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1. Introduction

Recently, Softova [1] considered the boundedness on generalized Morrey spaces of the follow-
ing singular integral operator

Tf(x) = pv. / k(i x — ) (y)dy (L1)

n

and its commutator with a function b € BMO(R"™) defined by

b, T1f(z) = b(z)T f(x) = T(bf)(x) = p-V-/ (b(x) = b(y)k(z;x —y)f(y)dy.  (1.2)

n

In (1.1) and (1.2), the kernel k(x;&) : R™ x R™ \ {0} — R is a variable kernel with mixed

homogeneity; for its definition see the next section. This class of kernels was firstly studied by

Fabes and Riviere in [2]. They generalized the classical kernels of Calderén-Zygmund k(§) = ?E(f")
having homogeneity of degree —n and those studied by Jones in [3] satisfying homogeneity
property of the form k(A \"71) = A" ™k(¢,7), £ € R", 7 € (0,00), m > 1. Introducing a
new metric p and using the Fourier transform in L?(R™) and the Marcinkiewicz interpolation
theorem, Fabes and Riviere obtained the boundedness of (1.1) in LP(R™) for 1 < p < oo, where
R™ is endowed with the topology induced by p and defined by ellipsoids.

In this paper, we consider the vector-valued singular operator of (1.1). Let 1 < ¢ < co. We
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define the vector-valued singular operator T; associated with the operator T by
> q 1/q
T,F(2) = [TF(@)l, = (1T fi@)?)
k=1

where for simplicity, we denote a sequence functions {fi};—, = F.

Now we can state our first result.

Theorem 1.1 For 1 < q < oo, Ty is of type-(8,9), 1 < § < 0.

Since the commutators of singular integral operators with BMO(R™) functions play a key
role in the study of the regularity of solutions to nondivergence elliptic equations with VMO(R"™)
coefficients [4-6]. The commutators attract more attention recently [7-11] and references therein.
In fact, as a generalization of m-th commutator of singular integral and BMO function, Pérez
and Trujillo-Gozalez introduced multilinear commutators in [9], they obtained sharp weighted
and vector-valued estimates of multilinear commutators respectively in [9] and [10].

In [12], one of the authors of the paper discussed the generalization of (1.2), namely, multi-

linear commutator,

—

B117) = pv. [ T0io) - bi)ktesc ~ )W), (1.3

where b = {br,...,by}, and {b;}7, are BMO functions.
Motivated by [9] and [10], as a continuation of [12] we consider in this paper vector-valued

extensions of the multilinear commutators of (1.1) defined by the formula

-

. 11,F () = [B.71F ()], = (ST @)) ",
k=1

where b = {by,...,bn}, {b;}™, are BMO(R") functions, and F € L°(¢7)(R"). Here is another

main result of this paper.

Theorem 1.2 Let 1 < § < co. Then there exists a positive constant C such that

1B, T]gFll sy < C T Ibilleaol| Fll s ea) ey

i=1
holds for all smooth vector functions F = {fy};—, with f; having compact support and F €
L2(£7)(R™).

The paper is organized as follows. In Section 2, we recall some definitions and preliminary
results. In Section 3, we give the proofs of Theorems 1.1 and 1.2.

Throughout this paper, we use C to denote a positive constant that may vary from lines to

lines.

2. Preliminary results

Let aq,...,a, be real numbers, where o; > 1 and set a = Z?:l «;. Following Fabes and

Riviere [2], the function F(z,p) = > | a?p~2*, considered for any fixed z € R™, is a decreasing
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one with respect to p > 0 and the equation F(x,p) = 1 has a unique solution p(z). It is easy to
check that p(x —y) defines a distance between any two points x,y € R™. Thus R", endowed with
the metric p, results in a homogeneous metric space, see [2,7] for details. The balls with respect
to p, centered at the origin and of radius r, are simply the ellipsoids
22 a2
&(O):{xeR": Lopop o <1}

7-2(11

with Lebesgue measure |£,.(0)] = C(n)r®.

Definition 2.1 The function k(z;§) : R™ x {R™\ {0}} — R is called a variable kernel with
mixed homogeneity if: (i) For every fixed x, k(x;-) is a constant kernel satisfying

ia) k(w;-) € C=(R™\{0});
ip) k(x;t*r&y, ... tonE,) =t % (x;6), Vi >0, 0, > 1, a = 27.1 1
ic) [y k(z;€)dog = 0 and [, |k(x;€)|dog < oo, where ¥, is the unit sphere with the

Euclidean norm in R™ and do is the Lebesgue measure induced in X,,;

(ii) For every multiindex (3 : Supgcgn |D?k(x; &)| < C(p) independently of x.

For a given function f € L] (R") define the Hardy-Littlewood maximal operator M f and
the sharp maximal operator f# by setting for all = € R™,

M ./L' SU.p |5|/|f | y7 #‘T —SU.p |5|/|f f5|dy7

el

where the supremum is taken over all ellipsoids £ centered at x, and fg = Tl g‘ fg y)dy. Define
also the vector-valued maximal operator M F(z) = (Y o, (M fi(x))?)*/? for ¢ > 1.

Lemma 2.1 Let f be a measurable function. Then M f is a type-(p,p) operator, that is, there
exists a constant C such that for all f € LP(R™), M f € LP(R™) and |M f||, < C| fllp-

Lemma 2.2 Let 1 < p < oco. Then there exists a constant C' such that
7% < Cllfllp
for all functions f € LP(R"™).

Definition 2.2 For f € Ll _(R"), if f# € L®(R"), we call f € BMO(R"). ||f#||~ is defined
to be the norm of f in BMO(R™) and denoted by || f||Bmo-

Lemma 2.3 Let b € BMO(R") and 1 < p < oo. Then there exists a constant C' such that for

any ellipsoid £
1 1/p
(g7 100 = beas) < Clblonco

Lemma 2.3 is a John-Nirenberg type inequality. Lemmas 2.1-2.3 are the well known maximal

and sharp inequalities obtained in Lebesgue spaces [13, 14].

Definition 2.3 Let 1 < p < co. A function F = {fi};-, € L} .(R") belongs to LP(¢7)(R™)
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space if the following norm is finite

Il Lo (eaymeny = (/R (i Ifk(:v)lq)p/qu)l/p.
k=1

Moreover, we need spherical harmonics and their properties. Denote by ); the space of
all n-dimensional spherical harmonics of degree j. It is a finite dimensional linear space with
g; = dimY); such that go =1, g1 = n and

j+n-—1 j+n—3 n—2
C_ — < C(n)j" > 2. 2.3
9i (n_1><n_1)_(”)J = (2.3)
Further, let {Vs;}72, be an orthonormal base of Y;. Then {Vs; :j5=0,1,...;8=1,...,9;} is a
complete orthonormal system in L?(%,,) and
sup [DYYsj(2)] < Cn)g P22, > 1 (2.4)
rEX,

If € C*°(X%,), then Z;io 9 sjYs; is the Fourier series expansion of ¢ with respect to

{¥sj:7=0,1,...;8=1,...,g;} and
Psj = / $(y)Vsj(y)do, || < Cln,1)j7%  sup  [D)o(y)] (2.5)
I |Bl=2L,y€ X,
for any integer [. In particular, the expansion of ¢ into spherical harmonics converges uniformly
to ¢. We refer to [15] for the proof of the above results.
We write

5. T)F(x) = pv. / H y)k(z,z —y)F(y)dy = { lim [b, T]efd(a:)}:;,
where m
timgF. 7)) = g [ 00 bkt ) Sl
plx—y)>€ ;-

Let z, y € R™ and ¥ = y/p(y) € X,,. From the properties of the kernel with respect to the
second variable and completeness of {Vs; 15 =0,1,...;8=1,...,9;} in L?(%,), it follows that

k(w;x —y) = ple —y) " k(z; T —y) = p(z —y) Zw” 2)Vsj (T = ).

By Definition 2.1 (ii) and (2.5), we then have
stj HOO S C(TL, lu k)j_2l (26)

for any integer [ > 1. Substituting the kernel with its expansion, we obtain

hmT flz) = hm/ ZUJSJ Hs; (x —y)f(y)dy,
(z—y)>e g j
. 7).f (@) =t [ T 0u(e) = bu0) 3 s )P~ ) )
e— €e— ola y)>éz 1 7

where H,;(z —y) stands for Vs;(x — y)p(z —y)~*. It is known that H,;(-) are constant kernels in
the sense of Definition 2.1 (i), see [1]. By the same argument stated in the proof of [1, Theorem
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3.1], we deduce
lim[l;,T = lim ZUJSJ b b, Ksje) f()

e—0 e—0

exists, where

Koof(z) = / Hay(z — ) (w)dy,
plz—y)>e

and
m

—

[b, Ksjel f(x) = [T i) = bi(w))Hej (@ — v) f (v)dy.
(z—y)>

Thus we can write

Zd)sg )b, K] F ()

with
Kst(.I) = hl% ,}_(Sj(a7 - y)F(y)dyv
TV p(a—y)>e
and
@) =t [ T[0) i) ese —) Py
PlE@=Y)>€ =1

For Hs;j(x — y), we have the following lemma which is Lemma 3.2 in [1].

Lemma 2.4 Let £ and 2€ be ellipsoids centered at xog and of radius r and 2r, respectively.

Then
Hsj(@ —y) = Hsj(zo — y)| < C(n, Oé)j"m%
for each x € € and y ¢ 2€.
For convenience, we introduce some notations. Given any positive integer m, for all 1 <
i < m, we denote by C!" the family of all finite subsets ¢ = {o(1),...,0(i)} of i different
elements of {1,2,...,m}. For any o € CI", we associate the complementary sequence ¢’ given
by o/ ={1,2,...,m}\o. For any o € CI", we set b(7 = HtEU b, Hb | = Htea Ib:|lBMo and

—

By K| F () = / () - Bw))oHoy (& — 4) F(y)dy.

n

In the case of o = {1,2,...,m}, we denote [b,,T] by [b, T).

3. Proofs of main results

To give the proofs, we adopt the method used in [1] and [10]. Firstly, we have the following
lemma, which is derived from Corollary 4.6.3 on page 328 in [13], since {K,;}s; satisfy the

conditions therein according to [2] .
Lemma 3.1 Let 1 < §, ¢ < oo. There exists constant C' such that for all F € L(¢9)(R"),

K55 F'll Lo eaymy < CIIF | 15 00y mmy-
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By Lemma 3.1, we can easily obtain Theorem 1.1. In fact,

oo G5
ITyFlls <)Y I1¥sillool1 K g Pl s 0ny )

7j=1s=1
oo 9j
<CY Y TPy eny
j=1s=1
< CZj72l+n72|\F||L6(eq)(Rn)
j=1

< ClF || Lo eay@ny
provided that we take I > (n —2)/2.

Lemma 3.2 Let [b, K,;] be as above and 1 < p < co. Then there exists a constant C' such that

—

(. Kol FY# (@) < O 2151 (0P @)+ Y 3 15l (MG Kol FIPY@))

i=1o0c€C™

for all smooth vector functions F = {fi}re, f € L for k > 1, and for all x € R™.

Proof To prove the lemma, we make use of induction on m. First let us consider m = 1. In

this case,
b, Ksj1F = (b— N K5 F — Kg;(b— NF).

For fixed z¢p € R", £ denotes an ellipsoid at xg with radius r, 2€ denotes the ellipsoid concentric
with £ and radius two times the radius of £. Decompose F' = F! 4+ F?, where F! = Fyys =
{frx2e}72 1, with x being the characteristic function of the respective set. We write [b, K;]F
as follows: [b, K;]F = (b— A\ Ks;(F) — [Ks; (b — N)FY) + Kgj((b — N\ F?)]. Setting A\ = bg =
IS\ Je b(y)dy, and A = [K;((b— X\)F?)(x0)]4, we have

(b Kl a0) <7 [ I Plo) = Alda

|g|/]bKSJ x) 4+ Kg ((b— \) F?)( xoy dz

SE/SKb(a@)—A) i (F) ()], dx + |g|/yKSJ (b= NF") (2)], do+
%‘/g ’Ksj ((b—)\)F2) ((E) _Ksj ((b_)\)F2) (xo)’qu
=C(I+ 11+ III).

We first estimate I. Here and in what follows, p’ is the conjugate exponent to p. Using Holder’s

inequality, we have

=1 [ (100 -0 acor) “as
= E/g|b(9c) — M| Ky (F)(x)|qdx
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1 ’ /p
< — b — pd KS pd
< [ -aras)"” (5 [1KF)@ha)

1
< Cbllsno (M(|Kg FIE) (o)) ”

where in the last inequality, we used Lemma 2.3.

To estimate II, let 1 < 7 < p and 7 be the conjugate exponent to 7. We have
1 1
= E/g |Ksj (b= NF )(x)\qu
1 1 . 1/7 1/’
< E(/£|K5j (b= NF") (@)]] dx) (/gmx)
C 1 = 1/7
|8|1/T(/€|(b—A)F (x)\qu)

c 1/p (7= /o7
< p _ \|pT/(p—7)
< |g|1/T(/ZS|F(a:)|qu) (/25 1b(z) — Al dz)

< Clbleumo (M(IFE)(20)"?

IN

where we used that (K;), is of type (p,p) for 1 < ¢,p < oo (see Lemma 3.1) and Lemma 2.3.

Now we turn to estimate III. Since z, zg € &, y ¢ 2&, by Lemma 2.4, we have

Koy (b= NF?) (2) - Koy (0= NF?) (@0)],

Q)l/q

= (z_: ‘ /25)0 [Haj(x —y) = Haj(zo — y)Ib(y) — ALSE ()
SCj"/2p(x0—x)/ Mdy

@&y plro —y)ott

F(y)l? 1/p b(y) — AP’ 1/p’
ey P(To — Y)* ey P(To — Y)*
where in the second inequality, we used Minkowski’s inequality. Here we have
|F(y) / [F(y)l§ 201
_ dy < M(|F2)(xq)- 3.3
/(QS)C p(IO - a+1 Z 2k+1E\2kE p To — y)a+1 Y= r (| |q)( 0) ( )
Since |barg — be| < C(n, @)k||b||mo for k € N, by Lemma 2.3, we have

A th

bly) = AP >\|p /
—— d
/(25) p(zo — y)ott "‘+1 Z ok+1g\ake P(To — y)*T! Y

< — b MP'd
Z (ri)aﬂ /2k+15\2k5| () = A" dy

k=1
[e’e) 2p'—1 / /

< Z (QkT)aJrl /2k+18\2kg(|b(y) - bzk+1£|p + |b2k+lg — bg|1’ )dy
k=1

= |2k tig| ; ,
< ZW(1+H’ )bl B0
k=1

p/
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Combining (3.2), (3.3), and (3.4), we obtain
L1 < Cj"2|bl| (M (IF[f) (0)) /.

Summing up I to III, and taking the supremum over all ellipsoids £, we obtain the lemma
for the case of m = 1.

Now suppose m > 1. For any X = .S T Am) € R™, we have

b, Kj] P () :/ (b1(x) = b1(y)) -+ (b () — b (y))Hsj (x — y) F(y)dy

R™ =1
=30 3 U Ee) = R [ Fw) — Doty @ )Py
i=0 ceC™

Now for (b(y) — X)or, we write (b(y) — X)or = (b(y) — b(z) + b(x) — X)4. Thus,

m—1

>3 ") - N [ (0) - Dty o - ) o)y
=1 UGC;"
m—1 m—i
=3 X ) - R, 3 X ) =R [ ()~ B Hes o~ )Py
i=1 ccC™ j=0 gecm
m—1
=Y S () E) - Do x
=1 G’GC;"
- > (=)™ (@) — Ve / () = b(y))eHas (= = y) F(y)dy
Jj=0 ¢cc™~
cUe=o
=Y S O ) = ) [ Mo — ) Fly)dy+
i=1 ceCm™ t=1 Rn
DS (1)) — Ko x
i=1 ceC™
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m—1
> 3 Conslilw) = s [ (Fw) ~ ) o — ) Py
i=1 ceC™ "
= (—1+ (=)™ ][ elz) = X)) | Hei(@ —y)Fy)dy+
t=1 R
m—1
ConsB(@) = N [ (Fw) = ) sl ~ 1) F ()i (3.
i=1 ceC™ "

where Cy, ; are 1 or —1. Substituting (3.6) into (3.5), we have

m

b, Kyj Fw) = m“H MK F () + (1) Ky ([ T (b0 = ) F) @)+

i=1

S S o) = B [ 6) = Ko Hasa = )P

i=1 oeC™

For fixed 29 € R, let &, 2€, F! and F? be the same as above. We write [b, Kj|F as follows

B K. (@) == T[4(e) = M) Koy (F) o) + (=1 Ky ([ [ = M) ) )+
(=)™ Koy ([T (b = X)) F?) () +
i=1
3 Y Ol = R [ 0) = o)) — ) F )3

i=1 ceC™

Setting A; = bie = IS\ Je bi(y)dy, and A = [(=1)" K ([T~ (bi — M) F?)(0)|g, we then have

(1, ng Zo)
|5| / I[ b KjlqF (z) — Aldx
= E/g [I_): Kgj|F(x) — (=1)" Ks; (f[l(bi - )\i)F2)(:vo) qd:v
< %/g E(bz(x) - )\i)Ksj(F)(:E)‘qu—i— %/g }Ksj (il:[l(bi _ )\i)FI)(x)‘qu+
% /g K (ﬁ(bi - AZ—)F2) (z) — Ky (ﬁ(bi - )\i)FQ) (xo)‘qu—i-
. m_ U;qm(—l)”‘i“@(w) R [ Fw) = B ol ~ )Py do
=C(I+1II+1I+1V).

To estimate I, similar to the case of m = 1, using Holder’s inequality for finitely many
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functions, we have

|6|/ Z'H )~ MK @)7)

1 e ’ /P
= b; —)\ipd K( nd
< (|g|/€i[[1| () — Ml da) |g|/| J(F) (@) e

M 1
< CT[Ibillsno (M(| K F ) (0) 7,

i=1
where in the last inequality, we used Lemma 2.3.

To estimate II, let 1 < 7 < p and 7’ be the conjugate exponent to 7 again. We have
KS b —Ai ’ dx
Tl / 6 ( ) (@)
m T 1/7 1/
Ko ([ L0 = 2)FH ()] d 1d
|5|/\JH )@)qw) ([ 102
m l/T
< (LTI - ")
<— (/ |F($)|pdx) p(/ ﬁ Ibs(z) — /\i|pT/(p_T)d:17) (p—7)/pT

) |5|1/T 2 ! 2821

<C T IIbillsso (M(FIE) (o)) 7,

=1

where we used that (K;)q is of type (p,p) for 1 < ¢, p < oo (see Lemmas 2.3 and 3.1).

Now we turn to estimate III. Since z,z¢ € &, y ¢ 2&, by Lemma 2.4, we have

’Ksa (H(b — A )F2)( ) - Kj(ﬁ(bi—)\i)F2)($0)

1=

q

1 a\1/q
Z\/2 —y) = Hoj (o = )] [T 1i(w) = NillF(w)lay| )
=1
; 1 10i(y) — Ml |F ()]
< O p(xo — [T, | a4
(o =) (26)° p(wo — y)o+t
. Fl N [ T Dbut) = Ml
< o2y / _ Wl iy |bi i, | .
=~ 0 ( (28)¢ p(:co — y)a-i—l y) ( (26)° p(xo — y)a+1 y) ( )

where in the second inequality, we used Minkowski’s inequality.
Let 1 <q1,...,qm <oo,and 1/¢1 + -+ 1/¢, = 1. By Holder’s inequality for finitely many
functions, we obtain

obi(y) — N\ P’ l/p i qip’ 1/qip’
( [LZ, [bi(y) A | ) (/ (y) — L dy) '
@&y PlTo—y) =1 /(@26 P p(zo —y)

m

(3.8)
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Similarly to (3.4), for 1 < i < m, we have
/ |bl(y) - )\ilqip/ dy || z| qBZI\P;IO (39)
ey plzo —y)ott =~
Combining (3.7) to (3.9), we obtain

1T < G52 |5 (M (| F[5) () /7. (3.10)
Finally, we estimate IV. Let 1 < 7 < p and 7’ be the conjugate exponent to 7 again. We
have
m—1 ’
1 T 1/7 1/7
V< 3 (/’Hwt( ) = Al [bor Sj]qF(x)’ dx) (/ldx)
1=1 o€o; € teo &
m— 1 (p—7)
S5 Z (g7 [ oo o) |s|/ [T pw) = pr/=ar)
i=1 o€o
m—1
1
C D73 bl (M[bor, Kol F o)) 7
1=1 o€o;

Summing up I to IV, and taking the supremum over all ellipsoids £, we obtain Lemma 3.2

for m > 1. This finishes the proof of Lemma 3.2. O

Lemma 3.3 Let 1 <6, g < co. Then
116, K i) F|| 13 (gaymy < C™ 2|6l BMO || F || 15 (40 () (3.11)

holds for all smooth vector functions F = {f};-, and F € L for 1 < k < oo and for all z € R"

with constants C' depending only on n, p and «.

Proof We use induction on m. First we suppose ([b, Kgj],F)* in LO(R™). Let m = 1. In this
case b= b1. Choose p such that 1 < p < §. By Lemmas 3.1 and 3.2, we have

[ @KL @rde <C [ [2b oo (M(FIE) @)+

1/p19
Ib1llenio (MK FI)@) """ | da
Cl5™|1b1lBMO | F || 15 (gay ()

Power 1/4 to the last inequality, we obtain (3.11). Assume that (3.11) holds for 1,2,...,m — 1.
Then by Lemmas 3.1 and 3.2 again, we have

LK FY @Pde <0 [ G211 (P @) +
n R
m—1
S Y ol (Mo Kl FE) @) e

i=1 oeC™

< [('”/2|\5||)5||(M(IFIZ)I\a/p)5/p+

Z > G2 lba B0 1D (HE 5 15/)°7)

=1 ccC™
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CG" 2 BIIEF 15 oy mmy)°

where 1 < p < §. Power 1/¢ to the inequality again, we obtain (3.11). To end the proof of the
lemma, we need to check that ([b, KgjloF)* in LO(R™), for F € L and F in L°(£9)(R™).

First, suppose that the symbols {b;}7, are all bounded functions. Since F' has compact
support, we can assume that the support of F is contained in the & = £(0, R). Then we can

write

/ B, K o] F() P d = / . Kol F () P di + /(Qg) I, K oj] o F() P

The first integral can easily be estimated by making use of the L>°-boundedness of the b; and
the Li-boundedness for ¢ > 1 of the operator K,;, since K; is a Calderén-Zygmund operator.
For the second term, by the properties of H,;, since p(z) > 2R, we have the following pointwise

estimate:

B Kol F@)] < © Z!/ [y biler) = z)<g>||fk<y>|dy’q)uq

plz —y
(i’ TR /Op( N |fk(y)|qdy‘q)l/qSCMqF(a:),
k=1 r—

According to our supposition F' € L and F in L°(¢7)(R™), then F € L° for 1 < § < occ. By the
well known fact that M, is bounded in L? for 1 < § < oo, we obtain the second integral is finite.
This means [b, K;j],F € L® for 1 < 6 < co.

For the general case, letting N > 0, we truncate the symbols b; as b)¥ = max(min(b;, N), —N)
and denote bY = (b, ..., bN). Tt is casy to see that 16N Mo < C||bi]|BMo- According to the

above, we have
/ B, K.l de < CJB) / )’ da.

Taking into account the fact that F' has compact support, we obtain that any product bl]»\f . bf-\]f F
converges in any L9 for ¢ > 1 to b;, ...b;, F' as N — oo. Hence, at least a subsequence,
|[5N,Ksj]qF|‘s converges pointwise almost everywhere to |[b, Ksj]4F|°. By Fatou’s lemma we
conclude that the lemma holds for this general case. Thus, by Lemma 2.2, we obtain Lemma
3.3 for F € L¥. Then, by the standard limit process, we obtain Lemma 3.3. This completes the
proof of Lemma 3.3. O

Now we can complete the proof of Theorem 1.2. By (3.1) and Lemma 3.3, we have

TP s < 3 3 i@l Koy Flls < U sanuny 35272007
j=1s=1 =1

So choosing I > (3n — 2)/4, we obtain that
116, T]qFlls < ClBIIE | L5 (ga) @) -
This completes the proof of Theorem 1.2. O

Remark The main results of the paper can also be obtained by the similar method in [16].
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