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Abstract The Laplacian spread of a graph is defined to be the difference between the largest
eigenvalue and the second smallest eigenvalue of the Laplacian matrix of the graph. In our recent
work, we have determined the graphs with maximal Laplacian spreads among all trees of fixed
order and among all unicyclic graphs of fixed order, respectively. In this paper, we continue the
work on Laplacian spread of graphs, and prove that there exist exactly two bicyclic graphs with
maximal Laplacian spread among all bicyclic graphs of fixed order, which are obtained from a
star by adding two incident edges and by adding two nonincident edges between the pendant
vertices of the star, respectively.
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1. Introduction

Let G be a graph of order n with the vertex set V = V(G) = {v1,v2,...,v,} and the edge
set E = E(G). The adjacency matrix of the graph G is defined to be a matrix A = A(G) = [a;;]
of order n, where a;; = 1 if v; is adjacent to v;, and a;; = 0 otherwise. Since A is symmetric and

real, the eigenvalues of A can be arranged as follows:
A (G) < X1(G) < - < X (G).
The spread of the graph G is defined as
Za(G) = M (G) = A(G).

Generally, the spread of a square complex matrix M is defined to be s(M) = max; ; |\ — A;|,
where the maximum is taken over all pairs of eigenvalues of M. There is a considerable literature

on the spread of an arbitrary matrix [11, 15, 18, 20, 21].
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Recently, the spread of a graph has received much attention. In [19], Petrovié¢ determined
all minimal graphs whose spread does not exceed 4. In [7], Gregory, Hershkowitz and Kirkland
presented some lower and upper bounds for the spread of a graph. They showed that the path
is the unique graph with minimal spread among all connected graphs of given order. However
the graph(s) with maximal spread is still unknown, and some conjectures are presented in their
paper. In [12], Li, Zhang and Zhou determined the unique graph with maximal spread among all
unicyclic graphs with given order not less than 18, which is obtained from a star by adding an
edge between two pendant vertices. In [17], Nikiforov considered a more general problem: what
is the property of the linear combination of some extreme eigenvalues of a graph? He gave a
theorem involving the limit of a certain combination as the order of a graph goes to infinity, and
presented an upper bound for the sum of the largest eigenvalue and the second largest eigenvalue
of all graphs of fixed order.

Here we consider another version of spread of a graph, i.e., the Laplacian spread of a graph,
which is defined as follows. Let G be a graph as above. The Laplacian matrix of the graph G is
defined as L = L(G) = D(G) — A(G), where D(G) = diag{d(v1),d(va),...,d(v,)} is a diagonal
matrix, and d(v) denotes the degree of the vertex v of G. It is known that L is symmetric and

positive semidefinite so that its eigenvalues can be arranged as follows:
0= pn(G) < pn-1(G) < -+ < (G),

where p, (G) = 0 as each row sum of L is zero. There are a lot of results involved with the relations
between the spectrum of L(G) and numerous invariants of the graph G, such as connectivity,
diameter, isoperimetric number, and expanding properties of a graph [5, 9, 10, 13, 16]. In
particular, p,—1(G) > 0 if and only if G is connected. Fiedler calls p,—1(G) the algebraic
connectivity of the graph G, which is considered as an algebraic measurement of the connectivity
of a graph. The corresponding eigenvectors of p,—1(G) are usually called Fiedler vectors, which
have a beautiful structure property given by Fiedler [6, Theorem 3.14]. One can find that p; (G)
is exactly the spectral radius of L(G), which also has a lot of results (especially the upper bounds)
for this eigenvalue [3]. We define the Laplacian spread of the graph G as

SL(G) = 11(G) = pn—1(G).

Note that in the definition we consider the largest eigenvalue and the second smallest eigenvalue,
as the smallest eigenvalue always equals zero.

In our recent work we have shown that among all trees of fixed order, the star is the unique
one with maximal Laplacian spread and the path is the unique one with the minimal Laplacian
spread [4]. And among all unicyclic graphs of fixed order, the unique unicyclic graph with
maximal Laplacian spread is obtained from a star by adding an edge between two pendant
vertices [2]. In this paper, we continue the work on Laplacian spread of graphs, and prove that
there exist exactly two bicyclic graphs with maximal Laplacian spread among all bicyclic graphs
of fixed order, which are obtained from a star by adding two incident edges and by adding two

nonincident edges between the pendant vertices of the star, respectively.
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2. Results

We first introduce some preliminary results, which are needed in the following proofs. Let
G be a graph and let v be a vertex of G. The neighborhood of v in G is denoted by N(v), i.e.,
Nw) ={w: wv € E(G)}. Denote by A(G) the maximum degree of all vertices of a graph G.

Lemma 2.1 ([1]) Let G be a connected graph of order n > 2. Then u1(G) < n, with equality
holding if and only if the complement graph of G is disconnected.

Lemma 2.2 ([3]) Let G be a connected graph with vertex set {vi,va,...,v,} (n > 2). Then
w1 (G) < max{d(v;) + d(v;) — |[N(v;) " N(v;)| : vv; € E(G)}.

Lemma 2.3 ([14]) Let G be a connected graph with vertex set {vi,vs,...,v,} (n > 2). Then
11 (@) < max{d(v;) + m(v;) : v; € V(G)}, where m(v;) = W is the average of the

degrees of the vertices adjacent to v;.

Lemma 2.4 ([10]) Let G be graph of order n > 2 containing at least one edge. Then ui(G) >
A(G) + 1. If G is connected, then the equality holds if and only if A(G) =n — 1.

Lemma 2.5 ([8]) Let G be a connected graph of order n with a cutpoint v. Then p,—1(G) <1,
with equality holding if and only if v is adjacent to every other vertex of G.

We introduce ten bicyclic graphs of order n in Figure 2.1: the graphs G1(r, s;n), r > s > 0;
Ga(r,s;m), r >0, 8 > 0; Gs(r,s;n), r > s > 0; Ga(r,s;m), r > 8 > 0; Gs(r,s;n), 7 >0, s > 1;
Ge(rys;m), r >0, s > 1; Grz(r,s;m), r >0, s > 1; Gg(r,s;n), r > 0, s > 0; Go(r,s;n), r > 0,
s > 1; Gio(r,s;n), r > s > 0. Here r, s are nonnegative integers, which are respectively the

numbers of pendant vertices adjacent to some vertices of the related graphs.

Lemma 2.6 Let G be the graph G1(n —4,0;n) or Ga(n — 5,0;n). Then
ZL(G1(n—4,0;n)) = SL(Ga2(n—5,0;n)) =n — 1.

Proof By Lemmas 2.4 and 2.5, we can get the result easily. O
In the following, we will prove that the graphs G1(n—4,0;n) and Ga(n —5,0;n) are the only
two bicyclic ones with maximal Laplacian spread. We first narrow down the possibility of the

bicyclic graphs with maximal Laplacian spread.

Lemma 2.7 Let G be a graph with maximal Laplacian spread among all bicyclic graphs of order
n > 9. Then G is among the graphs G1(n—4,0;n), G1(n—>5,1;n), Goa(n—>5,0;n), Ga(n—6,1;n),
G3(n - 55 07”)7 G5(7’L - 65 17”)7 Gﬁ(n - 75 17”)7 G8(n - 67 Oa n): GQ(n - 57 1a n): GQ(Ovn - 47”)

Proof Let v;v; be an edge of G. Then
d(vi) + d(vz) = [N (vi) N N(vj) = [N(vi) UN ()] <,

with equality holding if and only if G is one graph in Figure 2.1 for some r or s. Therefore,
if G is not a graph in Figure 2.1, then by Lemma 2.2, u1(G) < n — 1 and hence /.(G) =
w1 (G) — pn—1(G) < n —1 as pu,—1(G) > 0. However, by Lemma 2.6, ..(G1(n — 4,0;n)) =
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ZL(Ga(n —5,0;n)) =n — 1. So G must be one graph in Figure 2.1.

G(r.sn) G(r,sn)

r S r r

G,(r,s) G(r,sn) Gy(r,sn)

Gy(r,sn) Gy(r,sn)

Figure 2.1 Ten bicyclic graphs on n vertices

For the graph G1(r, s;n) of Figure 2.1 with 0 < s <r <n — 4, by Lemma 2.3,
n+3 n+3
G ; < 34+ —— 3 =:a.
11 (G1(r, s;n)) < max{r + +r+3’8+ +s—|—3} o
Notethatr+32"77‘1+3>\/n+3. If r<n-6andn>9, then

3 3
p1(Ga(r, s3n)) SaﬁmaX{3+%,n—3+ Zi—g

Hence, if n > 9 and r < n — 6, then ./1(G1(r,s;n)) <n—1 as pu,—1(G) > 0.
For the graph G(r, s;n) of Figure 2.1 with 0 < r,s <n — 5, by Lemma 2.3,
n+1 n—+3

}<n-1.

H1(G2(r,s;n))Smax{s+2+8+—2,r+4+ r—|—4}'
Forn >9,r <n—7, and an arbitrary s,
ntl ntl n+1
2 = 24+ —5—n—-3 <n-1
st +S+2_max{ + 2 n +n_3}—” )
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n+3 n+3 n+3
L 4+ 272 3
i G R
and hence p1(Ga(r, s;n)) <n—1, L(Ga(r,s;n)) <n— 1.
For the graph G3(r, s;n) of Figure 2.1 with 0 < s <r <n — 5, by Lemma 2.3,
n—+2 n -+ 2

r+4+

P<n—1,

G : < 34+ —— 3 .
p1(Gs(r, s;n)) < max{r + +r+3’8+ +S+3}
Forn>8and r <n -6,
2 2
p(Ga(rsm) Smax{3 + 2= -3+ Ty <,

and hence .7, (Gs(r, s;n)) <n — 1.
For the graph G4(r, s;n) of Figure 2.1 with 0 < s <r <n — 6, by Lemma 2.3,
n+1 n+1
r b

1 (Ga(r, s;n)) SmaX{T+3+?,S+3+ 513

For n > 7 and arbitrary r, s,

1 1
p1(Ga(r,s;n)) < max{3 + %,n— 3+ n+3
n—

P<n—1,

and hence .77 (G4(r,s;n)) <n— 1.
For the graph G5(r, s;n) of Figure 2.1 with 1 < s <n—5,0 <r <n — 6, by Lemma 2.3,
n—1 n+3

G : < 1 4 ]

w1 (Gs(r, s;n)) < max{s+ +S+177a+ _|_T+4}
Forn > 9, r <n—7, and an arbitrary s,

1+——< 24 -~ n—4 <mn—1

s+ +S+1_max{ + 5N +n—4}_n 7

n+3 n+3 n4+3
< nrTe o _ P
r+4+r+4_max{4+ 1 N 3+n_3}_n 1,

and hence .77 (Gs(r,s;n)) <n — 1.
For the graph Gg(r, s;n) of Figure 2.1 with 1 < s <n—6,0 <r <n—7, by Lemma 2.3,

n—1 n+3
G : < 1+ —— 5 .
w1 (Ge(r, s;n)) < max{s + +S+17T+ +7°—|—5}
For n > 9, r <n — 8, and an arbitrary s,
n—1 n—1 n—1
1+ ——< 24— n-5 <n-1
s+ +S+1_max{ + 5N —|—n_5}_n ,
3 3 3
7~+5+—n+ gmax{5+i,n—3+n+ }<n—1,
r+5 5 n—3

and hence .77, (Gg(r,s;n)) <n — 1.
For the graph G7(r, s;n) of Figure 2.1 with 1 < s <n—5,0 <r <n — 6, by Lemma 2.3,
n n -+ 2
s b

p1(Gz(r,s;n)) < max{s+2+ j,r—k?)—l— 13

For n > 8 and arbitrary r, s,

s+24+ i

n n
<max{3+ 2,n—3+——}<n-—1
A T

21
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ne?
r+3
and hence .7, (G7(r,s;n)) <n — 1.

For the graph Gg(r, s;n) of Figure 2.1 with 0 <r,;s <n — 6, by Lemma 2.3,

n n -+ 2
G ; < 24 4 ]
p1(Gs(r,s;n)) < max{s+ +s—|—2’r+ +r—|—4}

n+2 n+2

3 < 3+ ——,n—3
r+3+ < max{3+ 3 n +n—3

P<n—1,

For n > 8, r <n — 7, and an arbitrary s,

n n n
- < —_ — — 1l <n—-
s+ 2+ _max{2+2,n 4+n_4}_n 1,

s+ 2
n+2 n—+2 n—+2
< - — < —
r+4+r+4_max{4+ : N 3+n_3}_n 1,

and hence .77, (Gg(r,s;n)) <n — 1.
For the graph Gg(r, s;n) of Figure 2.1 with 0 <r <n—5,1 < s <n —4, by Lemma 2.3,
n+3 n+ 2}

G : < 34+ —— 2
w1 (Go(r, s;n)) < max{r + +r—|—3’8+ +s—|—2

Forn>9,r<n-—6and s <n-—25,

3 3 3
r+3+i§max{3+i,n—3+n+ }Sn_:l?
r+3 n—3
2 2 2
s+2+:+2 Smax{3+%a”—3+2j3}§”_l’

and hence .77, (Gy(r,s;n)) <n — 1.
For the graph Gio(r, s;n) of Figure 2.1 with 0 < s <r <n — 6, by Lemma 2.3,
n+1 n+1 )

G ; < S S I — 3
p1(Gio(r, s;n)) < max{r + st

For n > 7 and arbitrary r, s,

1 1
i (Grolr, sim) < max{3 + " n =3+ T
—

}Sn_la

and hence 7 (G1o(r, s;n)) < n — 1.

By the above discussion, if G is one with maximal Laplacian spread of all bicyclic graphs
of order n > 9, then G is among the graphs Gi(n — 4,0;n), Gi1(n — 5,1;n), Ga2(n — 5,0;n),
Ga(n —6,1;n), Gs(n —5,0;n), Gs(n —6,1;n), Ge(n — 7,1;n), Gs(n — 6,0;n), Go(n — 5,1;n),
Gg9(0,n — 4;n). The result follows. O

We next show that except the graphs Gi(n — 4,0;n) and Ga(n — 5,0;n), the Laplacian
spreads of the other graphs in Lemma 2.7 are all less than n — 1 for a suitable n. Thus by a
little computation for the graphs in Figure 2.1 of small order, G1(n —4,0;n) and Ga2(n —5,0;n)
are proved to be the only two bicyclic graphs with maximal Laplacian spread among all bicyclic
graphs of order n > 5.

In the following Lemmas 2.8-2.15, for convenience we simply write 1 (G;(r, $;1)), pin—1(Gi(r, s31))

as i1, n—1 respectively if no confusions occur.

Lemma 2.8 Forn >7, Y.(Gi(n —5,1;n)) <n—1.
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Proof The characteristic polynomial det(A — L(G1(n — 5,1;n))) of L(G1(n — 5,1;n)) is
A= 1D)" N = 2)[ M = (n +6)A* + (Tn + 4)N% — (11n — 6)\ + 4n].

By Lemmas 2.1 and 2.4, n > p; > n—1 > 6, and by Lemma 2.5, p,—1 < 1. So p1, ptn—1 are
both the roots of the following polynomial:

) =2 = (n+6)A° + (Tn+4)A% — (11n — 6)\ + 4n
with the derivative
1) = 4X° = 3(n 4+ 6)A\% +2(Tn + 4)A — (11n — 6),
and the second derivative
7(A) = 1202 — 6(n + 6)A + 2(Tn + 4).
Observe that
(n—1) = ZL(Gi(n=5,1;n)) = (n = 1) = (k1 — pn—1) = (. — p1) = (1 = ptn—1).
If we can show n — p1 > 1 — pp_1, the result will follow. By Lagrange Mean Value Theorem,
fi(n) = fi(ur) = (n = pa) fi (1)

for some & € (u1,n). As f1(z) is positive and strictly increasing on the interval (p1,+00) and

< mn,
o h) = A(w) n®—m?+10n _ n(n—2)(n—>5) n—>5
TR T T R D@ —30-6)  n-1
By Lagrange Remainder Theorem,
Ftne) = )+ RO 1)+ T )2

for some & € (fn—1,1). As fi(1) = 0 and f{'(z) is positive and strictly decreasing on the open

interval (0,1),
B 2 2(n—-5) 2(n-5 n-5
U=mn) ="y <" ~ dm—2)

Ifn>7, Z—j >, /48;_52), and hence n — p1 > 1 — py—1. The result follows. O

Lemma 2.9 Forn > 7, .(G2(n—6,1;n)) <n—1.
Proof The characteristic polynomial of L(G2(n — 6, 1;n)) is
AN =15\ =3)[M — (n+5)A% + (6n + 3)A% — (9n — 5)\ + 3n].

By a similar discussion to the proof of Lemma 2.8, both p; and p,—; are the roots of the
polynomial
f2(N) = A — (0 +5)A3 + (6n + 3)A% — (9n — 5)\ + 3n,

AN =403 = 3(n +5)A% 4+ 2(6n 4 3)X — (90— 5), f/(N) = 1207 — 6(n + 5)A + 6(2n + 1).
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nd f2(n) — fo(u1) _ n® —6n2+8n n(n —2)(n —4) _n—4

n—p = > = ’
NTTTRE A D@ =2 =5) T a1
for some &; € (p1,n). In addition,

folpn—1) = fo(1) + fo(1)(1 = pn—1) +
for some & € (pn—1,1). Noting f5(1) = 0, we have
B 2:2(71—4) 2(n—4): n—4
Ui =) < T o)

Ifn>7 2=2> /3(n 2), and hence n — 1 > 1 — pp—1. The result follows. O

' n—1
Lemma 2.10 Forn > 6, . .(Gs(n —5,0;n)) <n —1.
Proof The characteristic polynomial of L(Gs(n —5,0;n)) is
A = 1) — (n+ )M + (9n + 18)A3 — (27n + 6)A2 + (31n — 10)\ — 11n).
So 1, ptn—1 are both the roots of the polynomial
f3(N) =: A% — (4 )M +9(n 4+ 2)A3 — 3(9n + 2)A% + (31n — 10)\ — 11n,

and

T TTRE Tn) T T r - 10
for some &; € (u1,n). Note that the function
43 — 2522 + 40z — 10

fa(n) — f3(u1) N nt —9n3 + 25102 — 21n 4n3 — 2502 4+ 40n — 10

n —

9 = S 5 1 192 - 10
is strictly decreasing for x > 6. Hence
97
(n = p1) = (1 = pn—1) = pn-1 = 91(1) 2 pn—1 = 91(6) = pin—1 = 745

Observe that a star of order n has eigenvalues: 0, n, 1 of multiplicity n — 2, and hence has
(n—1) eigenvalues not less than 1. As G3(n—>5,0;n) contains a star of order n— 1, by eigenvalues
interlacing theorem (that is, p;(G) > (G —e) for i = 1,2,...,n if we delete an edge e from
a graph G of order n; or see [16]), G3(n — 5, 0; n) has (n —2) eigenvalues not less than 1. Now
f3(160) —5.2557 — 0.2595n < 0. So fin,_1 > 160; otherwise pn_2 < 160 < 1, a contradiction.
The result follows. O

Lemma 2.11 Forn > 6, .(Gs(n—6,1;n)) <n—1.
Proof The characteristic polynomial of L(Gs(n — 6, 1;n)) is

AMA=1D" N =2)A=4)[N — (n+2)A% + (3n — 2)A — n].
So 1, ptn—1 are both the roots of the polynomial

faN) =1 X3 — (n 4+ 2)A2 + (3n — 2)\ —
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By Lagrange Mean Value Theorem,

2
4(n) — fa n® —3n 2n — 2
S 1 1V Bt (S et
fa(&1) fa(n) n®—n-—2
for some & € (p1,n). Note that the function go(x) =: wff;g is strictly decreasing for all x.
Hence .
(n =) = (L= pn—1) > pin—1 = 92(n) 2 ptn—1 = 92(6) = pn—1 = -

By a similar discussion to those in the last paragraph of the proof of Lemma 2.10, as f4(%) =
—% - % <0, flp—1 > %, and the result follows. O

Lemma 2.12 Forn > 7, Y.(Gs(n—T7,1;n)) <n—1.
Proof The characteristic polynomial of L(Gg¢(n — 7,1;n)) is
AMA=1D" N =3)2[\° — (n+2)A% + (3n — 2)A — n].

So ji1, pin—1 are both the roots of the polynomial A3 — (n + 2)A2 + (3n — 2)\ — n, which is the
same to f4(A) in the proof of Lemma 2.11. Hence, for n > 7, n — pq > 1 — py—1. The result
follows. O

Lemma 2.13 Forn > 6, . Y.(Gs(n —6,0;n)) <n — 1.
Proof The characteristic polynomial of L(Gg(n — 6,0;n)) is
AA =D N =2)(A = 3)[\ — (n+3)A% + (4n — 2)\ — 2n].

So w1, fin—1 are both the roots of the polynomial f5(\) =: A3 — (n + 3)A% + (4n — 2)\ — 2n. By

Mean Value Theorem,

n— = fs(n) = fs(p)  n® —4n

f5(61) O fi&)
1= fin1 = f5(1) = f5(pn—1) _n—4
f5(&) &)

for some &1 € (u1,n) and & € (pn—1,1). If we can show

n S 1
f5(&) ~ f5(&)
the result will follow.
Note that fi(A) = 3A\% —2(n + 3)\ +4n — 2. As fL()) is positive and strictly decreasing on

the interval (0,1), and is positive and strictly increasing on the interval (u1, +00),

nfs(€2) > nfy(l) = n(2n —5).

f5(&) < f3(n) =n® —2n — 2.
Then

nfi(&) — fi(&) >n* —3n+2>0.

The result follows. O
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Lemma 2.14 Forn > 6, Y.(Go(n —5,1;n)) <n — 1.
Proof The characteristic polynomial of L(Gg(n — 5,1;n)) is
AA =D — (n 4+ 8)AT 4+ (17 + 9n)A3 — (2 + 26n)A\? + (27n — 13)\ — 8n).
So pi1, pn—1 are both the roots of the polynomial fg(A\) =: A\> — (n + 8)A* + (17 +9n)\® — (2 +
26n)A\2 + (27n — 13)\ — 8n, and
_ Jo() = fo(p)

n* —9n® 4+ 25m% — 21n 4n3 — 26n? + 44n — 13
n—pu = > =

fe6(&1) f'(n) T A B3 —n24+23n— 13

423 —262°+442—13
x4 —5x3 —x2423x—1

Noting that the function g3(z) =: 5 is strictly decreasing for z > 6, we have

179
— 1) = (1= pp—1) = pin—1 — = -1 — o

(= p1) = (1= pn—1) 2 pin—1 = 93(6) = pn—1 — 555

As f(552) ~ —5.17633 — 0.405628n < 0, fin—1 > 522. The result follows. O

Lemma 2.15 Forn > 5, Y.(Go(0,n —4;n)) <n —1.
Proof The characteristic polynomial of L(Gg(0,n — 4;n)) is
AA=1)" A =4 — (n+3)A% + (4n — 2)X\ — 2n].

So i1, pn—1 are both the roots of the polynomial f7(A) =: A3 — (n+ 3)A? + (4n — 2)\ — 2n. Then

fz(n) 2n — 2
— 1 > =1- .
oM f3(n) n2—2n—2
Denote g4(z) = 22— Then
5
(n = p1) = (1= pn—1) 2 pn-1 = 94(6) = pin—1 — 77
Noting that f7(%) = —% — % < 0, we have p,—1 > % The result follows. O

Let G be one with maximal Laplacian spread of all bicyclic graphs of order n > 5. From the
first paragraph of the proof of Lemma 2.7, the graph G is necessarily among graphs in Figure
2.1. If the order n > 9, by Lemmas 2.7-2.15, G is the graph G1(n — 4,0;n) or Ga2(n — 5,0;n)
of Figure 2.1. For the order n < 8, the graph(s) with maximal Laplacian spread are among
the graphs in Figure 2.1, and can be identified by a little computation (through the software
MATHEMATICA), or by Lemmas of this paper; see Figure 2.2, where “Lemma” is abbreviated to
“L” (e.g. “Lemma 2.15” is written as “L2.15”), and “Proof of Lemma 2.7” is abbreviated to “Pf.
L2.7” for the explanation of the results on spreads of some graphs. From Figure 2.2 we find that
in the case of 5 <n < 8, the graph G is also G1(n — 4,0;n) or Ga(n — 5,0;n).

Theorem 2.16 For n > 5, G1(n — 4,0;n) and G2(n — 5,0;n) of Figure 2.1 are the only two

graphs with maximal Laplacian spread among all bicyclic graphs of order n.
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n=>5

graph | G1(1,0;5) G2(0,0;5) G3(0,0;5)  Go(0,1;5)

spread 4 4 1++v5 <4 (L2.15)

n==6

graph | G1(2,0;6) G1(1,1;6) G2(1,0;6) G2(0,1;6)  G3(1,0;6)  G4(0,0;6)
spread 5 2v5 5 ~ 4.476 < 5 (1.2.10) V17

graph G5(0,1;6) G7(0,1;6) Gg(0,0;6) Go(0,2;6) Go(1,1;6) G10(0,0;6)

spread | <5 (L2.11) ~ 4.170 <5 (L2.13) <5(L2.15) <5 (L2.14) 4
n="7

graph | G1(3,0;7)  G1(2,1;7)  G2(2,0;7)  Ga2(1,1;7)  G2(0,%7)  G3(2,0;7)
spread 6 <6 (L2.8) 6 <6 (L2.9) 2V6 <6 (L2.10)

graph | G3(1,1;7) Ga(r,5;7) G5(0,2;7)  Gs(1,1;7) G6(0,1;7)  G7(0,27)
spread | ~4.863 <6 (Pf L27) ~4.863 <6 (L2.11) <6 (L2.12) =~ 4.808

graph | G7(1,1;7) Gg(1,0;7) Gg(0,1;7) Go(0,3;7) Go(1,2;7) Go(2,1;7) Gho(r, s;7)
spread | ~4.808 <6 (L213) 2+2V2 <6 (L2.15) ~4884 <6 (L2.14) <6 (Pf. L2.7)

n=38

graph | G1(4,0;8) G1(3,1;8) G1(2,2;8) G2(3,0;8) G2(2,1;8) G2(1,2;8)

spread 7 < 7 (L2.8) V33 7 <7 (L2.9) ~ 5.681

graph | G3(3,0;8) G3(2,1;8) Ga(r,s;8) Gs5(0,3;8)  Gs5(1,28)  Gs(2,1;8)

spread | <7 (L2.10) <7 (Pf L2.7) <7 (Pt L27) <7(L23) ~5768 <7 (L2.11)

graph | Gg(0,2;8)  Ge(1,1;8) Gr(r, 5;8) Gs(0,2;8) Gs(1,1;8) Gs(2,0;8)
spread | ~5.768 <7 (L212) <7 (PL L27) <7 (PfL27) <7 (PfL27) <7 (L2.13)

graph Go(0,4;8) Go(1,3;8) Go(2,2;8) Go(3,1;8) Gio(r, s;8)
spread | <7 (L2.15) <7 (L23) ~5.639 <7 (L2.14) <7 (Pt L2.7)

Figure 2.2 Laplacian spreads of graphs of order n in Figure 2.1 when 5 < n < 8.
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