Journal of Mathematical Research & FEzposition
Mar., 2010, Vol. 30, No. 2, pp. 345-355
DOI:10.3770/j.issn:1000-341X.2010.02.019
Http://jmre.dlut.edu.cn

The Generalized Solutions of One Order Periodic
Boundary Value Problems in Banach Space

Ji Jin YI*, Bo SANG
School of Mathematics, Liaocheng University, Shandong 252059, P. R. China

Abstract In this paper, the authors study the periodic boundary value problems of a class
of nonlinear integro-differential equations of mixed type in Banach space with Carathéodory’s
conditions. We arrive at the conclusion of the existence of generalized solutions between general-
ized upper and lower solutions, and develop the monotone iterative technique to find generalized
extremal solutions as limits of monotone solution sequences in Banach space.
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1. Introduction

We consider the following periodic boundary value problems (PBVP) for nonlinear integro-

differential equations of mixed type in Banach space with Carathéodory’s conditions
W' (t) = H(t,u(t), (Ku)(t), (Tu)(t)), (1.1)
u(0) = u(2m), (1.2)
where . )
(Ku)(t) = / E(t, s)u(s)ds, (Tu)(t) = / h(t, s)u(s)ds, (1.3)
0 0
I = [0, 2], E is real Banach space, H : I Xx Ex Ex E — FE satisfies the Carathéodory’s conditions
in Banach space, k : I x I — R, satisfies the Carathéodory’s conditions and h : [ x I — Ry
is continuous. When H and k are continuous, the existence of extreme solutions for PBVP
(1.1)—(1.2) has been studied in [1,2]. In [3,4] the author discussed PBVP for nonlinear integro-
differential equations of Volterra type
' (t) = H(t, ult), (Ku)(t)),
u(0) = u(2m),
where

(Ku)(t):/o k(t, s)u(s)ds,
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H:IxR?— Rk:IxI — R, satisfies the Carathéodory’s conditions. In this paper, we
deal with PBVP (1.1)—(1.2) for the two aspects relative to generalized lower and upper solutions:
a < B, a > . When we study the integro-differential equations in Banach spaces we must
overcome some difficulties, such as differentiability of the function. Though we get the existence
of generalized solutions between generalized lower and upper solutions (Theorem 3.1, Theorem
3.2) in this paper, a question may arise if there is any function satisfying the conditions of the
theorems. The authors give a positive answer to this question by providing two examples which
satisfy all conditions of Theorems 3.1 and 3.2, respectively.

Suppose that E is a real Banach space, and P C F is a cone. Then we get a partial ordering
produced by P in E: if y —x € P, then z < y.

The dual cone of P is P* = {¢ € E* | ¢(z) > 0,Vz € P}.

Definition 1.1 ([5]) An abstract function x(t) : I — FE is a strong bounded variation function

if it satisfies following conditions:

V(akaﬁk) - I(k =12,... 7n)7 (O‘ivﬁi) n (ajvﬁj) =0, supz ”‘T(ﬁk) - x(ak)H < 0.
k

While we say x(t) is a strong absolutely continuous function: whenever y ;| | s — B |— 0
then sup 3, ||z (k) — x(ow)|| — 0.
A strong absolutely continuous function must be a strong continuous function. It is also a

strong bounded variation function.

Proposition 1.2 ([5]) Suppose E is reflexive space. If z(t) (t € I) is a strong bounded variation
function, then x'(t) exists for a.e. t € I.

A cone is normal iff V[z,y] = {z € E | x < z < y} C E is bounded.

Let S[I, E] denote all strong absolutely continuous functions u(t) : I — E, where E is reflexive
space, and C[I, E] denote all strong continuous functions u(t) : I — E.

Vu = u(t), v=v(t) € C[I, E], we say u < v if u(t) < wv(t) (Vt € I).

Theorem 1.3 ([6]) Suppose E is reflexive space and P is a normal cone in E. Then a total
ordering set M in E is sequentially compact iff M is bounded under normed topology.

Theorem 1.4 ([7]) If E is reflexive space, then P is a normal cone iff P is a regular cone.

Theorem 1.5 ([7]) Suppose P C E is a regular cone and A : [ug,v9] — E is a continuous map,
where [ug,vo] C E and satisfies

(i) For wy, wa € [ug,vo], w1 < wy implies Awy, < Aws;

(ii) wuo < Aug, Avg < vp.
Then A has a fixed point in [ug, vo].

Definition 1.6 A function « € S[I, E| is called a generalized lower solution of PBVP (1.1)—(1.2)

if « satisfies

o (t) < H(t,a(t), (Ka)(t), (Ta)(t), ae.tel, (1.4)
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a(0) < a(2m). (L5)
Similarly, 8 € S[I, E] is called a generalized upper solution of PBVP (1.1)—(1.2) if 3 satisfies

B(t) > Ht, 5(1), (KB)(1)., (TB)(1), ae.tel, (L6)

6(0) > B(2n). (L.7)

Throughout this paper, all solutions are used in generalized sense.

Let us list the following assumptions for convenience:

(A1) (i) a, B are the lower and upper solutions for PBVP (1.1)—(1.2) respectively and satisfy
a(t) < B(), tel.

(ii) «, O are the lower and upper solutions for PBVP (1.1)—(1.2) respectively and satisfy
Bt) <alt), tel.

(Ag) H(t,u,v,w) satisfies the Carathéodory’s conditions, that is, H (-, u,v,w) is measurable
for each (u,v,w), and H(t,-,-,-) is continuous for a.e. ¢t € I.

(Ag) For every A > 0 which satisfies || u [|[< A, || v ||[< A4, || w ||I< A ((u,v,w) € EX E x E),
there is a function hy € L(I) such that || H(t,u,v,w) ||< ha(t), a.e. t € I.

(A4) The kernel k : I x I — R, satisfies Carathéodory’s conditions, that is, k(t,-) is
measurable for each ¢ € I, and k(-, s) is continuous for a.e. s € I. And k(t,s) < f(s), a.e. t €1,
fe LY.

(As) (1)

H(t,u(t),v(t), w(t)) — H(t,u(t),v(t), w(t))
—a(t)) = N@)(v(t) —o(t)) — G(t)(w(t) — @(t)), ae. t €1, (1.8)

= —M(t)(u(t) (
whenever a(t) < a(t) < u(t) < B(t), (Ka)(t) < 5(0) < o(t) < (KF)(1), (Ta)(t) < w(t) < w(t) <
(TB)(t), t € I, where M(t) >0, N(t), G(t) >0, ae. t € [, M, N, G € L*(I) that satisfy
/0 [M() N(t )/0 k(t,s)ds+G(t)/0 h(t, s)ds}dt< 1. (1.9)
(if)
H(t, u(t),v(t),w(t)) — H(t,u(t),v(t), w(t)) <
M(#)(u(t) — a(t)) + Nt)(v(t) — 5(t)) + G(t)(w(t) — ©(t)), ace. t € I,
) <o(t) < (Ka)(t), (T6)(t) <w(t) Sw(t) <

whenever 8(t) < a(t) < u(t) < aft), (KB)(t
> 0,

(Ta)(t), t € I, where M(t) > ae. t €I, M, N, G e L'(I) that satisfy

t

/ " M)+ N [ k(9)ds + G0 / Tt Sds]ar < 1/2. (1.10)
0 0 0

2. Some auxiliary lemmas

Lemma 2.1 Assume that m(t) € S[I, R|, and it satisfies

' (£) < —M(t)m(t) — N(1) /

0

t

2m
k(t,s)m(s)ds — G(t)/o h(t,s)m(s)ds, a.e. t €1, (2.1)
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where M(t), N(t), G(t) € L*(I), M(t) > 0, N(t), G(t) > 0, a.e. t € I and k satisfies (Ay).
Suppose further that

/O " (M) + N () /O Kt $)ds + G(t) /O T, ds]ar < 1. (2.2)

Then either m(0) < 0 or m(0) < m(2w) implies that m(t) <0,t € I.
We leave out the proof of this lemma because it can be completed similarly to the proof of
Theorem 3.1 in [4].

Lemma 2.2 Assume that m(t) € S[I, R|, and it satisfies
t 2
m/(t) > M(t)m(t) + N(t)/ k(t,s)m(s)ds + G(t)/ h(t,s)m(s)ds, a.e. t €I, (2.3)
0 0
where M(t), N(t), G(t), k(t,s) satisfy the same assumptions as in Lemma 2.1, except for

/Ozﬁ [M(t) +N(t) /Ot k(t, s)ds + G(t) /Ozﬁ h(t, s)ds} at < 1/2 (2.4)

replacing (2.2). Then m(0) > m(2n) implies that m(t) <0,t € I.
The proof of this lemma can be completed similarly to the proof of Theorem 3.2 in [4].

Corollary 2.3 Suppose that the assumptions of Lemma 2.2 hold, but m(2w) < 0 replace
m(0) > m(27). Then m(0) <O0.

Theorem 2.4 Suppose E is reflexive space and P is a normal cone in E. Assume that (A1)(i),
(A2)—(A4), (As)(i) hold. Then the following linear PBVP

u'(t) = Hy(t) — M(t)u(t) — N(t)/o E(t, s)u(s)ds — G(t)/o i h(t,s)u(s)ds, a.e.t €1, (2.5)
u(0) = u(27) (2.6)

has a unique solution u(t) such that u(t) € [a,8] = {v € C[I,E] : a(t) < v(t
I}, where 1 € [a, 8], Hy(t) = H(t,n(t), (Kn)(@), (Tn)() + M()n(t) + N(1) [y k¢, ) ( )ds +
G(t) [Z7 h(t, s)n(s)ds.

Proof First, we consider the following linear initial value problem (IVP)

(6) = Hy(t) - M(tyu(t) - (o) |

0

t

2m
k(t, s)u(s)ds — G(t)/o h(t,s)u(s)ds, a.e. t €I, (2.7)
u(0) = wo, (2.8)

where ug € [a(0),5(0)]. It is equwalent to the followmg operator equation u(t) =
t 27

(Qu)(t) = uo + Jo[Hy(r) — M(r)u( (r) Jo K s)ds — G(r) [o h(t, s)u(s)ds]dr

will show that @ is a contractive operator in Banach space C[I, E]. Indeed, Vu, @ € C[I, ]

have

| Qu—Qu = max || (Qu)(®) - (Qu)() |

IN

/0% (M) + N ) /Ot k(t, s)ds + G(1) /0% h(t,s)ds || u— |
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By (1.9), the above initial value problem has a unique solution u(t) = u(t; uo).
Next, we will show that u(t) = u(t;ug) € [, 8]. For any ¢ € P*, let m(t) = ¢(a(t) — u(t)).
In view of (A5)(i), we have m(0) < 0 and

m'(t) =¢(a/ (t) — u'(t))
SO(H(t, aft), (Ka)(t), (Ta)(t)) = H(t,n(t), (Kn)(t), (Tn)(t) — M()n(t)—

t 27
N () /O k(t, $)n(s)ds — G(1) /O h(t, s)n(s)ds + M(£)u(t)+
N(t)/o k(t, s)u(s)ds—l—G(t)/O 7Th(t,s)u(s)ds)

< M{)m(t) - N(t) /O k(t, s)m(s)ds — G(t) /0 ", $)m(s)ds, ae. t e L.

By Lemma 2.1, we have m(t) < 0,t € I. Because ¢ € P* is arbitrary, a(t) < u(t), t € I.
Similarly, we can prove u(t) < 3(¢), t € 1.

Further, we will show that there is uf € [a(0),5(0)] such that the solution w(t;ug) sat-
isfies w(0) = uf§ = w(27w), which indicates that PBVP (2.5)—(2.6) has a solution. In fact,
[a(27), B(27)] C [«(0), 5(0)]. Hence, for each uy € [a(27), B(27)], the IVP (2.7)—(2.8) has a
unique solution u(#;ug) such that u(2m;ug) € [a(27), 5(27)]. Therefore, the Poincaré operator
Por t up — u(2m;ug) with ug € [a(27), (27)] maps interval [a(27), 5(27)] into [a(27), B(27)].
Let ui,us € [a(27),5(27)] and u; < ug. Suppose further that @;(¢t) = u(t;u;), ¢ = 1,2, is the
solution of the following IVP

W) = Hy(t) = M(Hu(t) — N(t) /0 Ck(t s)u(s)ds — G (1) /0 Tt syuls)ds, ae te I, (29)
w(0) = us. (2.10)
For any ¢ € P*, let m(t) = ¢(i1(t) — aia(t)). Then m(0) = ¢(a1 (0) — 2(0)) = d(ur — uz) < 0,
m'(t) = ¢(u) (t) — us(t))
— _M(m(t) - N(t) /O h(t, s)ym(s)ds — G(2) /0 bt sym(s)ds, ae. t€ T,

By Lemma 2.1, we have m(t) < 0, ¢t € I. So u1(t) < us(t), t € I and Porus < Parus. We get
P>, is monotone increasing operator.
Next, we will show that P, is continuous operator. Let w, € [a(27),8(27)], n =10,1,2,...,

| wn — ug ||— 0, n — oco. Suppose further that u(t; u,) is the solution of the following IVP
u'(t) = Hy(t) — M(t)u(t) — N(t) /Ot k(t, s)u(s)ds — G(t) /027T h(t, s)u(s)ds, a.e.t eI,
w(0) = Uy,
For any t € I, we have

It ) — wlt o) 1< [l e — wo || + | / = My un)—
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2w

N(r) /OT k(r, s)u(s;uy,)ds — G(r)/o h(r, s)u(s; un)ds+
M(r)u(r;ug) + N(r) /T k(r, s)u(s;ug)ds
0
G(T)/O h(r, s)u(s; up)ds|dr ||
< |l wn — o || +/O [M(r) + N(T)/O k(r,s)ds+

27
G(T)/O h(r, s)ds]dr || w(t; un) — u(t; ug) || -

So
| w(t; un) — w(t; uo) [|< o - I in = uo | o .
1— [S7[M(r) + N(r) [y k(r,s)ds — G(r) [y h(r,s)u(s)ds]dr
We get
| w(t; upn) — u(t;ug) ||— 0, n— co.
Then

| w(2m; upn) — u(2m;u0) ||— 0, n— oo.

Therefore, Py is continuous on [a(27), 5(2)].

Further, we will show Pora(27) > a(27). Since a(27) € [a(0), 3(0)], we get the unique solu-
tion u(t; a(2m)) € [, B] of IVP (2.7)—(2.8). So u(2m; a(27)) € [a(27), B(27)]. Then Pyra(2m) >
a(2m). Similarly we can get Py 0(27) < B(27). By Theorems 1.4 and 1.5, P5, has a fixed point
uy € [a(2m), B(2m)]. So IVP (2.7)-(2.8) has a solution u(t;ug) and w(0;ul) = uf = u(2m;ug).
We also know u(t; ug) € [, 8], so u(t; ul) is a solution of PBVP(2.5)—(2.6).

Solutions of PBVP(2.5)—(2.6) must be unique. If not, let uy(t), uz(t), t € I, are solutions of
PBVP(2.5)—(2.6). For any ¢ € P*, let m(t) = ¢p(uy1(t) — uz(t)). Then m(0) = 0 and

m/(t) = d(uy (t) — us(t))
t 2m
= —M@t)m(t) — N(t)/o k(t,s)m(s)ds — G(t)/o h(t,s)m(s)ds, a.e. t € I.

By Lemma 2.1, m(t) < 0,t € I. So u1(t) < wua(t), t € I. Similarly let m(t) = ¢(ua(t) — ui(t)).
We get ug(t) < uy(t), t € I. At last we have uq(t) = ua(t), t € I.

Theorem 2.5 Suppose F is reflexive space and P is a normal cone in E. Assume that (A )(ii),
(As)—(A4), (As)(ii) hold. Then the following linear PBVP

u'(t) = Hy(t) + M(t)u(t) + N(t)/o k(t, s)u(s)ds + G(t)/o ! h(t, s)u(s)ds, a.e.t €I, (2.11)

u(0) = u(27) (2.12)

has a unique solution u(t) € [3,a], where H,(t) = H(t,n(t),(Kn)(t),(Tn)(t)) — M(t)n(t) —

2T
N(t) [y k(t, s)n(s)ds — G(t) [y h(t, s)n(s)ds, n € [8, a.
The proof of this theorem can be completed similarly to the proof of Theorem 2.4.
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3. Statement of the main results

Theorem 3.1 Suppose F is reflexive space, and P is a normal cone in E. For PBVP(1.1)—(1.2),
(A1)(i),(A2)—(A4) and (As)(i) hold. Then there are monotone sequences {an(t)}, {On(t)} with
ap = aft), Bo = B(t) such that lim, oo an(t) = p(t), limy oo Bn(t) = (t) uniformly on I and
p,7 are minimal and maximal solutions respectively between « and 8 for PBVP(1.1)—(1.2).

We leave out the proof of this theorem because it can be completed similarly to the proof of

the following theorem.

Theorem 3.2 Suppose F is reflexive space, and P is a normal cone in E. For PBVP(1.1)—(1.2),
(A1)(ii),(A2)—(As) and (A5 )(ii) hold. Then there are monotone sequences {8, (t)}, {a,(t)} with
ag = a(t), Bo = B(t) such that lim, .o Bn(t) = p(t), limy 00 an(t) = (t) uniformly on I and
p, v are minimal and maximal solutions respectively between (8 and o for PBVP(1.1)—(1.2).

Proof We define a mapping An = u, n € [, ], where u is the unique solution of linear
PBVP(2.11)-(2.12). We shall show that

(a) B<AB, Aa < .

(b) A possesses a monotone nondecreasing property on the segment [3, ).

To prove (a), let m(t) = ¢(B(t) — B1(t)), where ¢ € P* and (1(t) = AB(t). By (As)(ii) we

have

t 2m
m/(t) > M(t)m(t) + N(t)/o k(t,s)m(s)ds + G(t)/o h(t,s)m(s)ds, a.e.t €I,
m(0) > m(2m).

Hence, by Lemma 2.2, we get m(t) <0,t € I. ¢ € P* is arbitrary, so we have § < AQ. Similarly,

we can get Aa < a.
In order to prove (b), we denote u; = Any, us = Ano, where 11 < n2. Let m(t) = ¢(u1(t) —
u2(t))7 (b S By (A5)(11)5 we get

m/(t) > M(t)m(t) + N(t)/o k(t,s)m(s)ds + G(t)/o " h(t,s)m(s)ds, a.e. t €1,
m(0) = m(2m).

Using Lemma 2.2 again, we get m(t) < 0, t € I, that is, An; < Anp.
Now we can define the sequences {8, }, {an} with Gy = 8, a0 = @, Bnt1 = ABn, ant1 = Ay,
n=20,1,2,.... From the properties of A, we have

Bo<Bi < <P < <Lap <~ <ax<ar <ag. (3.1)

For any o € I, from Theorem 1.3, {8, (to)} has a subsequence (,, (to) which is convergent.

As f3,(to) is monotone, we can suppose [, (to) < Bn(to) < Bn,., (o). By the condition
P is a normal cone, then we have || 3, (to) — Bn, (to) [|< L1 || Bnysy (to) — Bny(to) ||- Ve > 0,
when k is big enough, we get || By, (to) — Bn,.(to) ||< €, and then || 3, (to) — Bn, (to) [|< L1 ||
Brysr (to) = Bn, (to) ||< Lie. It follows that £, (to) is a convergent sequence in E.
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Next we will show {8,} is a convergent sequence in C[I, E]. If not, there are subsequences
{n}},{n?} of N,gg >0and t; € I (i =1,2,...) such that

| Brs (ti) = By (ti) |> <o (3.2)

We can assume that ¢; converges to t* € I. Because 3, is the solution of linear PBVP(2.11)—
(2.12), we can get

B (t) _ el / IS MO (1, (1) + N () / " k(r, $)Bu(s)d
n(t) = o 0 n—1 + 5 n +
IF M@ 1 Jy 8 r ; r,Ss s)ds

2w .
G(r) /0 B(r, )5 (s)ds)dr + i M(E)¢ /0 el =M (p, ()4
27

N(r) /OT k(r,s)Bn(s)ds + G(T)/O h(r, 8)Bn(s)ds)dr,

where Hg, ,(t) = H(t, Bn—1(t), (KBn—1)(8); (TBn-1)(t)) = M(t)Bn-1(t) = N () (K Bn-1)(t)
— G(t)(TPn-1)(t). Let t1,t2 € I. We can assume t; < ta. Set

Hg, . (r)+ N(r) /OT k(r,s)Bn(s)ds + G(r)/o i h(r, s)Bn(s)ds = w(r).

Then we have

| Bn(t1) — Bulta) [I<

elot M()AE _ o [g? M(§)dg | 27
[ e e
eJaT —M(&de _q 0

t t 2m t t2
eS8 MCOE ol [ (e a4 MO [ o)
1

As P is a normal cone, {fot k(t,s)Bn(s)ds}, {M(t)Bn(t)}, {N(t) fg k(t,s)Bn(s)ds}, {G(t) fOQW h(t, s)

Bn(s)ds}, {an}, {Bn} are all uniformly bounded. From

H{(t, Bn(t), (KBn)(L), (T5n)(1))
< H(t, Bo(t), (K Bo)(t), (TBo)(t) + M(t)(cwo(t) — Bo(t))+

N (t)((kao)(t) = (kfo)(t)) + G()((Tao)(t) — (THo) () = H (1),
H{(t, Bn(t), (KBn)(t), (T8n)(t))
o)
(

=

> H(t,ao(t), (Kap)(t), (Tag)(t)) — M(t)(co(t) — Bo(t))—
N(t)((kao)(t) — (kBo)(t)) — G()(Tao)(t) — (THo)(£)) = H ().

By the condition that P is a normal cone, we have

| H (¢, Bn(t), (KBn)(t), (TBn)(8) — H(t) |< Ly [| HT(t) = H(t) || -

(
)

So
| H(t, Ba(t), (KBn)(t), (TBa) (1) ISI H=(t) || +La || HT(t) = H~(t) || -

It follows that {H (¢, B, (t), (KB,)(t), (TB,)(¢))} is uniformly bounded.
From above we get fOQW || w(r) || dr < 4o0. If |t1 — t2| — 0, then

| Bn(t1) = Bu(ts) ||— O.
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It follows that there is § > 0 which has nothing to do with n, and whenever ¢1,t3 € I, |t1 —ta| < ¢

we have
| Bu(t1) = Bult2) < %0.

From t; — t*, we know that there is i such that when i > g, then |t; — ¢ x| < § and

| By (t) = Bug () 1< 1 By (8) = By () 1< - (3:3)

From (3.2), (3.3), we know if ¢ > ig, then
* * €
I Bug(t) = By () 12 2. (3.4)

This is a contradiction to the result that {3, (t*)} is a convergent sequence in E. So we get {3, }
is a convergent sequence in C[I, E]. We may assume {3, } converges to p.
Because (3, is the solution of the following PBVP

B (t) = Hg, ,(t) + M(t)B.(t) + N(t)/o k(t, s)Bn(s)ds + G(t)/o i h(t,s)Bn(s)ds,
a.e. tel,
Bn(0) = Bn(27),

from this, we get p(t) is a solution of PBVP(1.1)—(1.2). Similarly we can get {a,} converges to
v in C[I, E] and ~(t) is a solution of PBVP(1.1)—(1.2).

Let u(t) be a solution of PBVP(1.1)—(1.2), u € [Bo, ap]. From the properties of A, we have
ABy < Au < Aay, that is, f1 < u < ay. So Gn(t) < u(t) < ay(t),t € I. Let n — oo. We get
p(t) <wu(t) <~(t), t € I. The proof of the theorem is completed. O

Example 3.1 [? is reflexive space,
P = {CL € 12 | a = (515527537" )751 > Ovl € N}

is a normal cone in [2. zg € 2, and 7o >0, || 2o ||= 1.
Consider the following PBVP

t 27
u'(t) = —g(t) || u(t) || zo —/0 k(t, s)u(s)ds —/0 h(t,s)u(s)ds, a.e. t €I, (3.5)
u(0) = u(2m), (3.6)

where

(t) = te”™,  0<t<m
g eim, T <t<2m,

2
E(t,s) =e 09 0 < s <t<2m,
h(t,s)=e O+ 0<s<2m,0<t<2m
It is easy to see that a(t) = —/7xp, 0 <t < 2w, B(t) =0, 0 < t < 27 are lower and upper
solutions of PBVP (3.5)—(3.6), respectively. Indeed

t 2
o (t) < —g(t)VT o —l—/o k(t,s)v/mzods +/0 h(t, s)v/mxods
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t 2m
=—g(t) || a®) || zo —/0 k(t, s)a(s)ds —/0 h(t, s)a(s)ds.

Furthermore, let M(t) = g(t), N(t) = 1, G(t) = 1. We can verify that

/O " (M) + N () /O Ck(ts)ds + GO /O T ds]ar < 1.

In order to verify PBVP (3.5)—(3.6) satisfies (1.8), we need to prove
—g(@) || ur(®) || zo —/0 k(t, s)ui(s)ds —/0 i h(t, s)ui(s)ds—
t 2
[— g(t) || ua(t) || zo —/0 k(t, s)ua(s)ds _/0 h(t,s)uQ(s)ds]
> M (1) (8)  ua(t)) — N (1) /0 k(t, )ur (s)ds — /O k(t, 5)ua(s)ds]—

{/ h(t, s)ui(s)ds — /0% h(t, s)uz(s )dS}

where a(t) < ua(t) <wui(t) < B(¢), t € I.
Because M (t) = g(t), N(t) = 1, G(t) = 1, we only need to prove

—g@)[[ ur(®) | = [l uz(t) [Dzo = —g(@)(ua(t) — u2(t)), tel.
As P is the normal cone in {2, we have
—uz(t) = —ua(t) 2 0 =[] —uz(t) [ 2] —us(t) =]l ua(t) =] ua(t) |, t€1.
Then
—g@O) ([ ur(®) || = [ uz(t) Dzo = 0 > —g(t)(ur(t) —ua(t)), t 1.

All assumptions of Theorem 3.1 with M(t) = g(t), N(t) = 1, G(t) = 1 are satisfied. Then
there is a solution u(t) between a(t), 5(t) of PBVP (3.5)—(3.6 ) and it can be obtained by using

monotone iterative method.

Example 3.2 Consider the following PBVP

u'(t) = —g(t) || u(t) || zo —|—/0 E(t, s)u(s)ds —|—/0 i h(t,s)u(s)ds, a.e. t €1, (3.7)
u(0) = u(2m), (3.8)

in 2.

Suppose that all assumptions of Example 3.1 hold.

Then we can see that a(t) = /7xp, 0 <t < 2w, B(t) =6, 0 < t < 27 are lower and upper
solutions of PBVP (3.7)—(3.8), respectively. Furthermore, one can verify that all assumptions
of Theorem 3.2 with M(t) = g(t), N(t) = 1, G(t) = 1 are satisfied. Then there is a solution
u(t) between 3(t), a(t) of PBVP (3.7)—(3.8) and it can be obtained by using monotone iterative
method.
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