lemma 4 we have

p = limsup < pm sec .

o——00

loglogm(o)
-0
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3) We prove p < (14 tanftana)p,. By the definition of p,., for sufficiently large n, we have

—Re), logReA,
lan| < exp{——F—F——}
prt+e€
Then for —t Im),, < —ctanftana Re),, 0 < 0, we have
—ReA, logReA,
lo <max{—————— — Re(\,
gm(o) < max{——1t ()}
- nl n
< maX{Re/\—j_gM\ — o Re\, — otanftana Re),}.
pr+e

Let ho(t) = —astlogt + bat, t > 0, where t = Re),,, as = #, bs = —o(1 + tanftan ). Then

ha(t) gets its maximal value age~1Tb2/a2 a¢ the point to = e~ 1tb2/a2 Qg from Lemma 4, we have

log 1
p = limsup loglogm(c) < pr(1+ tanftan ).
-

Corollary 1 In Theorem 1, ifa =0, i.e., A ={\,} (n =1,2,...) is a sequence of real numbers
satistfying the conditions (a) and (c), by equation (xx), we get
. An log A,

pP=pPr=pm= hflsolip Tog[1/an]’
which is similar to [1, p.40, Theorem 3.2.1].

Corollary 2 Let § = % in Theorem 1. Then by equation (x), we have p, < p < V/2pm, which
is also got in [3, Theorem 1].

Theorem 2 If the sequence A = {\,} (n = 1,2,...) satisfies the conditions (a), (b) and (c),
then

e—thsecaTT <r< Ty s (*)
and

T < Ting - (%)
Proof 1) We prove e~ "Prsecar <+ By the definition of 7, for sufficiently small o, we have
M(o) < exp{(r+¢e)e *7}.
By equation (12) and Lemma 1, for sufficiently small o, we have

|an| < A(D, )M (0 + 6g)e oAt IAn]
p(T+¢)

Re\, )}

< A(D,)ehP el exp{Re—/\n(l + log
p

Then for sufficiently large n, we have
ReA
:pn |an|p/Re>\" < ephD|)\n\/Re>\n (7_ + 8).

So

e\,

. I
T, = limsup |y |Fexn < ehDPpsecar
n—oo

2) We prove 7 < 7,,,. By the definition of 7,,, for n sufficiently large,

ep1
[An]J

An
log |a,| < u log [(Tm1 +e)
1
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For o sufficiently small,

logm(o) < max{'j}—?' log [(Tim, + E)%] - Re()\ns)}
|)‘n| €p1
< max{? log [(Tim, + a)m] - |/\n|asect9}

= max{—astlogt — bst},

_ [An]
where t = oy Fe)emn

has its maximal value aze~1tbs/as

>0, a3 = (T, +€)e, bs = —(Tim, +€)ep1o sech, then hs(t) = —astlogt—bst

So by the estimate above, we obtain

. logm(o . T + €)e—0P18ect
T:llmsupgi()ghmsup( n )
o——00 e~ 9P o——00 e~

By the equation (6), we know p; = pcosé. Therefore, 7 < 7, .
3) We prove 7 < 7,,,. By the definition of 7,,,, for n sufficiently large, we have
ep2 }
ReM,

Re\,

log |a,| < log [(Tmz +e)

Then for o sufficiently small, we get

logm (o) < max { Rz;\n log [(Tim, +¢€) ;(fj |- Re()\ns)}
< max { |2—:| log [(Tim, +¢€) Reep)il] — (1 +tanftan a)URe)\n}

= max{—aqgtlogt — byt},
where ¢t = (ﬂjiﬁ >0, ag = (T, T €)€, bg = —(Tim, + €)ep20(l + tan b tan o), then hy(t) =

—aytlogt — byt has its maximal value bye1tba/as
So by the estimate above, we obtain

. log m(o) . (ng + E)e—Up2(1+tan0tan @)
7 = limsup ————= < limsup
g——00 e~ o——00 e—9p

By the equation (6), we know p Therefore, 7 < 7y, .

_ 1
2 = lertanGtana'

Corollary 3 Let D = 0, « = 0 in Theorem 2. Then by equations (x) and (%), we have

T="Tr = Tp,.
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