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Periodic Solutions to an Evolution p-Laplacian System
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Abstract In this paper, the authors study the existence of periodic solutions to an evolution
p-Laplacian system. The authors prove a comparison principle of the system in general form.
Then the existence of periodic solutions to the system of evolution p-Laplacian equations is
obtained with the help of the comparison principle and the monotone iteration technique.
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1. Introduction

In this paper, we study the existence of periodic solutions of the evolution p-Laplacian system

a(;;i = div(|Vu [P 2V, + filt,ur,u2), (z,t) € Q x (0, 4+00), (1.1)
u;(z,t) =0, (x,t) € 902 x (0,400), (1.2)
ui(:zr,t—l-w) :ui(xat)v (Iat) EQX (07+OO)5 (13)

where p; > 2, w > 0, fi(t+w,u1,u2) = fi(t,u1,u2), fi(t, u1,u2) is quasimonotonic for u; (j # 1),
i,7=1,2, Q C R™ is an open connected bounded domain with smooth boundary 0.

System (1.1) models heat propagations in a two-component combustible mixture [1], chemical
processes [2], interaction of two biological groups without self-limiting [3, 4], etc.

Many authors have studied the properties of the periodic solution to scalar semi-linear re-
action diffusion equations and semi-linear reaction diffusion systems [5-10]. In [11], the authors
studied the periodic solution of a scalar evolution p-Laplacian equation with nonlinear sources,

and in [12], Wang studied the following degenerate nonlinear reaction diffusion system:

(Z);? =Au" +bi(t)u ud,  (z,t) € QA xR, (1.4)
ui(z,t) =0, (x,t) € 092 x R, (1.5)
ui(x, t + w) = u(z, t), (z,t) € QA x R, (1.6)
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where m; > 1, w > 0, p;,q; = 1, bj(t) > 0 and b;(t + w) = b;(t), i = 1,2, @ C R™ is an open
connected bounded domain with smooth boundary 0f2.

Motivated by [11] and [12], we study the existence of periodic solutions to (1.1)—(1.3). Since
the system is coupled with nonlinear terms, it is in general difficult to study the system. Our
treatment is based on global existence [13], regularity to the solutions of a scalar equation [14]
and a comparison principle which we will prove in this paper. We mainly use the monotone
iteration technique to construct a monotone sequence of solutions and hence obtain the existence
of periodic solutions to the system (1.1)—(1.3) by a standard limiting process.

System (1.1) degenerates when Vu; = 0. In general, there would be no classical solutions
and hence we have to study generalized solutions to Problem (1.1)—(1.3).

In this paper, C,(£,) is used to denote the space of continuous functions of (z,t) and of
w-periodic with ¢. The following are the constrains to the nonlinear functions f;, ¢ = 1,2 involved

in this paper.

Definition 1 A function f; = f;(u1,us2) is said to be quasimonotone nondecreasing (resp.,
nonincreasing) if for fixed w;, f; is nondecreasing (resp., nonincreasing) in u; for j # i.

The definition of a periodic solution in this work is the following.

Definition 2 A nonnegative vector valued function u = (u1,us2) is called a generalized solution
of the system (1.1)~(1.3), if u; € L>=(Qq) N LY (0, T; Wy P (Q)), uiy € L2(Qr), VT > 0,7 = 1,2,
and satisfy

i) w € Cu(Q), ui(z,t) =0, (z,t) € 90 x (0,w), i = 1,2, where Q, = Q x (0,w);

ii) For any ¢; € C1(,), with p;(x,t) =0, (z,t) € 9Q x (0,w), and ¢;(z,0) = @;(z,w),

0p; o
- // (ul (;i - |Vui|pl 2V’U/lv901 + fi(t,ul,ug)goi)d:vdt =0. (17)
Qw

In the following, we will give the definition of the generalized solution of system (1.1), (1.2) with
ui(x,0) = uio(x). (1.8)
Definition 3 A continuous vector valued function u = (u1,ug) is called a generalized solution
of the system (1.1), (1.2) and (1.8), if
i) u satisfies boundary condition (1.2), and for any > 0, u; € L>(Q,)NLP: (0, 7; Wy P (),
uip € L?(Q;), i = 1,2, where Q, = Q x (0,7);
ii) For any 7 > 0, and for any nonnegative p; € WH*°(Q,), with ¢;(z,t) =0, 9Q x (0, 7),

Op; ,
— // (Ui Yi _ |Vui|p1_2VuiV<pi + fi(t, U1, u2)<pi)dxdt
Q. Ot

:/Quio(a:)%(a:,())d:z:—/ui(:zr,r)<pi(x,7')d:17. (1.9)

Q
If we replace = with > (<) in above equality, and u;(x,t) > 0(u;(z,t) <0), (z,t) € 02 x (0,7),
i =1,2, then u is called a supersolution (subsolution) of the system (1.1), (1.2) and (1.8).

Similarly, we define the periodic supersolution and subsolution of (1.1)—(1.3) as follows:
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Definition 4 A continuous vector valued function u = (u1,u2) is called a periodic supersolution
(subsolution) of the system (1.1)—(1.3), if

i) ui(z,t) 20 (ui(x,t) <0), (z,t) € 00 x (0,7), and u;(x,0) > (L)0 for x € Q;

i) wi(z,t) 2 ui(z,t +w) (wi(z,t) <wulz,t+w)), (z,t) € Qr,
u; satisfies (1.9) replacing = with > (<), i = 1,2, i.e.,

// ul &Pl - |Vu;

> (g)/ﬂuio(x)gpi(x,())dx—/Qui(x,T)gpi(a:,T)dx.

Pim27u, Vi + filt, ul,uQ)%)dxdt

2. Main results
Our main existence result is the following:

Theorem 1 Let p; > 2, my, no = 0, ma, ny >0, (p1 —1—my)(p2 — 1 —n2) —many >0, f;
is quasimonotonic and satisfies Lipschitz condition, and there exist nonnegative functions c;1 (t)
and c;a(t), s.t., cio(B)ul" uy® < fi(t,ur,u2) < cin(B)u"uy’, ¢(t) = ¢t +w), 1 =1,2, j =1,2.
Then there exists a nontrivial nonnegative periodic solution to the problem (1.1)—(1.3).

In order to prove Theorem 1, we need the following lemmas.

Lemma 1 Let f;(u1,u2) be quasimonotone nondecreasing and satisfy the Lipschitz condition.
Let w = (uy,u,) and @ = (u1,Uz) be the subsolution and supersolution of the system (1.1),
(1.2) and (1.8) satisfying ug = (U, Uqg) and ug = (W10, Uzo), respectively, and wu;y < Uo. Then
w;(x,t) < T, t), i=1,2.

Proof Since u and u are the subsolution and supersolution of system (1.1), (1.2) and (1.8), for
any @; € W2 (Q,),V7 € (0,T), with ¢; = 0, for (z,t) € 9Q x (0,7), we have

/ (7)o (z, T)dx + // |V, [P 2V, Vip;dadt
// (fi(w)pi + pitu;)dzdt + / o(@)pi(x,0)dx,

/Ei(x,T)@i(:zr,T)dx—l—// |V,
Q Q-

> / o, (fi(@)pi + @irt;)dadt + / Tio(2) 4 (2, 0)dz.

Q

and

Pi=271,Vpdadt

Taking ¢; = (u; — ;)T as a test function, where a™ = max(0,a) > 0, subtracting the two
inequalities, we get

1 _

3 ] (e r) (e,

- / / (Vs P2V — VP2 V)V (g — ) )+
Q-



Periodic solutions to an evolution p-Laplacian system 393

/ (filw) — fi(@))(u; —w;)Tdadt
Q,

_— / / IV,
QN {u,>wi}

/ (filw) — fi(@))(u,; — ;) T dadt.

Pi—

P29,V (u; — ;) dadt+

Notice that
pPi—

(|Vﬂi

P2,V (u; — ;) = 0.

In view of the above inequality and the Lipschitz condition, by simple calculation, we obtain
that

/(M—m) 2+ (g — ) )

< 2K // —a) |+ [(uy — H2)+|)2d:17dt

4K/ / — u1 |2 + |(Q2 — E2)+|2)dxdt.
Q

Setting F(1) = [ [o(I(u Y712+ |(uy —2) T |?)dadt, then the above inequality can be written
as

F'(t) < AKF(r).

A standard argument shows that F(7) = 0 since F(0) = 0, hence (u; — ;)" = 0, i.e., u; < u;.
Lemma 2 ([14]) Let u be a solution of the homogeneous Dirichlet problem to the equation

% = div(|Vu[P~2Vu) + f(z,t),

where f € L*(Q x (0,7)). Then there exist an a > 0 and a constant K depending only on
7" € (0,7) and the upper-bound of || f||L~(x(0,7))» 5-t-,

|U(I17t1) - U(I25t2)| < K(|.’,E1 - x2|a + |t1 - t2|%)a (Iutz) € ﬁ X [T/aT]'

Lemma 3 Under the assumptions of Theorem 1, there exist a nontrivial subsolution and a
supersolution to the problem (1.1), (1.2) and (1.8).

Proof Motivated by [15], we use the eigenfunction to construct the subsolution and the super-
solution of system (1.1), (1.2) and (1.8).

Let p1 and A1 be the first eigenvalue of the following eigenvalue problem.
—div(|[Ve [P TV ) = i T e Qg = 0,2 € 89, (2.1)
—div(|[Ve1 [ 2 V) = Mo 1z e Q, 61 =0, € 09, (2.2)

where 1 and ¢, are the corresponding eigenfunctions, satisfying 1 (z) > 0,¢1(z) > 0,2 € Q,
V] > 0,|Ve1| > 0,2 € 09,4 = 1, 2. Without loss of generality, let ||11||p, = ||¢1]/p, = 1. Since
(p1 —1—mq)(p2 — 1 —na) — many > 0, we can choose k, s.t.,

m —1—-m
2 cpBrm T

_ 2.3
p2—1—ns ny 23)
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We now prove that (u;,uy) = (ar)i*(z), ak ¢} (x)) is a subsolution to Problem (1.1), (1.2) and

(1.8), where m = pfil n = D2 - and a > 0 is small number to be specified later.
p2 —
Let ¢1(x,t) € CH(Q,), ¢1(x,t) = 0, be a test function. Then it follows from (2.1) that

0
JEE R e AR R RN T

/le(x,())gal(:z,())dx—/gl(:zr,r)<p1(a:,7')dx

Q

- / / (fr(tsay. 1g) + div(|Vay [P 2 Vu,) )1 dadt
Q-

WV

/ min clg(t)glnlyglgoldxdt—/ /(am)pl*l(ulwfl — |V [P ) prdadt.  (2.4)
0 JoOw) 0 Jo

Similarly, for all pa(z,t) € CH(Q,), p2(z,t) = 0, following (2.2), we have
3902 . p2—2

(uy == + div([Va, [ 7"V Jpa + fo(t, 1y, up) p2)dadi+
Q.

/ o (2, 0)pa(z,0)dz — / uy (2, )2 (z, 7)dx

Q Q
N // (falt,uy, 1) + div(| V[P~ Vuy ) Jpadardt

Q.

2/ glin) czg(t)g’lnzy§2g02dxdt—/ /(akn)prl()q(bf’f2 — |V$1[P?)padxdt.  (2.5)
0o JoOuw o Ja

We need to prove that the right hand side of (2.4) and (2.5) are nonnegative.
Since Y1 =0, ¢1 =0, |Vib1| > 0, |[Vg1| > 0, z € 99, there exists an n > 0, s.t.,

" = [V <0, Adh? — [V <0, 2 ey, (2.6)

where Q,, = {z € Q|dist(x, 9Q) < n}. This shows that

/ /_ (am)Pr (P — |Vapy [P ) prdardt < 0 < / min ez (t)uy" ust prdedt, (2.7)
0 Jo, 0

a, Ow)
and
/ /_ (aFn)P2= L (A @P? — |V |P?)padadt < 0 < / [ (r(r)lin) caz(t)uy"?us? podxdt. (2.8)
0 Ja, 0o Ja, Ow

(2.7) and (2.8) show that (u;,u,) is a subsolution on Q, x (0, +0oc). Furthermore, we note that
Y1(x), ¢1(x) = p > 0 for some g > 0in Qp = Q\ Q,,. Then from (2.3) there exists an ag > 0,
s.t., if a € (0, ap), the following inequalities hold:

gk(P2=lmna)=ma )| ppa—lgba=nnz gnlrﬁ cr2(t)pu™™? < %nln) c2(®)Y"™?,  x € Qo, (2.9)
0,w 0,w
am*l*ml7k”1u1mp1711/):f1_mm1 < {nln) Coa ()™ < (rmr% caa(t)p1™,  x € Q. (2.10)
0,w O,w
(2.9) and (2.10) show that

// |Vgl|p1_2Vy1Vg01d:vdt:/ / (am)Pr Y (gt — [V [P1) oy daedt
0 Q() 0 Q0
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T
</ min ¢y (¢)uy" uy* o1 dedt, (2.11)
0 Joo (0.w)

and
/ / |Vuy|P2 2 Vu, Vipadrdt = / / (aFn)P2 =1\ @b — |V |7 )padadt
0 Q() 0 Q0
g/ min cag(t)uy ?us?podzdt. (2.12)
0 JQo (Ow)
Therefore (u;,uy) = (a7 (z), a7 (x)) is a subsolution of (1.1), (1.2) and (1.8).
We now construct a supersolution (@y,us) of (1.1), (1.2) and (1.8). Let wy(x), wa(z) be the

positive solutions of the following problems, respectively.

—div(|[Vuw " 2 V) =1, z € Qw; =0,z € 99, (2.13)
—div(|[Vws > ? Vwy) = 1, 2 € Q,wy = 0,2 € INQ. (2.14)

Let
= Awsq (LL'), Ug = ng(x), (215)

where the constants A, B > 0 are large and to be chosen later. We shall verify that (u1,4s2) is a
supersolution of (1.1), (1.2) and (1.8). Let ¢; € C1(Q;),»; > 0, be test functions, i = 1,2. Then
from (2.13), (2.14), we obtain that

// 2L div (V@ | AV er + fi(t T, ) )dadt+
/Qﬂl (z,0)¢1(x,0)dx — /Qﬂl (z,7)p1(z, 7)dx
:/Q (f1(t, @1, o) + div(|Va [P 2V, ) ) dadt
< /T max c11 (t)u] " uyt o1 dadt — /T/ AP =Ly dadt, (2.16)
0o Ja (Ow) 0 Jo

and

0 )  pe— g _
// (ﬂQ%+le(|VU2|p2 2Vu2)302—i—fg(t,ul,uQ)cpg)dxdt—i—
Q.

/Qﬂg(x,O)cpg(x,O)dx—/ﬂg(x,T)gog(x,T)d:v

Q
= / (fo(t, @1, T2) + div(| V| ~* Vi) Jpodadt
Q.
< / max co1 (8)u] *Us? podadt — / / BP2~ L pydadt. (2.17)
0o Jo (Ow) 0 Ja
We need to prove that the right hand side of (2.16) and (2.17) are nonpositive. Let | = ||w1]| oo,
L = |lwalloo, C = max{max(q ., c11(t), max(g) co1(t)}. Since § > 0, it is easy to prove that

there exist positive large constants A, B, s.t.,

APrTimme — gpMpT™Lm, BRI = QAT L2, (2.18)
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Therefore
AP > cahal > max en (T ay*, (2.19)
W
BP2~ > Cual? > maxcoy ()] ul?. (2.20)

These imply that the right hand side of (2.16) and (2.17) are nonpositive. Therefore, (T, %) is
a supersolution of (1.1), (1.2) and (1.8). We can choose large A, B such that u, < u;, i = 1,2.

3. The proof of main results

Definition 3 (Poincaré Mapping) Set T = (T3, Tz): C(R2) x C(Q) — C(R2) x C(Q), T (u1o(x),
ugo(x)) = (ur(x,w), uz(x,w)), where u(x,t) = (ui(x,t),uz(x,t)) is the solution of the initial-
boundary value problem

%’iz = le(lv’uz pi*QVUi) + fi(t,’ul,U,Q), (x,t) c 0O x (0,+OO),

ui(a,t) = 0, (2,t) € 9 x (0, +00),

’U,l(I,O) = U0, T E Q.

and (1.8) in [13].

In the following, we will prove Theorem 1.

Proof Set up = u. By Lemma 1 and the fact that w is the subsolution of system (1.1), we get that
ui(z,w) = Tu(z) > u,;(x), i = 1,2. Repeating the process, we can obtain a sequence {T"u}5° ;,
where T! = T, T" 'y = T(T"u). By Lemma 1 and Tyu > u;, we know that {T"u}5c, is
nondecreasing. Similarly, we can obtain a nonincreasing sequence {T"u}52 ;.

Following Lemma 1, we know that T;u(x) < T;u(x). Therefore
w;(2) < Thu(x) < - < Tlu(z) < Tlu(x) < - < Tia(z) <g(x), i=1,2. (3.4)

Let u, (z,t) be the solution of system (1.1), (1.2) and (1.8) with u;o = 7" *u. We get T"u(z) =
Un(z,w). By Lemma 1, u;(z,t) < @;(x), i =1,2. So there exists a constant Cy independent of
n, s.t.,

filt, urn, uzn) < Co, i=1,2. (3.5)

Following above inequality and Lemma 2, there exist an a > 0 and a constant K depending

only on w > 0, such that
a — w
|um(:v1,t1) — uin(l'g,tgﬂ < K(|:v1 — $2|a + |t1 — t2| 2 ), (l‘i,ti) €0 x [§,w]. (36)

Particularly,
TP u(er) — T u(zs)| < Koy — 22|, 27 € Q.

Due to Ascoli-Arzeld Theorem, there exist a function vy € C(2) x C(9) and a subsequence

of {T"u}S2 ,, without loss of generality, denoted again by {T"u}52 4, s.t.,

T"u — vy, uniformly in C(Q) x C(Q), n — oo. (3.7)
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We will prove that the solution to the initial boundary problem (1.1), (1.2) and (1.8) with
u(z,0) = vg is a solution of Problem (1.1)—(1.3).
Considering initial and boundary problem (1.1), (1.2) with
ui(a, 0) = TPu(a). (3.8)
Since w(z) is a supersolution of (1.1) and T'u(z) < @;(z), we have
win(2,t) <Wi(x), (2,t) € Q x (0,+00). (3.9)
Following above inequality and Lemma 2, we obtain that there exists a positive constant K
depending only on w and a 8 > 0, s.t., (7;,t;) € Q x [w, 2w],
s
|’U,1'n(I1, tl) — Uin($27t2)| g K(|I1 - I2|ﬁ + |t1 - t2|5) (310)
Following the proof of the global existence in [13], we know that there exists a positive constant
Cy independent of n, s.t.,
[Vin|pe: (@x (w,20)) < Co, (3.11)
[Uint | L2 (Qx (,20)) < Co- (3.12)
Due to (3.7)—(3.9), there exist functions w;(z,t) € C(Qx (w, 2w)) and a subsequence of {u;,}3,,

without loss of generality, denoted again by {win}52, s.t.,

Uip — W;, in C(Q x [w,2w]), (3.13)
Vg, — Vw;, in LPH(Q X (w,2w)), (3.14)
Uint — Wit, in L*(Q x (w,2w)), (3.15)
|V in|P 2 Uing, = Wiz, in L%(Q X |w, 2w]), (3.16)

where — stands for weak convergence, i = 1,2. Following (3.4), (3.10)—(3.13), we get that
vio () = w;i(z,w).
By the definition of generalized solutions and (3.10)—(3.13), we obtain

i
//s;(wz 5 |Vw;

:/wi(x,2w)<pi(x,2w)dx—/wi(:zr,w)%(x,w)d:z:, 1=1,2,
Q Q

where Q/ = Q x (w,2w). It shows that function w;(x,t) is a solution of (1.1), on €/,. On the

other hand, following (3.10) and the definition of the map T', we get

pi’QVingai + fz (t, w1, wg)%)dxdt

w(z,2w) = lim uy(z,2w) = nlirrgo T (un(z,w)) ()

= lim T(T(T"w))(x) = lim T""2u(z)
= lim 7" u(z) = lim T(T"u)(x)

n—oo

= lim up(z,w) = w(z,w).

By the uniqueness of the solution to the initial and boundary problem, we know that w(z,t) =
w(z,t + w), t € [0,w]. Therefore, u(z,0) = w(z,w) = w(z,2w) = u(x,w). The proof is com-
pleted. O
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