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1. Introduction

Let © be an open bounded subset of R? with sufficiently smooth boundary 9. In this paper

we study the following initial-boundary value problem

up + APu+ A%uy + kut + f(u) = g(z,t), in Q@ x RY, (1)
u=Au =0, on 09, (2)
ult=r = ur(2), Opuli=r =pr(z), 7ER, 3)

where u(z,t) is the unknown function, which represents the deflection of the road bed in the
vertical plane, k > 0 denotes the spring constant.

The suspension bridge equations were presented by Lazer and McKenna as the new problems
in fields of nonlinear analysis [1]. For (1), there are many classical results. For instance, existence,
multiplicity and property of the travelling wave solutions etc., were studied by the most of
authors, we refer the reader to [1-5] and the references therein. In [9], we investigated the
existence of global attractors in HZ(Q) x L?(Q) for the autonomous suspension bridge equations,
that is, g(z,t) = g(x). In the sequel, using the condition (C) introduced in [6] and combining

with techniques of the energy estimates, we also achieved the existence of strong solutions and
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the global attractors in D(A) x HZ(Q) [10]. In this paper, what we are interested in is the
uniform compact attractors for the non-autonomous systems (1)—(3).

In the last two decades, the autonomous dynamical systems and their attractors have been
extensively studied. There are many classical and significant literatures and works. We refer
the reader to [6-12]. Recently, the study of the uniform attractors for the non-autonomous
dynamical systems has attracted much attention and made fast progress, see [13-15] and the
references therein. As we know, the most general method to consider the existence of the uniform
attractors for the non-autonomous dynamical systems was presented by Chepyzhov and Vishik
[14]. However, their approaches can only be used to deal with the problems with translation
compact symbols while in applications symbols of many problems do not satisfy this condition.
Motivated by [6], the authors of [15] gave the necessary and sufficient conditions of existence of
the uniform attractors for the non-autonomous infinite-dimensional dynamical systems making
use of the concept of noncompactness measure, and successfully proved the existence of the
uniform attractors for non-autonomous 2D Navier-Stokes equations with normal external forces

in L?

2 (R, L?) which is translation bounded but not translation compact. Recently, a new class

of functions was introduced in [13] for weakly dissipative dynamical systems, which are also more
general than translation compact. Moreover, the authors obtained the uniform attractors of the
weakly damped non-autonomous hyperbolic equations with this new class of time dependent
external forces. Inspired by [13], we show in the present paper the existence of the uniformly
absorbing set for the strong damping non-autonomous suspension bridge equations, and then
prove the existence of the uniform attractors for the family of processes corresponding to the
equation in HZ x L? using the methods in [13].

Assume that the nonlinear function f € C?(R,R) satisfies the following general conditions:
There exists a constant C; > 0 such that

(F1) liminf, . £ >0, F(s) = [ f(

52
(F2) limsup,_ o If‘ (|f;)| =0, VO <y < oo

(F3) liminf |y o, LT >

With the usual notation, we introduce the spaces H = L2 (), V = H3(Q), and endow these

spaces with the usual scalar products and norms, (-,-), | ((-,-)), |l - |, respectively, where

(u,v)z/ﬂu(m)v(m)dx, (u,v) /Au Av(z)dex

2. Non-Autonomous systems and their attractors

In this section, we iterate some notations and theorems in [13-15], which are important to
get our main results.
Let E be a Banach space, and let a two-parameter family of mappings {U(¢,7)} = {U(¢,7) |
t>7,7€ R} act on E:
Ut,7):E—Et>1, T€R.

Definition 1 Let X be a parameter set. {U,(t,7) |t > 7, 7 € R}, 0 € ¥ is said to be a family of
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processes in Banach space E, if for each o € X, {U,(t,7)} is a process, that is, the two-parameter
family of mappings {U,(t,7)} from E to E satisfy:

Us(t,s)oUy(s,7) = Uy(t,7), Vt>s>71, T ER, (4)
U, (7,7) = 1d is the identity operator, T € R, (5)

where ¥ is called the symbol space and o € ¥ is the symbol.

A set By C F is said to be uniformly (w.r.t. ¢ € ¥) absorbing set for the family of processes
{Us(t,7)}, 0 € &, if for any 7 € R and B € B(E), there exists to = to(r,B) > 7 such that
UpexUy(t,7)B C By for all t > ty. A set Y C F is said to be uniformly (w.r.t. o € ) attracting
for the family of processes {U,(t,7)}, o € &, if for any fixed 7 € R and every B € B(E)

tli)rgo itelg distg (U, (t,7)B,Y) =0, (6)

where B(F) is the set of all bounded subset of E.

Assumption I Let {T'(h)|h > 0} be a family of operators acting on ¥ and satisfy:
i) T(h)X =3, Vh e Rt

ii) translation identity:
Us(t+h, 74+ h) =Upmn)s(t,7), Vo €X, t>71, T€R, h>0. (7)

Definition 2 A family of processes {U,(t,7)}, o € X is said to satisfy the uniform (w.r.t. o € X)
condition (C) if for any fixed 7 € R, B € B(E) and € > 0, there exist a to = to(7, B,¢) > 7 and
a finite dimensional subspace E,, of E such that

i) Py (Usex Urst, Us(t,7)B) is bounded; and

ii) || (I = Pn)(Uses Uity Us(t, 7)) |[E< €, V2 € B,

where dimFE,, = m and P,, : E — FE,, is a bounded projector.

Theorem 1 Let 3 be a complete metric space, and under assumption I. A family of processes

{Us(t,7)}, 0 € ¥ possesses the compact uniform (w.r.t. o € X)) attractor Ay, in E satisfying
AE = wOﬁg(Bo) = u}T_’E(Bo), V1 € R,
if it
i) has a bounded uniformly (w.r.t. o € ¥) absorbing set By; and

ii) satisfies uniform (w.r.t. o € ¥) condition (C).

Moreover, if E is a uniformly convex Banach space, then the converse is true.

Remark 1 The Theorem 1 is true without any continuous assumption on {U,(t,7)}, 0 € &
and {T(f)}tzo.

Definition 3 Let X be a Hilbert space. A function g € L?(R; X) is said to satisfy Condition
(C*) if for any € > 0, there exists a finite dimensional subspace X1 of X such that

t+1
sup / | (7= Pa)gle,s) % ds < e,
teR J¢
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where P, : X — X; is the canonical projector.
Denote by L2 (R; X) the set of all functions satisfying Condition (C*).

Lemma 1 Ifh € L% (R; X), then for any ¢ > 0 and 7 € R, we have

t
sup / =) || (1 = P)h(s) % ds < e,

t>1

where P,, is the same as that in Definition 3.

3. Uniformly (w.r.t. ¢ € ) absorbing set and uniform (w.r.t. o € ¥)
attractor in V x H

For the existence of the solutions for (1)—(3), since the time-dependent term makes no essential
complications, we directly give the following results of the existence and uniqueness of the solution
without proof. In fact, the proof is based on the Faedo-Galerkin approximation approaches, see
[1, 7] for the details. Denote R, = [r, +00].

Theorem 2 If g, u,, p, are given satisfying g € L2 (R;H), ur € V, p; € H, then (1)-(3) have
a unique solution
u(t) € C(R;V), Gue CRy; H).

Now we will write (1), (3) as an evolutionary system by introducing y(¢t) = (u(t),p(t)) and
yr = (ur,pr) for brevity. We denote by E = V x H the space of vector functions y(z) =
(u(z), p(x)) with the finite norms ||y||z = {||u]|? + |p|2}2, which is equivalent to ||y||z = |ju||? +
|p + eul?. Then the system (1), (3) is equivalent to the following system

O =np, Op=—Ap— Au—ku™ — f(u) +g(z,t), YVt > T; ©

u|t:7’ = Ur, p|t:7' = Pr,

which can be rewritten in the operator form

Oy = Aoy(¥)s Yli=r = Yr, (10)

= g(z, s) is the symbol of equation (10). Thus if y, € F, then (10) has a unique
solution y(t) € Cy(R;;E). This implies that the process {U,(t,7)} given by the formula
Uy (t, 7)yr = y(t) is well defined in E.

We now give a fixed external force go in L7(R; X) and define the symbol space H(og) for
(10). Let a fixed symbol o0(s) = go(s) = go(+, s) satisfy Condition (C*) in L? (R; X); that is, the

family of translation {go(s+h), h € R} forms a function set satisfying Condition (C*). Therefore

where o(s)

H(o0) = H(go) = [go(z,s + h)|h € R] 20 g x),

where [ | denotes the closure of a set in a topological space LIQO’ZJ (R; X).

Thus, for any g(z,t) € H(go), the problem (9) with g instead of go possesses a corresponding
processes {Uy(t,7)} acting on E.

Proposition 1 ([13,14]) If X is a reflexive separable, then
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1) For all g1 € H(¢), H91||%§(R;X) < ”gHig(R;X);

2) The translation group {T'(t)} is weakly continuous on H(g);

3) T(t)H(g) = H(g) for all t € R.

Therefore, the family of processes {Uy(t,7)}, g € H(go): Ug(t,7): E— E, t>71,7€R
are defined. Furthermore, the translation semigroup {T'(k)|h € RT} satisfies that Vh € RT,
T(h)H(go) = H(go), and the following translation identity holds:

Ug(t +h, 7+ h) =Uppyy(t,7), Vg€ H(g), t>7, TeR, h >0.
For (10), we give a fixed external force go € L%, (R; H) and H(oo) = H(go) = [go(x, s+h)|h €

R]Lz‘“’(R;H) .

loc
3.1 A priori estimates

By (F1) and (F3), for any 0 < € < 1, there exist constants K1, K2 > 0 such that

/ Flu(z))dz + %Huw >_Ki, VueV, (11)
Q

/ uf(u)de — C’l/ F(u(x))dx + %Huw >—Ky, VYuel. (12)
Q Q

Taking the scalar product in H of equation (1) with v = dyu + eu, after a computation, we
find

1d 2 2 +12 / 2
53 (1= ollul® + fof? + klu* 2 42 QF(u(x))d:v) +e(1— o) Jul*+ 1)
[0]|* = elo]? + €2 (u, v) + eklu™* + e(f (), u) = (9(t), v).
Using the Poincaré inequality
[vll = Mv], VoeV, (14)

where \; is the first eigenvalue of A% in V, together with (12)—(13) and exploiting the Young
inequality and the Holder inequality, we have

1d 3e(l—¢)

1id _ 2 2 +2 2
5= (L= &)l + [ol? + Kl +2/QF(u(:z:))dx)+ =+
(%—a)|v|2+52(u,v)+5k|u+|2+501/F(u(:z:))dx (15)
Q
lg()I?
seko+ 21
Since 201 \
LD g+ A oo + 2w v)
3e(l—¢e), 1o M , €2
> - _ - .
> lull™+ (G =)ol = - full - vl o)
e(l—e), 2 M g3 9
> L=
2= P+ G = =g 9
el—¢e), o A &2 9
>N ) 2L -
2= I+ G =55~k
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we take € small enough such that 2 — i—z — &> A, Collecting with (15) and (16) leads to
1

(=l 4o + Kt P+ 2 [ Fluede) +2 - oflulP+

lg(t)?

17

Ao +2 ( )

?|v| + 2ek|uT|® 4+ 2eCy | F(u(z))dz < 2e Ko + .
Q

A1
Take a = min{e, AL, £C}, then it follows that

i — U2 1}2 U+2 u\x X
3 (=l + ol + kP 42 [ Plaa))da) +

a((l — o))l + [of? + klut]? + 2 /Q F(u(x))d:z:) (18)

t 2
SQEKQ—F@.

1
Denote Y (t) = (1 — ¢)[ull* + [v]* + k|ut|* + 2 [, F(u(z))dz + 2K, in the light of (11) we
have Y (t) > 0, and

d t)[?
&Y(t)—l—aY(t)gC—i— @, C =2(aK; + eKy).
1

From Proposition 1, recall that

9172 < llgollZs, for all g € H(go),

and using the Gronwall lemma [14, p35, Lemma 1.3], we obtain
_ 1
Y(t) <Y(r)exp(—a(t — 7)) + (1 +a™')(C + /\—1||90||2L§)~ (19)
According to (11) again, we achieve
2 2 ~1 L 2

(1= e)lull” + ol” < 2Y() < 8(1 + a7 )(C + 1= llgollZz),

that is
(1= )llull® + vf* < 4, (20)

where g = 8(1+a~1)(C'+ 3;ll90ll7:)-

Therefore, we obtain a bounded uniformly (w.r.t. g € H(go)) absorbing set By = {y =
(u,p) = |yll% < pd} in E, ie., for every B € B(E) and for all g € H(go), there exists a
to = to(7, B) > 7 such that

| Uslt.1)B C By, Vt=>to.
g€H (g0)

Thus, we have the following results immediately.

Theorem 3 Under assumptions (F1)-(F3), if go(x, s) € L%, (R; H), then the family of processes
{Uy(t,7)}, g € H(ho) corresponding to the problem (10) has a bounded uniformly(w.r.t. g €
H(ho)) absorbing set By in E.



Ezistence of the uniform attractors 283

3.2 Uniform attractor in V x H

In order to obtain the uniform attractors of the family of processes {Uq(t,7)}, g € H(go),

we also need the following compactness for the nonlinear term f.

Lemma 2 ([9]) Let f be a C? function from R to R satisfying (F2). Then f : V — H is
continuously compact.

Now we prove the existence of compact uniform (w.r.t. h € H(gg)) attractor for system
(1)-(3) with external forces go € L%, (R; H) in E.

Theorem 4 Let k > 0, and assume that (F1)—(F3) hold. If go(z,t) € L2. (R, H), then the
family of processes {Uy(t,7)}, g € H(go) corresponding to the problem (1) possesses a compact
uniform(w.r.t. g € H(go)) attractor Ay, in E satisfying

Art(go) = wWo,H(g0) (Bo) = Wr,1(g0) (Bo) (21)

where By is the uniformly(w.r.t. h € H(go)) absorbing set in E.

Proof By Theorem 1, we need only to verify that the family of processes {U,(t,7)}, 9 € H(go)
satisfies the uniform (w.r.t. g € H(go)) condition (C).
Since A~! is a continuous compact operator in H, by the classical spectral theorem, there

exists a sequence {\;}72; with
0<)\1§)\2§§)\]§7)\]_)+007 asj—>oo,
and a family of elements {w;}32, of V' which are orthonormal in H with
ij‘ = )\jwj, Vj e N.

Let H,, = span{wi,ws,...,wn}, and P, : H — H,, be an orthogonal projector. For any

u €V, we write
u= Ppu+ (I —Pp)u=u + us.
Since f : V — H is a compact operator by Lemma 2, for any € > 0, there exists some m such

that

(I = Pn)f(u)lm < 3, Vu€ Bo(0, o), (22)

€
3
where pg is given by (19).

Choosing 0 < ¢ < 1, and taking the scalar product with ve = Gyus + ous of equation (1) in
H, we have

(1= o) wall? + 1022) + o1 = o) sl + [[02]2 = oo+
o? (ug, v9) + k((ut)2,v2) + (f(u),v2) = (g(t), va).
By (14) we get

d
(U=l +[v2l) + o (1 = o) Jusl|* + (M = o) val*+

N =
=

[ V)

0% (ug, v2) + k((u™)2, v2) + (f(u), v2) = (g(t),v2).
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Due to the uniform boundedness of w in V, and the Sobolev embedding inequality, making

use of |u™| < |ul, it follows that |(u™)2| < &, for any & > 0. Therefore

)\ k2 2
(ke (u )2, v9)] < 2 fua]? + = (24)
4 A1
Combining with (23) yields
1d 3\
S (1= o) Jua]® + [v2]?) + o (1 — o) [Jua|® + (52 — o) [va |2+
2dt 4
k282 (25)

+ (9(t), v2).

02 (ug,v2) + (f(u),v2) < "

Let o be small enough such that % — i—z —0o > %. Then
1

3\

o(1 = o)lluz|® + (== = o)lva|* + 0% (uz, v2)
3A o?
2 o(1 = o)llual® + (57 = o)leal® = 5~ Jual| - el
26
>MH H2+(3_)‘1 T o)f? 26)
= 4 ug 4 )\% ag)|v
30(l—0 A
> 3020 e 4 A
which together with (22)—(26) leads to
1d 30(l—0 A
LS (= sl + o) + =D g2 4 A
£ k2e?
< Sfoal + 5+ (9(0) v2)
£ k2e?
< §|U2| 5t |(I = Pm)g(t)] - [va
1
A1 2 (4—|— k2)€2 4 2
<M VTR L 21— Pa)g)?,
< Bl + EETE 4 21 - P o)
that is
d 30(1 —0) A1
(1 = o) luz|l® + [v2|*) + ——5—=[luz||* + == |v2|
dt 2 4 (27)
204+ k%)e? 8
< 2B S Rt
A1 A1
Take ap = min{3Z, 21} such that
d 8
(- o) [[uz||* + [v2]?) + ao(|[uz| + [va]?) < Ce® + )\—ll(f — Pu)g(t)[, (28)
where C' = 2(4/\+1k2)
By the Gronwall Lemma, we obtain
(1= a)llua(®)[* + w2 (D)* < ((1 = o)l[ua(T)[|* + vz (7)[?) e+
Ce2 8 (! (29)
o _/ e” =T = Pr)g(s)|ds.
(7)) )\1 T
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Since g € L2 (R, H), by Lemma 1, for any e; = £1(¢) > 0, there exists an m large enough

such that

8

t
A—/ e~ (=9I — P,)g(s)|?ds < %1 Vg € H(ho), Vt > T. (30)
1Jr

2
Let t; = 7+ - In 20 Then we conclude that
[e 7)) €1

(1= ) sa () o+ fea)Pe000) < pdeo=0 < T vz, (31)
Obviously, we can choose € = £(g1) such that
Ce?2 g
== <2 32
o =3 (32)

Therefore, combining with (29)—(32) leads to

(1= o) lua(O)]* + [v2(t)]* < &1, ¥t >t1, g € H(go),

which indicates that the family of processes {Uy(t,7)},9 € H(go) satisfies uniform (w.r.t. g €
H(go)) condition (C) in F.

The proof is completed. O
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