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1. Introduction

Recently, there has been a growing interest in the study of impulsive systems since they pro-
vide a natural framework for mathematical modeling of many real world phenomena. Significant
progress on impulsive system has been made during the past 20 years, see [1-5] and references
therein.

To unify a variety of stability concepts and to offer a general framework for investigation of
stability theory, introducing the concept of stability in terms of two measures has been proven
to be very useful [6,7].

In the study of nonlinear systems, the method of variation of parameters is an effective
technique in the case that unperturbed terms are linear ones or of certain smoothness, though
they might be nonlinear. On the other hand, Lyapunov second method is an indispensable tool
in the theory of stability. By combining the two methods, the so-called variational Lyapunov
method has been developed, see [8-12] and references therein. However, as for using variational
Lyapunov method to investigate the stability for impulsive delay differential system, we only see
the paper [13].
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In this paper, we discuss stability in terms of two measures for impulsive delay differential
systems by employing the variational Lyapunov method and Razumikhin technique. Several
stability criteria are obtained for impulsive delay differential systems with fixed moments of
impulsive effects. Our results improve and generalize some of the ones in [13]. The rest of this
paper is organized as follows. In Section 2, we introduce some notations and definitions. In
Section 3, we first give two Razumikhin type comparison lemmas. Then we establish several
criteria on stability for impulsive delay differential systems. At last, an example is worked out

to illustrate our results.

2. Preliminaries

Consider the impulsive delay differential system
a'(t) = f(t,xe), t # T,
x(mp) = a(r, ) + Ip(x(m, ), k€N, (2.1)
z(to) = ¢
and the ordinary differential system
{ y'(t) =g(ty), t # 7,
y(to) = o,
where N is the set of all positive integers, f : Ry x PC; — R", g: Ry xR* — R", I, : R* — R"
for each k € N, Ry = [0,00), PC, = PC([-7,0], R"), where 7 > 0 and PC([-7,0],R") =
{¢:[-7,0] = R", ©(t) is continuous everywhere except at a finite number of points ¢ at which
o(f") and (") exist and p(I7) = (@) }. 0 =7 <7 < To < -+ < Tp < Thy1 < --- with
T — 00 as k — oo and 2/(t),y'(t) denote the right-hand derivatives of x(t), y(t), respectively.
For each t € Ry, x; € PC; is defined by z:(0) = z(t +0), —7 < 6 < 0. We assume that
f(t,0) = g(t,0) = I;;(¢,0) = 0 for all t € Ry and k € N so that systems (2.1) and (2.2) admit

trivial solutions.

(2.2)

Throughout this paper, we always assume f, g and I satisfy certain conditions to ensure the
global existence and uniqueness of solutions of (2.1) and (2.2). Moreover, we assume that the

solution y(t) = y(¢, o, o) is locally Lipschitzian in 2y and depends continuously on initial data.

Definition 2.1 ([1]) The function V (t,z) : R4 x R™ — R, belongs to class vg if

(Ay) The function V is continuous in each of the sets [ty—1,7;) X R"™, k € N and for each
x€R" keN, i oo Vit y) = VI(r,x) exists.

(As) V(t,x) is locally Lipschitzian in x € R"™ and V (¢,0) = 0.

Definition 2.2 ([13]) GivenV € vy, x(t) = z(t, to, ) is the solution of (2.1) through (to, ). For
to < s < t, the upper right hand derivative of variational Lyapunov function V (s, y(t, s,x(s))) is
defined by

DYV (s, y(t, s,z(s))) = li}iriilip %[V(s + h,y(t, s+ h,x(s) + hf(s,zs))) — V(s,y(t, s, z(s)))],

where y(t) = y(t, s, z(s)) is any solution of (2.2) satisfying y(s, s,z(s)) = z(s).



The variational Lyapunov method and stability for impulsive delay differential systems 69

We introduce the following notations for later use

K = {a(u) € C[R4, R4] : strictly increasing and a(0) = 0};

Ky ={a(u) € K : a(u) > u};

PC={a: Ry — Ry : continuous on [r;_1,7) and lim, - a(t) = a(r, ) exists, k € N'};

PCC={a:Ry xRy — Ry :Vse Ry, a(-,s) € PC, Vt € Ry,a(t,-) € C[R+, Ry]};

I'={h:Ry x R*, Yz € R", h(-,z) € PC, Vt € Ry, h(t,-) € C[R",Ry], and inf, h(t,z) =
0};

Q= {y(s) € C[Ry,Ry], ¥(0) =0, ¢¥(s) >0 for s > 0};

S(h,p) ={(t,z) € R+ x R™, h(t,x) < p, where h € T, p > 0}.

Definition 2.3 ([7]) Let ho,h € I'. We say that hg is uniformly finer than h if there exist a
d > 0 and a function ¢ € K such that ho(t,x) < ¢ implies that h(t,x) < c(ho(t, x)).

Definition 2.4 ([7]) Let V € vy, ho,h € . V(t,x) is said to be

(i) h-positive definite if there exists a p > 0 and a function a € K such that h(t,z) < p
implies a(h(t,z)) < V(t,x);

(ii) ho-decrescent if there exist a § > 0 and a function b € K such that ho(t,x) < § implies

V(t,z) < blho(t, x)).

Definition 2.5 ([13]) Let hg € I'. For ¢ € PC., we define

ho(t,ﬁp) = Sup ho(t+9,§0(9))
—7<6<0

Now, we introduce the definitions of stability in terms of two measures for system (2.1).

Definition 2.6 ([13]) The system (2.1) is said to be
(S1) (ho, h)-uniformly stable, if for any ¢ > 0 and to € Ry, there exists a § = d(¢) > 0 such
that ho(to, ) < 0 implies h(t, z(t)) < e, t > to, where x(t) = z(t, to, ) is any solution of (2.1).
(S2) (ho, h)-uniformly asymptotically stable, if (S;) holds and there exists a 6o > 0 such
that for any € > 0 and to € R, there exists a T = T(g) > 0 such that ho(to,¢) < & implies
h(t,z(t)) <e, t > to+ T, where x(t) = x(t, to, p) is any solution of (2.1).

3. Main Results

We shall state and prove our main results in this section. First, we give two Razumikhin

type comparison lemmas.

Lemma 3.1 Let m € PC, w € PCC, ¥y € K1, satisfying
(1) Dtm(t) < w(t,m(t)), whenever m(t + 0) < mf(t), 6 € [-7,0];
(2) for allk € N and xz € R", m(r,) < ¢p(m(7)).

Then we have

m(t) < v(t,to,ug) if  sup m(to +6) < uo, (3.1)
—7<0<0
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where y(t) = v(t,to, up) is the maximal solution of the impulsive differential system
u = w(t,u), t# Tk,
u(m) = Pr(u(ry)), (3.2)
u(to) = up > 0.
Proof Assume ty € [Tp—1,Tm), m € N. First, we prove that (3.1) holds for ¢ € [to, T, ), that is
mit) < A1), ¢ € [to ). (33)

If this is not true, there exist tqg < t; < to < Ty, such that
(a) m(t1) =~(t1),

(b) m(t+6) <m(t), 6 € [-7,0], t € [t1,t2], and
(c) m(t2) > y(t2).
By (1), (a) and (b), applying the classical comparison theorem, we have

m(t) <7(t), t € [t ta],
which contradicts (c). So (3.3) holds. Using the facts that 1, € K7 and (3.3), we obtain
m(Tim) < m(m(7,)) < Pm(¥(7)) = ¥(Tm),

sup M7 +6) < (7).
—7<6<0

By the same proof as for t € [to, T, ), we have m(t) < v(t), t € [Tim, Tm+1). By induction, (3.1)

is correct. O

Lemma 3.2 Assume there exist V € vy, w € PCC and ¢y, € K1, satisfying
(1) fort>to, V(s+0,y(t,s +0,z(s+0))) <V(s,y(t,s,z(s))), 6 € [-7,0], implies that

DYV (s,y(t,s,2(s))) <w(s,V(s,y(t,s,2(s)))), s € [to,t],

where x(t) = z(t,to, ) and y(t) = y(t,to,x0) are solutions of (2.1) and (2.2), respectively.
(2) for allk € N and z € R",

V(Tku y(t,Tk,.’I] + Ik(l’))) S wk(V(Tj;ay(th];7x)))
Then we have

V(S,y(t,S,I(S))) < ’Y(S,to,Uo), s € [to,t], if sup V(t0+97y(tat0+03I(t0+9))) < uy, (34)
—7<0<0

where (s, to, ug) is the maximal solution of system

du
s = w(s,u),
u(re) = vi(u(ry)), k=N, (3.5)

u(to) = Ug Z 0.

Moreover, when s = t, by (3.4) we have

V(t7 .’I](t, tOu SD)) < 7(t7 tOu ’LLQ) if sup V(to + 97 y(tu to + 97 ‘T(to + 9))) < Uo- (36)
—7<6<0

Proof Set m(s) =V (s,y(t,z,z(s))). By assumptions (1) and (2), we have
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(1)* m(s+60) <mf(s), 6 € [—7,0], implies that DTm(s) < w(s,m(s)), s € [to,];
(2)* Forall k e N and z € R", m(i) < ¥(m(r;,)).

Using Lemma 3.1, we can get

m(s) S ’Y(S,tO,UQ), s € [to,t], lf sup m(to —+ 9) S Uug,
—7<6<0

which implies that (3.4) holds. It is obvious (3.4) becomes (3.6) when s = ¢. The proof is
completed. O

Next, we give several theorems on stability for system (2.1).

Theorem 3.1 Let hg,h*,h €T, V € vy, w € PCC and ¢y, € Ky, x(t),y(t) are any solutions
of (2.1) and (2.2), respectively. Suppose that

(1) h* is uniformly finer than h, h*(t,x) is nondecreasing in t;

(2) V(t,z) is h-positive definite on S(h, p) and h*-decrescent, where p > 0;

(3) Fort>ty, V(s+0,y(t,s+6,z(s+0))) <V(s,y(ts,x(s))), 0 € [-7,0], implies that

DYV (s,y(t,s,z(s))) <w(s,V(s,y(t,s,z(s)))), s€ [to,t];
also, for all k € N and (7, z) € S(h, p),
V(7i, y(ts iy @ + 1 (2))) < (V7 y(t, 7,5 2)));

(4) There exists a pg € (0, p) such that (1,x) € S(h, po) implies h(1y,x + I(z)) < p;

(5) (3.5) is uniformly stable.
Then the (ho, h*)-uniformly asymptotic stability of (2.2) implies (hq, h)-uniformly asymptotic
stability of (2.1).

Proof Since V(¢,z) is h-positive definite on S(h, p), there exists a function a € K such that
a(h(t,x)) <V(t,z), (t,z) € S(h,p). (3.7)
Because V(t,x) is h*-decrescent, there exist dgp > 0 and b € K such that
V(t,z) <b(h*(t,x)), (t,z) € S(h*,do). (3.8)
Also, since h* is uniformly finer than h, there exist 61 > 0 and ¢ € K (c(d1) < p) such that
h(t,z) < c(h*(t,x)), (t,x) € S(h*,d1). (3.9)

Let € € (0,p0) and tg € [Tim—1,Tm), m € N. From the uniform stability of (3.5), there exists
d2 = d2(¢) > 0 (62 < a(e)) such that 0 < up < d2 implies

u(s) < ale), (3.10)

where u(s) = u(s,to,uo) is any solution of (3.5). By the property of b, we can choose 0 < n =
n(e) < min{dp, 41} such that
b(n) < up. (3.11)

Assume (2.2) is (hg, h*)-uniformly stable. Then, for this 7, there exists a 6 = §(n) > 0 such
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that ho(to, o) < 0 implies
h’*(ta y(tvth :EO)) <, t> tO- (312)

Assume that z(t) = x(t, to, @) is any solution of system (2.1) with ho(to, ) < 6. It follows from
(3.7)—(3.12) that

a(h(to + 9,x(to +0))) < V(to + 9,x(to + 6‘)) < b(h*(to + 9,x(to + 6‘))) < a(s), 0 e [—T, 0].

Thus, h(to + 0,z(to + 0)) < . We claim that h(t,z(t)) < e, t > to. Otherwise, there exists a
solution z(t) with Bo(to, ¢) < 8 and a t1 > to such that t; € [1g, Tx+1) for some k € N, satisfying
e < h(ti,z(t1)) and h(t,z(t)) < e for ¢ € [tg, 7). Since 0 < € < py, it follows from assumption
(4) that h(7g,z(7)) < p. Hence, we can find a t* € |13, ¢1] such that

e < h(t*,z(t")) < p and h(t,x(t)) < p for ¢ € [to,t"]. (3.13)
Note that (3.8), (3.11) and (3.12) imply that, for ¢ > #,
V(to+0,y(t,to+0,z(to +60))) < b(h*(to + 6, y(t,to +6,z(to +0))))
< b(R*(t,y(t, to + 0, 2(tg + 0)))) < wup, 0 € [—T,0].

By assumption (3), together with Lemma 2, we have

Vs, y(t*, s,z(s))) < u(s,to,uo), s € [to,t*]. (3.14)
Together with (3.7) and (3.10), we have

a(h(t*, z(t%))) < V(t*, z(t")) < u(t*) < a(e)

by choosing s = ¢* in (3.14). It contradicts (3.13). So (2.1) is (ho, h)-uniformly stable.

Next, assume (2.2) is (ho, h*)-uniformly asymptotically stable. We prove (2.1) is (ho, h)-
uniformly asymptotically stable. By (hg, h)-uniform stability of (2.1), for p > 0, there exists
85 > 0 such that hg(to,p) < 0y implies h(t,z(t)) < p. Also, since (3.5) is uniformly stable, for
any € > 0, there exists § = d(g) € (0,b(do)) such that 0 < uy < J implies that

u(s) < a(e), (3.15)

where u(s) = u(s, to, ug) is any solution of (3.5).
Because (2.2) is (hg, h*)-uniformly asymptotically stable, there exists a d3 > 0 satisfying for
the above ug and ¢ty € Ry, there exists T = T'(up) > 0 such that

R*(t,y(t, to, z0)) < b (ug), t >to+ T, (3.16)

where y(t, tg, o) is any solution of (2.2) with hg(to, o) < d3. Choose dy = min{ds,d3}. Then by
(3.8) and (3.16), we have

Vi(to +0,y(t,to + 6, x(to +6))) < b(h"(to + 0,y(t,to + 6, x(to +0))))
< b(h*(tvy(ta tO + 9,$(t0 + 9)))) < Uo, t> tO + Ta

where z(t) = (¢, o, ¢) is any solution of (2.1) with hg(to, ¢) < do. From Lemma 3.2, V (s, y(t, z(s))) <
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u(s), s € [to,t], t > to+ T. Choosing s = t, together with (3.7) and (3.15), we have
a(h(t,z(t)) <V(tz(t)) <u(t) < a(e).

Hence, h(t,z(t)) < e, t > to 4+ T. This shows that (2.1) is (ho, h)-uniformly asymptotically
stable. O

Remark 3.1 From the proof of Theorem 3.1, we can see if V (¢, z) is nondecreasing in ¢, the

demand on monotone property for h*(¢,x) in ¢ is not necessary.

Corollary 3.1 In Theorem 3.1, suppose w(s,u) = g(s)u, ¥x(u) = (1 + di)u for u > 0, where

g € C|R4+, R4, fo s)ds < oo, di > 0 and Y ;- | di < oo. Then the conclusion of Theorem
3.1 holds.
Proof For any e > 0, by [, g(s)ds < oo and >_,” dj < oo, there exists § = §(e) > 0 such that

/0 ds+2dk —

Suppose that u(s) is any solution of (3.5) through (¢, ug), where ug > 0. Let tg € [Tim—1,Tm), m €
N. Then if ug < §, we have

u(s) qq wW(T) du u(Tm) Jq w(7e ) dQu u(Tk) g, u(s) qu
[ [t [ [ [
ug U uQ u u(Tm) u w(Th—1) u u(‘r;) u w(Tk) U

T’VYL dé’ Tk; dé’ S d§

= —+1n(1—|—dm)+'--+/ —+ln(1—|—dk)+/—

/to 9(¢) ey 9(6) 7 9(8)

k [eS)
5 d e d d
S/—g-i-Zln(l—i-di)S/ Zd </ “ “
to 9(8) i—m

Hence, u(s) < e. This completes the proof. O

A much more easily usable conclusion which can be deduced from Theorem 3.1 is the next

corollary.

Corollary 3.2 In Theorem 3.1, suppose w(t,u) =0, i (u) = (1+dg)u for u > 0, where dj, > 0
and Y 7, dy < co. Then the conclusion of Theorem 3.1 holds.

Remark 3.2 The assumptions of Corollary 3.2 are just the same as those of Theorem 3.2 in
[13]. But the later only concludes that (ho, h*)-uniform stability of (2.2) implies (ho, h)-uniform
stability of (2.1). So our result is superior to the later.

Theorem 3.2 Let ho,h*,h € T, V € vy, a,b € K, w,H € Q, z(t),y(t) are any solutions of
(2.1) and (2.2), respectively. Assume that

(1) alh(t,2)) < V(t,), (£,2) € S(h,p), V(E,) < bk (t,2)), () € S(h*, p);

(2) h* is uniformly finer than h, h*(t

,x) is nondecreasing in t;
(3) For all k € N and (1, x) € S(h, p),

V(Tka y(thkvx + Ik(x))) < (1 + dk)V(T,;,y(t,T;;,$)),
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where dy, > 0, 220:1 dy, < 00;
(4) Fort > to, V(s+0,y(t,s+0,x(s+0))) < P(V(s,y(t,s,z(s)))), 0 € [-7,0], implies that

DTV (s,y(t,s,2(s))) < —v(s)w(V (s, y(t, s, 2(s))) + g(s) H(V (s,y(t, z,2(s)))), s € [to, ],

where P,1, g : Ry — R, are continuous, P(s) > Ms for s > 0, where M =[]~ (1 +dy), given
B > 0, there exists T = T(3) > 0 such that fg+f1/)(s)ds > (M'+1)p for any T € R, where
M =357 dy, fooo g(s)ds < oo;

(5) There exists a pg € (0, p) such that (1,x) € S(h, po) implies h(1y,x + Ix(x)) < p;

(6) The following system

U () H ),
u(r) = (1+ diu(ry), k€N,
u(to) =ug >0
is uniformly stable.
Then the (ho, h*)-uniform stability of (2.2) implies (hq, h)-uniformly asymptotic stability of (2.1).

Proof Assume that (2.2) is (hg, h*)-uniformly stable. Since V(s + 6,y(t,s + 0,2(s + 0))) <
Vi(s,y(t,s,x(s))), 8 € [—7,0], implies that V (s+6, y(t, s+0, z(s+8))) < P(V(s,y(t, s, z(s)))), 6 €
[—7,0], it is evident that (2.1) is (ho, h)-uniformly stable by Theorem 3.1.

For given €y = pg, we can find the corresponding dy > 0 such that Bo(to, ©) < d§p implies
that h(t,z(t)) < o,V (s,y(t,s,x(s))) < A= a(ep), t > to, by the proof of Theorem 3.1, where
x(t) = z(t,t0, @) is any solution of (2.1).

Given ¢ > 0 with ¢ < g, let B = miny-1.-cy<aw(V), C = maxo<y<a H(V), e* =

a(e), 0 <d < miny-1.-<s<a{P(s) — Ms}. Let N = N(e) be the smallest positive integer such
that A < e*+ Nd. Since [} g(s)ds < oo, there exists T > 0 such that C' [° g(¢)dé < M~'d/6.
Next, we prove that there exists Ty > T such that

V(T1,y(t, Ty, 2(Th))) < M~ He* + (N = 1)d], Ty <t,
where x(t) = z(t, to, ¢) is any solution of (2.1) with hq(to, ) < do. Otherwise, for s > T,
Vs, y(t,s,z(s))) > M e* + (N —1)d], s <t.
Therefore,
P(V(s,y(t,s,x(s)))) > MV (s,y(t,s,x(s))) +d > " + Nd
>A>V(s+0,y(t,s+0,z(s+0))), —7<6<0.
Then, by assumption (4) we have
DYV (s,y(t,s,z(s))) < —¢(s)B +g(s)C, T < s <.

From assumptions (3) and (4), there exists 7' > 0 such that

- - . T+T T+T
VT +T,yt, T+T,x(T+T)) <V(T,yt,T,z(T))) —B/T w(s)ds—i—C/T g(s)ds+
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Yo V() =V < AQ+ M) — B/TT+T W(s)ds + M~1d/6 < 0.
T<r; <T+T

This contradicts V (s, y(t, s, z(s))) > 0. So we can choose T} =T + T

Next, we claim that
Vs, y(t,s,z(s) < [e"+ (N —1)d] +d/2 for T} <s<t,
where t > T+ 2NT and T' = max{T, 7}. Suppose T} € [r;_1,7;). We first prove that
V(s,y(t,s,x(s))) < M~ e* + (N —1)d] + M~*d/6 for s € [Ty, T)). (3.17)

If (3.17) is not true, there must exist 71 < ¢; < t2 < 7; such that

V(t1,y(t, t,2(t1))) = M~ He* + (N — 1)d], (3.18)
V(ta,y(t,ta, x(ts))) = M [e* + (N —1)d] + M~'d/6 (3.19)

and
Vit y(ts tr, x(t))) < V(s y(t, s, 2(s))) < Vta, y(t ta, 2(t2))), s € [tr, ta]- (3.20)

From (3.18) and (3.20),

PV (s,y(t,s,2(s)))) > MV (s,y(t,s,2(s))) +d > MV (t1,y(t, t1,2(t1))) + d ="+ Nd
>A>V(s+0,ylt,s+0,2(s+6)),—7<s<0, t; <t <ty

Together with assumption (4), it follows that

V(ta,y(t, ta, z(t2))) < V(t1,y(t, t1,2(t1))) + O/t2 g(s)ds < M~'[e* + (N — 1)d] + M~ 'd/6,

t1

which contradicts (3.19). Then we have

Vi(r,y(t, mj,2(75))) < (L +dy)V(ry,yt, 75, 2(m;7)))
(1+d){M e + (N — 1)d] + M~'d/6}.

IN

Denote ji, = [ g(s)ds,m > j. Then piy, >0, CY % pim < M~'d/6. Let {vm},m > j, be

a sequence, satisfying v,,, > 0, Zﬁ:j Vm < M~1d/6. In a similar way as in the proof of (3.17),

we can prove that
V(s,y(t,s,x(s)) < (1 +d){M "+ (N —1)d] + M~d/6} + Cu; +vj, s € [, Tit1)-

By induction, we arrive at

l l
V(s y(t,s,2(s)) < [[Q+d){M e+ (N = 1)d] + M'd/6}+ [ (1+de)(Cpj +vy)+
k=j k=j+1
l
H 1+ dk)(cuj-H + Vj-',—l) + -+ (C + I/l),s S [Tl7Tl+1) N [Tl,t], 1>
k=j+2
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Hence, by the definition of M,

Vs, y(t,s,2(s))) <e*+(N—-1)d+d/6+ Mi(Cuk +ug) <&+ (N—-1d+d/2, se€[T,t].
k=3

Similarly, we can prove there exists To = T} + T such that
V(To,y(t, To,2(T2))) < M~ [e* + (N —2)d + d/2],
Vi(s,y(t,s,x(s))) <"+ (N —1)d, To < s <t.
By induction, we obtain
Vs, y(t,s,z(s))) <e*, T+2NT < s <t,
which, together with assumption (1) and the definition of ¢*, yields
h(t,z(t)) <e, t > T +2NT.
Thus h(t, z(t)) < e,t > to+ T + 2NT. This completes the proof. O

Remark 3.3 If ¢(s) = 1, g(s) = 0, Theorem 3.2 is just the same as Theorem 3.4 in [13].
Moreover, we omit the assumption that h is uniformly finer than hg.

Finally, to illustrate the above results, we consider an example.

Example Consider the impulsive delay differential system

7 (0) = alte®) +bl0) [ c(a(@)de, ¢ £ 7.

3.21
o(tp) = (1+ dk)l/Qx(T];), keN, (3:21)
to — ¥
and the ordinary differential system
"(t) = a(t)y(t),
(¥ =alont) 52
y(to) = o,

where a(t) € C[Ry,Ry] and [, a(t)dt < oo, b(t), c(t) € C[Ry, R], [~ [b(t)|dt < oo and |c(t)] <
K, K>0,dy>0and -, dk < oo. Denote by z(t) = x(t,to, ¢) and y(t) = y(t, to,xo) the
solutions of (3. 21) and (3. 22) respectively. It is easy to see that y(t) = xg exp{ft (n)dn} and
y(t, s, z(s)) = exp{f (n)dn}. Let V(t,x) = (1/2)2? and ho(t,2) = h*(t,z) = h(t,z) = |z|
for any t € R+ and z € R. Then it is evident that V is h-positive definite and h*-decrescent.
Also, it is easy to see that (3.22) is (hg, h*)-uniformly stable. By direct calculation, we can get

DV (s.yltss. () = a(s) expf2 [ almdn}e'(s) — als)as)
= 0(s)as) [ el@a(pae-expf2 [ alm)

V(Tkvy(ta Tk I(Tk))) = (1 + dk)V(Tl;ay(thlgvx(T];)))'

f (s+9 y(t, s—|—6‘ 2(s+0))) < V(s,y(t,s,2(s))), =7 < 6 < 0, then 22 (s+6) exp{2f (mdn} <
s) exp{2 f (n)dn}, and thus |z(s)z(s+0)] < 22(s) exp{fs—|r (n)dn} for —7 < 6 < O In this
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case, we have

DV (s, yltss.0(6)) < )] [ @ lleo)lis(@)de - expi2 [ o)
<kl [ a6 el [ atmangae-expiz [ atm)

=2K|b(s)|V (s, y(t,s,x(s))) / exp{/ n)dn}tdé < 2K7|b(s)|V (s, y(t, s, z(s))).

Then it follows from Corollary 3.1 that (3.21) is (hg, h)-uniformly stable.
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