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Abstract In this paper, we construct a kind of Weingarten surfaces in £* and study its geometric
properties. We first derive an explicit differential relationship between the principal curvatures
of them. Then we prove an existence theorem of this kind of surfaces with prescribed principal
curvatures. At last, we present two examples involving the rotation surfaces as the special case,
and present several figures to the second example.
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1. Introduction

A surface S in the 3 dimensional Euclidean space E® is called the Weingarten surface (briefly
W-surface) if there exists a relationship ¢(k1,k2) = 0 between the principal curvatures k; and
k3 of S. There are many consequences on the study of W-surfaces in E? or in the 3-dimensional
Minkowski space [2-7].

A rotational surface is an important W-surface. Let f(s) and g(s) be the principal curvatures
of a rotation surface S where s is the arc-length parameter of the Meridian of S. Huang [1] proved

the following results:
(1) f(s) and g(s) satisfy

f' =g f = ={f" = fa(f —9)}, (1.1)

where f’, ¢’ and ¢” denote the first and second derivatives of f and g;

(2) Let f(s) and g(s) be two smooth functions satisfying (1.1). Then there exist a family of
rotational surfaces around the Oz axis taking f and g as the principal curvatures.

The purpose of this paper is to construct a new kind of W-surfaces whose principal curva-

tures satisfy the differential relationship similar to (1.1). We first discuss the theory of curves
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in SO(3). Then we construct W-surfaces and derive the differential relationship between the
principal curvatures of them. Furthermore, we study the existence of this kind of W-surfaces
with prescribed principal curvatures satisfying the given differential relationship. At last, we give
two examples. We find that the rotational surfaces are just special cases of the first example.
The second example is a new kind of W-surfaces satisfying the given differential relationship but

different from the rotational surfaces. So our result generalizes that in paper [1].

2. The theory of curves in SO(3)

Let SO(3) = {A € GL(3, R)|AA™ = I,det A = 1}, where GL(3, R) is the general linear group
and so(3) = {A|A+ AT =0,A € gl(3,R)}, be the Lie algebra of SO(3). For any A, B € so(3),
the inner product and the exterior product of A and B are defined respectively by

1
(A,B) = 5m«(ABT), AANB=AB - BA.

Let
0 1 Y1 0 T2 Yo
A= —I1 0 z1 N B = —x2 0 z9
-y1 —2 0 —y2 —22 0

Then it follows that
(A, B) = 2122 + y1y2 + 2122,
and
0 Y221 —Y1Z2 Tz — T2z
ANB = | —(y221 — 1122) 0 Tay1 — T1Y2
—(z122 = w221)  — (@201 — T1Y2) 0
Let C: A= A(s) (s € [0, L]) be a regular curve in SO(3) parameterized by arc-length s and

B= %AT. Then B is an anti-symmetric matrix and

0 a b
%:BA, B=|—-a 0 c¢], (2.1)
ds

-b —c 0

where a, b and ¢ are smooth functions with a2 4+ b2 + ¢ = 1.
Let e1(s) = B(s)A(s). Then e;(s) is the unit tangent vector of C' at A(s), which is also the
covariant derivative DA/ds of C' in T'4(5)SO(3).

In order to obtain the covariant derivative of e;(s), we take the usual derivative

d DA d
—(==) = —(BA) = B A+ B*A.
ds( ds ) ds( ) *
Since (B'A, B2A) = 0 and B’ € s0(3), B? € s0(3)*, we obtain that
2
—]()isf = B'A. (2.2)

It follows from (2.2) that (B’ A B)A € Ty(5SO(3), [(B’ A B)A| = |B'A| and
(B"AB)A,BA) = (B' ANB)A,B'A) = 0,

which means that (B’ A B)A is normal to 54 and DA iy Ta(5S0(3).

ds?
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Definition 2.1 Let C : A = A(s) (s € [0, L]) be a regular curve in SO(3) parameterized by arc-
length s. k(s) = |D?A(s)/ds?| is called the interior curvature of C' in SO(3). ea(s) = B'A/k(s)
and es(s) = |B’, BJA/k(s) are respectively called the normal and bi-normal vectors of C' in
SO(3). The function 7(s) = —(Deg/ds, ez) is called the interior torsion of C' in SO(3).

Remark 2.1 The regular curve C' in SO(3) with k(s) = 0 (s € [0,L]) is a one parameter
subgroup of SO(3). In the rest of this paper, we consider only the regular curves in SO(3) with
k(s) # 0 for all s € [0, L].

Remark 2.2 It is easy to see that (e;,e;) = d;; for any 1 <4, j <3 and
k(s) = /(@) + ()2 + ()2 (2.3)
And the moving frame {A(s);e1(s),e2(s),es(s)} along C satisfies

D D
ﬁ = k62, ﬂ = —kel +T€3,
S

= = —re,. (2.4)

3. Geometry of a kind of W-surfaces
3.1 Construction of a kind of W-surfaces

Let C7 be a smooth regular plane curve with arc-length parameter s defined by
Cy:r=r(s) = (2(s),0,2(s)), z(s) >0, ()*+ (2)* =1, s€[0,L]. (3.1)

Let Co: A= A(t) (t € [0,T]) be a smooth regular curve in SO(3) defined by

0 alt) b
Y BMA®), A(0)=1, Bt)= | —at) 0 ct) |, (3.2)
—b(t) —c(t) 0O

where a? + b2 + ¢? > 0 for all t € [0, T]. Consider surface S defined by
S:X(t,s)=r(s)At), se][0,L], te[0,T]. (3.3)
Take the unit normal vector of S at X (s,t) to be n = X; x X3/|X¢ x Xg|. After direct compu-
tation, we obtain that
E=b*2*+2%) + (ax — c2)?, F =b(xz —32), G =1,
where E = X, - X;, F=X,- X, and G = X, - X,. Let A= VEG — F2. Then
L= %Xt X X Xy, M = %Xt % X, Xpa, N = %Xt X Xy Xas

If x2 — 2z = 0 for all s € [0, L], we can see that 7 is parallel to r. It follows that C; is a part
of straight line. In this case, S becomes a ruled surface.

From now on, we assume that b = 0 for all ¢ € [0, 7], which implies F' = 0. In this case, the
principal curvatures of .S are

poSlbtad) s g, (3.4)

)
CczZ —axr
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Remark 3.1 Without loss of generality, we assume that ¢ = 1. Then ¢(s) is nothing but the

relative curvature of C.

Remark 3.2 Let a =1 and b = ¢ = 0. Then the surface S defined by (3.3) is the rotational
surface around Oz axis.
We consider the relationship between the principal curvatures f and g. We will prove the

following;:

Theorem 3.1 Let S be a surface defined by (3.1)—(3.3). Then the principal curvatures f(t,s)
and g(s) of S satisfy the following differential relationship

{fss_fg(f_g)}(f_g)_fs(2fs_g):Ov (35)
afs(t,0) +{f(t0) - g(0){1 - Bf(t,0)} =0, (3.6)
where oo = x(0)%(0) + 2(0)£(0), 5 = £(0)z(0) — z(0)2(0).

Proof It follows from (3.1) that there exists a smooth function 6(s) on [0, L] such that

#(s) = cosf(s), Z(s)=sinb(s). (3.7)
Thus we have
&(s) = —0(s)sinb(s), Z(s) = 0(s) cosb(s). (3.8)
Substituting (3.7) and (3.8) into (3.4), we obtain
0(s) = —g(s). (3.9)
From (3.7), (3.8) and (3.9) we have
i=zg, 2=—ig; ¥ =—ig>+2g, ¥=—%g"—ig. (3.10)

Denote (t) = a(t)/c(t). Then it follows from (3.4) with e = 1 that

A(t) = % (3.11)
Taking partial derivatives two times about s on both sides of (3.11) and applying (3.10), we
obtain
0 fs f—g TT + 22
(5) = G oy 20 2%) (s (312
where fs = 0f/0s, fss = 0*f/0s? §=dg/ds.
If @ + 22 # 0 for all s € [0, L], then (3.12) has nonzero solutions, which implies
T R O Y ) YU R I S N E R CRE)
fss + 19" = f9 2fs—g
If 23 + 22 = 0 for all s € [0, L], then 2% + 22 = p? = const. It follows that
e Y ot o

Substituting (3.14) into (3.4), we obtain f = g = 4p~!. In this case, (3.13) also holds. (3.5)
follows from (3.13). (3.6) follows from (3.12) with s = 0. O
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3.2 The existence of the kind of W-surfaces

In this section, we proceed to prove the following:

Theorem 3.2 Let f(t,s) and g(s) be two smooth functions such that f(t,s) # g(s) for all
(t,s) € [0,T] x [0, L]. Suppose that f(t,s) and g(s) satisfy

fss = fa(f =)} (f —g9) = fs (2fs —g) =0, (3.15)
afs(t,0) + {f(t,0) = g(0){1 - Bf(t,0)} =0, (3.16)

where a and 3 are constants. Then there exists a W-surface in R® defined by (3.1)—(3.3) with
principal curvatures f(t,s) and g(s) such that s is the arc-length parameter of the generating

curve.
Proof Let
0(s) =6y — /OS g(u)du, x(s) = /OS cosB(u)du + xg, z(s) = /OS sin 6(u)du + zo,
where 6y, x¢ and zg are integral constants to be determined. Let
F(t,s) =sinf + h(t)cosd + f {x — h(t)z}, (3.17)

where h(t) (t € [0,T]) is a function to be determined.
Differentiating (3.17) about s two times and applying (3.15), we obtain

Fs=fs(x —hz)+ (f — g)(cos@ — hsinb), (3.18)
0=(f—9)Fss — (2fs — ) Fs — Fg(f — 9)*. (3.19)

(3.19) is a second-order linear ODE of F(¢, s) about s.
Denote f0 = £(£,0), 0 = f,(t,0) and go = g(0) and put

F(t,0) =0, Fy(t,0) =0, t € [0,T]. (3.20)
Then it is easy to check that
0 sin @y + o f° cos By — 2o f° 1
(0> - (—Ccofg —(f° = go)cosby  20f) + (f° — go) Sin90> <h(f)> ' (3:21)
Equations (3.21) have non-zero solutions if and only if
(0 cos By + zosinbp) f2 + (f° — go){1 — f9(20 cos by — z¢sinfy)} = 0. (3.22)
We choose 6y, g and zg so that
(i i) (2)=(5): 6
From (3.16) and (3.23) we can see that (3.22) holds. It follows from (3.21) that

h(t) = xo fO + sin by B af®costy + (1 — Bf°)sin by
~ 20f0 —cosfy  afsinfy — (1 — Bf9)cosby’
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From the existence and uniqueness theorem on ordinary differential equations we have that
the Cauchy problem (3.19) and (3.20) has only trivial solution F(¢,s) = 0 for all ¢ € [0,T] and
s € [0, L], which implies that @

4+ h(t)z
ft5) = h(t)z —x

Let C1 : r(s) = (2(s),0,2(s)) (s € [0,L]) be a smooth plane curve. Let Cy : A = A(¢),

(t € [0,7T]) be a smooth curve in SO(3). Here A(¢) is the unique solution of (3.2) with

(3.24)

0 1 0
Bit)=at)| -1 0 ) |, (3.25)
0 —h(t) 0

where a(t) is a nonzero smooth function in ¢ for all ¢ € [0,7]. Consider the W-surface S :
X(t,s) =r(s)A(t) defined by (3.3).
It follows from (3.4) and (3.25) that the principal curvatures of S are

balts) = 2O p(r0), Rt 9) = 60306 - #(5)2(6) = o),

which implies that S is the desired surface. The theorem is proved. O

Remark 3.3 The generating curve C} is uniquely determined by {«, 3,60} and Cs in SO(3) is
uniquely determined by {a, 8,6y, fo}. Therefore the W-surfaces given in Theorem 3.2 are one

parameter family of W-surfaces Sg,,.
3.3 Examples of the kind of W-surfaces

We proceed to give some explicit examples of W-surfaces defined by (3.1)—(3.3). Figures 1

and 2 represent some graphics of W-surfaces defined in Example 2.

Example 1 Let a(t) be a smooth function over [0, 7] and A be a constant. Let

1 0
Bat)=at)| -1 0 AJ, (3.26)
0 =X 0
and a(t) be a nonzero smooth function over [0,7]. Solving the Cauchy problem:
dAx(¢)
dt

= BA(t)Axr(t), Ax(0)=1, (3.27)
we obtain that
) A? + cosy(t) psiny(t) A — Acosy(t)

AN(t) = 7 —psiny(t)  p*cos~(t) pAsin () (3.28)
A —Acosvy(t) —pAsiny(t) 1+ AZcosy(t)

where .
p=VI+N 50 =p [ alu)du
0
It is easy to check that the curve

Cy : Ay = Ax(t), tel0,T],
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lies in SO(3), with interior curvature k(t) = 0 (cf. (2.4)).
Take w = fg a(t)dt. Then (3.27) becomes

dA)\ (w)

1 0
dw = B,\(w)A,\(w), AX(O) = I, B,\(w) = -1 0 A . (3.29)
0

And the solution to (3.29) becomes
A2 + cos pw psinpw A — Acos pw
A(w) = — —psinpw  p?cospw pAsin pw
A—Adcospw —pisinpw 14 A%cospw
The W-surface with generating curve C; defined by (3.1) is defined to be

Syt X(w,s) =r(s)Axr(w), we€[0,W], s€]0,L]. (3.30)
Let
pt 0 Mt cospw sinpw 0
Uy = 0 1 0 , M=| —sinpw cospw 0
—Ap7h 0 pt 0 0 1

Then it is easy to check that
Ax(w) = U\MUY,

where U{ is the transpose of Uy. It follows that S constructed in (3.30) is a rotational surface

in the coordinates determined by the frame
€1 = (p_lvoa _)‘p_l)v €2 = (07 150)7 €3 = (/\p_laovp_l)'
Remark 3.4 Let A = 0, a(t) = 1. Then the surface Sy is nothing but the rotational surface

mentioned in paper [1].

Example 2 Let Cs be a regular curve in SO(3) defined by (3.2) with b(t) = 0, where ¢ is the
arc-length parameter of Cy. Suppose that the interior curvature k(t) of Cs is equal to 1. Then
it follows from (2.2) and (2.4) that

a(t)?+ct)’ =1, [d®)+[/®)] =1 (3.31)
By (3.31), we may assume that
a(t) = cost, c(t) =sint.
Solving the Cauchy problem (3.2), we obtain

1 asint + (8 —v)cost ~vsint+ «acost [sint — acost
Aslt) = 5 —a 8 y L (33
acost — (8 —)sint ycost —asint [Bcost + asint

where a(t) = v/2sin(v/2t), B(t) = 14 cos(v/2t), y(t) = 1 — cos(v/2t).
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circle [0,2%pi,0,1*pi] Parabola [-1,1,-1*pi,1*pi]
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Figure 1 W-surfaces generated by (4 + cos s,0,sin s) (left) and (s,0, s*) (right).

It is easy to check that As(t) = @V, where

cost 0 sint o v B
o = 0 1 0 V= 5| @ 8 v
—sint 0 cost a v O

It follows that the W-surface Sy constructed in (3.3) with As(¢) defined by (3.32) is derived via a

prescribed rotation around es-axis in the coordinates determined by the moving frame [e1, e2, es],

where
€1 = (a/7717ﬁl)7 €2 = (_OZ,B, 7)7 €3 = (a777ﬁ)-
Line [-3/2,1,0,1*pi] Parabola [-1,10.%p]
2
15+
1
0.5
o
h -0.5
i
-1.54
o
-25-
8- T T T T T T T T T 27
2 15 1 05 0 -05 -1 2 0-2 ; 1‘ (‘] é ‘1 ‘2
Y X X
Figure 2 W-surfaces generated by (1 + 2s,0,s) (left) and (14 52,0, s) (right).
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