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Abstract In this paper, we study the property of continuous mappings from a sphere to the
Euclidean space. By using the theory of the periodic transformation in algebraic topology, we
obtain a generalized Borsuk-Ulam theorem and then give some applications of the theorem.
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1. Introduction

The classical Borsuk-Ulam theorem says that [1]: for every continuous map f : S™ — R*
(from the m-sphere to the Euclidean k-space), there exists a point © € S™ such that f(x) =
f(=x), if £ < m. It is a well-known theorem and has been generalized in many ways. Conner
and Floyd [2] generalized the Borsuk-Ulam theorem to one in which the Euclidean k-space
was replaced by a differentiable k-manifold M*. Pedro et al. [3] generalized the theorem to
a situation where the Euclidean k-space was replaced by a wide class of topological spaces.
Munkholm showed in [4] that all differentiability hypotheses in the theorem can be removed by
changing the assumption that MF* is compact, differentiable manifold to that MP* is a closed
topological manifold, and Carlos Biasi et al. [5] further extended the result of Munkholm to a
more generalized form via replacing the compact k-manifold by a generalized manifold.

In the present paper, we focus on the study of the property of continuous mapping from
a sphere to the Euclidean space, and obtain a generalized Borsuk-Ulam theorem in a different
form by using the theory of the periodic transformation. We then give some applications of the

theorem.

2. Main results

Lemma 2.1 ([6]) Ift is a fixed point free periodic transformation on S™ whose period is n, p

is a prime number and n can be divided by p, then I(S™,Z,) =m + 1.

Lemma 2.2 ([6]) If X and Y are arcwise connected Hausdorff space, T is a fixed point free
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periodic transformation group on X and Y, and f : X — Y is an equivariant mapping about T,

then I(X,T) < I(Y,T).

Theorem 2.1 If f : S™ — RF is a continuous mapping from an m-sphere to the Euclidean
k-space and t is a fixed point free periodic transformation on S™ whose period is p?, p is a

prime number, (i,p') = 1 and m > kp’ — 1, then there exists a point x € S™ such that

@) = fltr) = - = f(t" a).
Proof Suppose the conclusion of theorem is not true. Let
©:S™ — RFx R¥ x ... x RF = RP'¥,

o(a) = (f(2). f(t2)..... f(t7 ")),

Then ¢ is a continuous mapping and p(S™) C RP'F — A’;i, where
A’;i ={(a1,a2,...,ap)|a; € RFai=ay=---= ayi, 1<j<p'}.
For any y € RP'F — Al;u y=(y1,92, -, Ypi), let
P RP'F Agi — §kpi_1,

1/’(3/) :w(ylquV"?ypi)
Y1+ Y2+ yp
= (1 — » L

ity t Ay
pi

B (y1+y2+"'+ypi)2
i

Y1ty 4+ Yy
,...,ypi— pi

).

» Y2

Wi+uvs+-+y )72
= (21,22, -, 2pi ).
Then 9 is a continuous mapping and
zit 2otz =0, |2+ |2l o+ P =1
Hence 5¥7' 1 is a (kp' — 1)-sphere. Let
g:q/)o<p:Sm—>§kal.
Then g is a continuous mapping. Let
t(21, 22,0y 2pi) = (22,23, Zpis 21)-

Then ¢ is a periodic transformation on S*¥'~1 whose period is p. Suppose for 1 < i < p’, ¢! has

a fixed point, i.e.,
i
t'(21, 22, ooy 2pi) = (Zig1, Zig2y - ooy Zpis 215225+, Zi) = (21, 22, -+« 5 Zpi)-

Then

21 = Zi41 = 2241 = 0 = Zpi—i+41,

22 = Zi42 = 2242 = 1 = Zpi—i42,
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Zi:Z2i223i:"':Zpi-

Since (i,p') = 1, there exists integral number a and b such that ai+bp* = 1. For any 1 < j < p’,

Zi—1, b>0
Zi = Zidlail = Zitll—bpi| =
J J+lail J+1-bp?| Zis1, b<O.
Then z; = 29 = --- = z,; . This contradicts the assumption. Then ¢ is a fixed point free periodic

transformation on S*'~1 and gt(z) = tg(z). By Lemmas 2.1 and 2.2
m+1=1(8",2,) <I(§%' 71, 2,) = kp'

i.e., m < kp' — 1. This contradicts to the condition of Theorem 2.1 and the proof of Theorem
2.1 is completed. O

Remark Whilei =1, p =2, t(z) = —z and m = k, Theorem 2.1 is the Borsuk-Ulam Theorem.
Hence Theorem 2.1 generalizes the Borsuk-Ulam Theorem.

In the following we give two applications of the theorem.

Corollary 2.1 Let f: S™ — MPF be a continuous mapping from the m-sphere S™ to a smooth
k-manifold M* and t is a fixed point free periodic transformation on S™ whose period is p.
Suppose p is a prime number, (i,p') = 1 and m > (2k + 1)p* — 1. Then there exists a point
x € 8™ such that f(z) = f(tz) = f(t%z) = --- = f(t?" 'x).

Proof Whitney has proved [7] that any smooth k-manifold can be embedded in R?**! as a
submanifold. Hence there exists a single smooth mapping h : M* — R2**! such that (h, M*) is
an embedding submanifold of R?**1. Let

f: ho f: 8™ — R2k+1

Then, by Theorem 2.1, there exists a point z € S™ such that f(z) = f(tz) = f(t2z) = --- =
F(#"~1z). Since h is single, there exists a point z € S™ such that f(z) = f(tz) = f(t%z) =

= (tpi_lzzr). Hence the conclusion of the corollary follows.

Corollary 2.2 If S™ is covered by k + 1 closed sets and t is a fixed point free periodic trans-
formation on S™ whose period is p’, p is a prime number, (i,p') = 1, m > kp® — 1, then there

exists a point x € S™ such that one of the sets contains points x, tz, t?z, ..., ' 1y,

Proof Suppose Aj, As,..., Axy1 are closed subsets of S™ whose union is all of S™. Define
f:8™ — RF by
f(:E) = (d(I, Al)a d(vaQ)a sy d(vak))a YIS va

where d(x, A;) is the distance of the point « from A;. Then f is continuous. By Theorem 2.1,
there exists a point z € S™ such that f(z) = f(tz) = f(t2x) = --- = f(#*' ~'z). In the other
words, we can find a point z in S™ with the property d(z, 4;) = d(tz, A;) = --- = d(t?' ~'z, A;)
for 1 <i<k. If d(z, 4;) > 0 for 1 <i <k, then z, tx, t2z, ..., t* ~lz lie in Agi1, since Aj,
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Ag, ..., Agy1 cover S™. If d(z, A;) = 0 for some i, since each A; is closed, we know that all z,
tx, t2x, ..., P "1z are in A;.
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