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Abstract In this paper, a new class of fuzzy mappings called semistrictly convex fuzzy mappings
is introduced and we present some properties of this kind of fuzzy mappings. In particular, we
prove that a local minimum of a semistrictly convex fuzzy mapping is also a global minimum.
We also discuss the relations among convexity, strict convexity and semistrict convexity of fuzzy
mapping, and give several sufficient conditions for convexity and semistrict convexity.
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1. Introduction

In 1992, Nanda and Kar [1] firstly introduced and discussed the concepts of convex fuzzy
mapping and strictly convex fuzzy mapping, obtained the criteria for convex fuzzy mapping, and
considered several applications to convex fuzzy optimizations. Subsequently, some authors have
investigated various aspects of theory and application of convex fuzzy mappings [2-5]. Especially,
in 2003, Wang and Wu [4] studied the applications to convex fuzzy programming by establishing
the fuzzy subdifferential of fuzzy mapping.

Motivated both by earlier works of [1-6] and by the importance of the concept of semistrict
convexity in classical convex analysis, we propose and the consider semistrict convexity of fuzzy
mappings in this paper. In particular, we get that a local minimum of a semistrictly convex fuzzy
mapping is also a global minimum, also discuss the relations among convexity, strict convexity
and semistrict convexity of fuzzy mapping, and infer several sufficient conditions for convexity

and semitrict convexity.
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2. Preliminaries

Let R" be the n-dimensional Euclidean space. The family of fuzzy numbers for R! will be

denoted by Fy. Since each r € R can be considered as a fuzzy number 7 defined by

- { 1, if t=m,
r(t) =
0, if t#r.

It follows that R' can be embedded in Fy.
As is known in [7], the a-level set of a fuzzy number u € Fy is a nonempty closed and bounded

interval
{x € RYu(x) >a}, if 0<a<l,
cl(suppu), if a=0.

)" (@)] = [l = {

Again from Lemma 2.2 of [7], we see that a fuzzy number u : R* — [0, 1] is determined by the
end-points of the interval [u],. Thus we can identify a fuzzy number u with the parameterized
triples

{(us(),u(a), )] 0 < @ < 1},
where u,(«) and u*(a) denote the left-and right-hand endpoints of [u],, respectively. We denote
it as u = {(u«(), u* (), )] 0 < a < 1}.

For any u,v € Fy represented by {(us(),u*(a),a)| 0 < o < 1} and {(vi(),v* (@), @) 0 <
a < 1}, respectively, and each nonnegative real number r, we define the addition v + v and
‘scalar’ multiplication ru as follows:

u~+v={(us(@) + vi(a),u(a) + v*(a), )]0 <a <1}
= {(us(@),u*(a),a)[0 < a <1} + {(vs(a),v"(a), )| 0 < a <1},
ru = {(

Then u +v € Fy, ru € Fy and

)

ux (@), ru” (), )| 0 < a < 1}.

[utv]i(@) = u(a) +o(a), [uto]*(a) = v (a)+v™(e); [rul«(e) = ru.(a), [ru]*(e) =ru*(a).

Definition 2.1 For u, v € Fy,
(a) we say that u < v if for every a € [0, 1], u*(a) < v*(e) and u.(a) < v*(a);
(b) we say that u < v, if u < v and there exists ag € [0,1] such that

u* () < v*(ag) or ux(ag) < vi(ap);

(c) we say that u = v, if u <wv and v < u,
where u = {(u. (), u*(a),@)|0 < a < 1}, v = {(vi (@), v*(a),@)|0 < a < 1}.
In the following, we recall the concept of convex fuzzy mappings. Throughout this paper, let

C be a nonempty convex subset of R™.

Definition 2.2 ([1]) A fuzzy mapping F : C — Fy is said to be convex if

PO + (1= \y) < AF(2) + (1 - VF(y),
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for every xz,y € C' and X € [0, 1].

Definition 2.3 ([1]) A fuzzy mapping F : C — Fy is said to be strictly convex if
Fox+(1—=MNy) < AF(z)+ (1= NF(y),
for every z,y € C, x #y and X € [0,1].

Definition 2.4 A fuzzy mapping F : C — Fy is said to be lower semicontinuous at a point

xg € C, if for any € > 0, there exists a § > 0 such that
F(zg) < F(z) + ¢,

for all x € C and ||z — xo|| < 6. F is said to be lower semicontinuous on C if it is lower

semicontinuous at each point of C.

3. Semistrictly convex fuzzy mappings

In this section, we introduce the concept of a new class of fuzzy mapping termed semistrictly
convex fuzzy mapping, and discuss its properties. In particular, the following Theorem 3.1 shows
that a local minimum of a semistrictly convex fuzzy mapping over a convex set is also a global

minimum.

Definition 3.1 A fuzzy mapping F : C' — Fy is said to be semistrictly convex if
Fox+(1—=MNy) < AF(z)+ (1= NF(y),

for every z,y € C, F(x) # F(y) and X € (0,1).
The following example illustrates that a semistrictly convex fuzzy mapping is not a convex

fuzzy mapping.
Example 3.1 Let
F(x)_{ {(1,1,r)] 0<r <1}, x=1,
{(—vV1=r,v/1=7r,7)|0<r<1}, x#1andzxe€]0,3].
Then F : [0,3] — Fo is a semistrictly convex fuzzy mapping, but is not a convex fuzzy mapping.

Therefore, F' is not strictly convex fuzzy mapping either.

Proof Clearly, every z,y € [0,3], F(z) # F(y) if « =1, y € [0,1) U (1,3]or y = 1, z €
[0,1)U (1,3], and for 0 < A < 1 we have Az + (1 — Ny € [0,1) U (1, 3].
Without loss of generality, we assume that =1 and y € [0,1) U (1,3]. Then
For+ (1 -=Ny) ={(-—vV1—-r,vV1-—rnr)0<r <1},
AF(z)+ (1 =XNF@y) =ML, 1,n)0<r<1}4+Q-X{(-vV1I-r,vV1I-rr0<r<1}
={A-1=-MDV1I—-r A+ 1 =-NV1I—rn)0<r<1},
which implies that F(Az + (1 — N)y) < AF(z) + (1 — XA)F(y). It follows that F is a semistrictly

convex fuzzy mapping.
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Letx:2,y:%,)\:%. Then

Fx+(1-=Ny)=F(1)={(1,1,7)]0 <r <1},

1 2
AF(z)+ (1= MNF(y) = g{(—\/l—r,\/l—r,rﬂ() <r<1}+ g{(—\/l—r,\/l—r,rﬂ() <r<1}
:{(_Vl_Tv Vl_TaT”OSTS 1}5
which implies that F(Azx + (1 — N)y) > AF(z) + (1 — A)F(y). It follows that F is not a convex
fuzzy mapping.

Theorem 3.1 Let F : C — Fy be a semistrictly convex fuzzy mapping. If T € C is a local

optimal solution to the problem of minimizing F(x) subject tox € C, then T is a global minimum.

Proof Suppose that T € C' is a local minimum. Then there is a neighborhood N(T) such that
F(@) < F(x), Yz e CnNN(T). (1)

If T is not a global minimum of F, then there exists a y € C such that F(y) #? F(T). Hence
there exists r¢ € [0, 1] such that

F(y)*(ro) < F()"(ro) or F(y)«(ro) < F(z)x(ro)-
So that by the semistrict convexity of F', for every A € (0,1) we have
Fy+ (1 —-XNT) < AF(y) + (1 - NF(Z),
which implies that
F(y + (1= A)T)"(ro) < AF(y)*(ro) + (1 = M) F ()" (ro) < F(T)*(ro),
FQy + (1= )Z)u(ro) < AF(y)«(ro) + (1 = N)F(T)+(ro) < F(@)«(ro).

Therefore, we have F(Ay + (1 — A\)Z) # F(T), for all 0 < A < 1. For a sufficiently small A > 0, it
follows that Ay + (1 — A)T € C' N N(T), which is a contradiction to (1).

Remark 3.1 From Example 3.1 and Theorem 3.1, we can conclude that the class of semistrictly
convex fuzzy mapping constitutes an important new class of convex fuzzy mapping in fuzzy

programming.

Theorem 3.2 Let F : C — Fy be a semistrictly convex fuzzy mapping, and let G : Fy — Fy be
a convex and strictly increasing mapping. Then the composite mapping G(F) is a semistrictly

convex fuzzy mapping on C.

Proof For any z,y € C, A € (0,1), if G(F(z)) # G(F(y)), then F(z) # F(y). Since F is a
semistrictly convex fuzzy mapping, we have F(Az + (1 — N)y) < AF(z) + (1 — A\)F(y). From the

convexity and strictly increasing property of GG, we obtain

G(F (A + (1= N)y) < GAF(@) + (1= NF(y)) < AG(F(2)) + (1 - NG(F(y)).
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Hence, G(F) is a semistrictly convex fuzzy mapping on C.

Naturally, we can get the following result.

Theorem 3.3 Let F : C — Fy be a semistrictly convex fuzzy mapping, and let G : Fy — Fy be
a strictly convex and increasing mapping. Then the composite mapping G(F) is a semistrictly

convex fuzzy mapping on C.

4. The sufficient conditions for convex and strictly convex fuzzy map-
ping

We know that semistrict convexity cannot imply convexity and strict convexity. Nevertheless,

we have the following interesting results.

Theorem 4.1 Let F : C — Fy be a semistrictly convex fuzzy mapping. If there exists « € (0,1)
such that
Flar+ (1 —a)y) <aF(z)+(1-a)F(y), Vz,y € C.

Then F' is a convex fuzzy mapping on C.
Proof Suppose that there exist 2,y € C and X € (0, 1) such that
Fox+(1—=MNy) £ A\F(z) + (1 =N F(y).
Then there exists 7o € (0,1) such that
F(Az + (1= Xy)"(ro) > AF(2)"(ro) + (1 = M) F(y)" (ro) (2)

FQAz + (1= Ay)«(ro) > AF(2)+(r0) + (1 = A)F(y)«(ro)-

Without loss of generality, we assume that (2) holds true.
(I) If F(x) # F(y), then by semistrict convexity of F, for any A € (0,1) we have

FAz+ (1 - Ny) < AF(z)+ (1 —N)F(y),

which is a contradiction to (2).
(II) If F(z) = F(y), let zx = Az + (1 — A)y, then (2) implies that

F(22)"(ro) = F(Az + (1 = A)y)"(ro) > AF(2)"(r0) + (1 = A)F(y)" (ro)
= F(z)"(ro) = F(y)"(ro)- 3)
i) FO<a<A<1letu=(A—a)/(l—a) then0<pu<\<1and
an = Azt (1= Ny = (a1 — @) + @) + (1 — (u(1 — a) + a))y
—aw+ (1 )z + (1 — a)y — (1 — a)y
=ar+(1-a)pur+ (1 —-a)(1 —p)y) =ax+ (1 —a)z,.
Hence by the hypothesis of the theorem and (3), we have

F(2x)"(ro) = Flaz 4+ (1 — a)z)"(ro)
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< aF(z)"(ro) + (1 = @) F(2)"(ro) < aF(2x)"(ro) + (1 = @) F(2,)"(ro),
which implies that (1 — a)F(2x)*(ro) < (1 — a)F(24)*(ro). Therefore, we get
F(z3)*(ro) < F(z,)"(ro)- (4)

On the other hand, let 6 = (A — u)/\. Then 0 < 6 < 1 and by the same method we can get
that z, = 0y + (1 — 6)zx. Hence by the hypothesis of the theorem and (3), we have

F(2,)"(ro) = F(0y + (1 = 0)2x)"(ro) < 0F(y)"(ro) + (1 = 0)F(2x)"(r0) < F(2)"(ro),

which is a contradiction to (4).
(i) TO<A<a<l,let p=A/a. Then 0 < p <1 and we can get that zy = az+ (1 —a)z,.
Hence by the hypothesis of the theorem and (2), we have

F(2x)"(ro) < aF(y)*(ro) + (1 = @) F(2,)" (ro) < F(2.)"(ro)- ()

On the other hand, let # = (x — X)/(1 — A). Then 0 < # < 1 and we can obtain that z, =
Ox + (1 — 6)zy. Therefore, by the semistrict convexity of F' and (3), we have

F(zu)"(ro) = F(0x + (1 = 0)22)"(r0) < 0F (x)"(ro) + (1 = 0)F(2x)"(r0) < F(2x)"(r0),
which is a contradiction to (5). This completes the proof. O

Theorem 4.2 Let F : C — Fy be a semistrictly convex fuzzy mapping. If there exists « € (0,1)
such that for any x,y € C' and x # y

Flax+ (1 —a)y) < aF(z) + (1 — a)F(y),
then F' is a strictly convex fuzzy mapping on C'.

Proof Since F is semistrictly convex, we only need to show that if F(x) = F(y) and = # y,
then
FOoz+(1-Ny) <AF(z)+(1—-MNF(y) = F(z) = F(y), YA€ (0,1).

By the hypothesis of the theorem and for any =,y € C, x # y and F(z) = F(y), we have
Flazx+ (1 —a)y) < aF(z)+ (1 — a)F(y) = F(zx) = F(y).

Let z = ax + (1 — a)y. For each A € (0,1), if A > «, then taking 4 = (A — a)/(1 — «) € (0,1),

we have

pr+(1—pz=(A-a)/(1-a)r+(1-A-a)/l-a))(ex+(1-a)y)
=(A=a)/(1 =) +a(l =N/ -a))z+ (1 =21 -a)/(1 —a)y
= Az +(1—-N)y.

Hence by the semistrict convexity of F' and F(z) < F(xz), we have
Faxr+ (1 =Ny)=Fuz+ (1 —p)z) < uF(z) + (1 — p)F(z) < F(z).
If X < a, then taking § = A/« € (0,1), we have

0z+(1—-0)yy=Na)ax+(1—-—a)y)+ (1 =N a)y= x+ (1-Ny.
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Again by the semistrict convexity of F' and F(z) < F(y), we have
FAaxr+(1—=MNy)=Fz+(1-0)y) <0F(2)+ (1 -0)F(y) < F(y).

This completes the proof. O
5. The sufficient conditions for semistrictly convex fuzzy mappings

We know that convexity can not imply semistrict convexity. Nevertheless, we have the

following interesting results.

Theorem 5.1 Let F : C — Fy be a convex fuzzy mapping. If there exists a € (0,1) such that
for any z,y € C, F(z) # F(y)

Flaz+ (1 —a)y) < aF(z) + (1 — a)F(y),
then F' is a semistrictly convex fuzzy mapping on C.
Proof Suppose that there exist 2,y € C and X € (0,1) such that
F(z)# F(y) and FAx+ (1 — AN)y) £ AF(z) + (1 — N F(y).

Then F(Az + (1 = \)y) £ AE(z) + (1 = A F(y) or F(\z + (1= N)y) > AF(z) + (1 = \)F(y).

(I) If F(Az+ (1 —Ny) £ AF(x) + (1 — A\)F(y), then it contradicts the convexity of F.

(II) If FQx+ (1= XN)y) > AF(z) + (1 = \)F(y), then by F(z) # F(y) we have F(z) € F(y)
or F'(z) #? F(y). Hence there exists ro € [0,1] such that

F(2)*(ro) > F(y)*(ro) or F(z)«(ro) > F(y)«(ro) or F(x)*(ro) < F(y)*(ro) or F(x)s(ro) <
F(y)«(ro). Without loss of generality, suppose that F'(z)*(ro) < F(y)*(ro) and let z = Az + (1 —
A)y. Then

F()"(r0) > AF(2)*(ro) + (1 — \F(y)" (r0) > F(2)" (ro). (6)

Hence by the convexity of F' and (6) we have
Flax + (1 —a)z)*(r9) < aF(x)*(rg) + (1 — a)F(2)* (ro) < F(z)*(r0),

F(o®z+ (1 —a?)2)*(ro) = Fla(az + (1 — @)2) + (1 — @)2)*(ro) < F(2)*(ro),

F(oFz4+(1—a®)2)"(ro) = Fla(aF 2+ (1—aF 1) 2)+ (1 —a)2)*(ro) < F(2)*(ro), Yk € N. (7)
From z = Az + (1 — A)y, we have

x4 (1—af)z=a"z+ (1 -a")Ar+ (1 -Ny) =\ —afA+aF)z+ (1 - -k +a"N)y.
Take ky € N such that ¥ /(1 —a) < A/(1 — A), and let
Bi=2+a"(1=X), fo=A— (" /(1-a))(1-X); T=fiz+(1-B1)y, §= oz + (1 - Fa)y.

Then
B1,02 € (0,1) and e+ (1-— oekl)z =fx+(1-p)y=T. (8)
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Hence by (7) and (8), we have
F(z)*(ro) = F(Arz+ (1 = B1)y)*(ro) = F(a™a + (1 = a*)2)*(ro) < F(2)"(r0)-  (9)

(i) If F(z)*(ro) > F(y)*(ro), then from z = Az + (1 — \)y = aT+ (1 — )7y and the convexity
of F', we obtain that

F(2)"(ro) < aF ()" (ro) + (1 = ) F(@)"(ro) < F(T)"(ro),

which contradicts inequality (9).
(i) If F(Z)*(r0) < F(y)*(ro), then from z = aZT+ (1 —a)y and the hypothesis of the theorem,
we get that

F(z) <aF(T)+ (1 - a)F (@) < a(biF(z) + (1= 1)F(y)) + (1 - a)(B2F(x) + (1 = B2)F(y))
=(afi + (1 = a)B2)F(z) + (a(l = 1) + (1 — a)(1 = 52))F(y) = AF(x) + (1 = \)F(y),
which contradicts inequality (6). This completes the proof. O

Theorem 5.2 Let C be a closed set, and let F' : C — Fy be a lower semicontinuous fuzzy

mapping. If there exists « € (0, 1) such that for any x,y € C, F(x) # F(y) we have
Flax + (1 -a)y) <aF(z)+(1-a)F(y),
then F' is a semistrictly convex fuzzy mapping on C'.
Proof (I) At first, we show that for any x,y € C there exists A € (0,1) such that
FOz+ (1-Ny) <AF(z)+ (1 —=N)F(y).
Suppose that there exist z,y € C such that VA € (0,1)
FAx 4+ (1=XNy) LAF(z) + (1 = N F(y). (10)
If F(x) # F(y), then by the hypothesis of the theorem, there exists a € (0,1) such that
Flaz+ (1 —a)y) < aF(z) + (1 — a)F(y),
which is a contradiction to (10).
If F(x) = F(y), then for given A € (0,1), by (10) we know that F(Az + (1 — N)y) # F(x) =
F(y) and there exists r € [0,1] such that
FQz+ (1= X2y)"(ra) > AF(2)"(ra) + (1= N F(y)*(ra) = F(2)"(ry) = F(y)"(ra) (1)
or

FQz + (1= X2y)«(ra) > AF(2)«(ra) + (1 = N F(y)«(ra) = F(2)«(ra) = F(y)«(rx)-

Without loss of generality, we assume that (11) holds true. Then by the hypothesis of the

theorem and (11), we have

F2)" (rn-aa-x) = FO)" (r-ag-») < F(1 - al = X))z +a(l = Ny)*(r1-aa-x)
= Fla(z + (1= Ny) + (1 = a)z)" (r-aa-x)
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<aF(Az+ (1= Ny) (r_ap-n) + (1 =) F(2)" (11—ag-x);
which implies that aF'(2)* (r1_aa—x)) < aF'(Az + (1 = N)y)*(11-a(1—»)). Hence we have
Fy) (ri—aa-x) = F(x)" (ri—aq-x) < FQAz + (1 = N)y)" (ri—a@-»))-
Therefore, we obtain
F(z)" (ri—aq-x) = F@)" (r-aa-x)
<F((1=a(l =)z +a(l = Ny)" (r—aa-y) < FQAz+ (1= N)y)" (r-aa-x)-
Again by the hypothesis of the theorem and the above inequality, we have
Fla((I-al=XN)z+a(l=Ny) + (1 —a)y) (ri—ac—x)
SaF((1-al=A)z+al=Ny) (r-aa-x) + (1 —a)Fy)" (r-aa-»)
<F(Q—-al =)z +al=Ny)" (r-aa-r)
< FAz 4 (1 = XN)y)* (ri—ag—x)-
Let A=a/(1+ a) € (0,1). Then the above inequality implies that
« 1 * 1 « 1 * 1
F(l—l—ax—’— 1+ay) (l—l—a) <F(1—|—ozx+ 1+ay) (1—0—04)’

which is a contradiction.

(II) Secondly, we show that F is a convex fuzzy mapping on C. By the lower semicontinuity
of F on C, we know that for any r € [0, 1], both F'(z)*(r) and F(z).(r) are lower semicontinuous
real valued functions. It follows from the closeness of C, we can easily check that the epigraphs
of F(x)*(r) and F(x).(r):

epi(F(-)*(r)) ={(z,a)lz € C and F(z)"(r) < a},
epi(F(-).(r)) = {(,a)| x € C and F(x).(r) < a}
both are closed in R"*!. Since by (I) there exists A € (0,1) such that
FQAz + (1= Ny)(r) <AF(z) + (1 = N F(y),
for any 7 € [0, 1] we get
FQz +(1=Ny)"(r) < AF(2)"(r) + (1 = ) F(y)" (r),
FQz+ (1= A)y)(r) < AF(z)«(r) + (1 = A)F(y)«(r).
It follows that for any u, v € epi(F(-)*(r))(u, v € epi(F(-).(r))), there exists A € (0,1) such that
A+ (1= Ao € epi(F(-)* (1) (Au + (1 — \v € epi(F(-).(r))). (12)

Otherwise, suppose that F' is not a convex mapping on C. Then there exist distinct z,y € C
and « € (0,1) such that

Flaz+ (1 —a)y) £ aF(z) + (1 — a)F(y).



580 Y. E. BAO and C. X. WU
Hence there exists rg € [0, 1] such that

Flax + (1 = a)y)"(ro) > aF(x)"(ro) + (1 — a)F(y)* (ro)
or

Flozx + (1 = a)y)«(ro) > aF (x).(ro) + (1 = a)F(y)«(ro).
Without loss of generality, we assume that

Flox + (1 = a)y)"(ro) > aF ()" (ro) + (1 = a)F(y)" (ro)-
Then for u = (z, F(x)* (ro)) € epi(F)"(r0)), v = (y, F(y)"(r0)) € epi(F(-)"(r0)), we have

w=au+ (1 -ajv=(az+(1-a)y, aF(x)(ro)+ (1 —a)F(y)*(ro))€epi(F()"(ro))-
Let u; = tu+ (1 — t)w, r = inf{t € [0,1]| u; € epi(F(-)*(r0))}. Then there exists a sequence of
points {t,,} C [0,1] such that
ug, € epi(F(-)"(r9)) and t, — r (n — 00).
From the continuity of u; at r and the closednees of epi(F(-)*(rg)), we have u, € epi(F(-)*(ro)).
Since ug = weepi(F(-)*(ro)), r > 0, by the definition of r, we have
u€epi(F(-)*(ro)) for any ¢ € [0,r).
Similarly, let v; = tv 4+ (1 — t)w, s = inf{t € (0,1]| v+ € epi(F(-)*(r9))}. Then s > 0, vs €
epi(F(-)*(ro)) and vy €epi(F(-)*(rp)) for all t € [0, s). Hence for any A € (0,1) we have
My + (1 — N)vs€epi(F(-)* (ro)),

which is a contradiction to (12).

(IIT) Finally, by the hypothesis of the theorem, the conclusion of (II), and Theorem 5.1, we

obtain that F' is a semistrictly convex fuzzy mapping on C. O
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