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Abstract This paper studies approximation capability to LQ(Rd) functions of incremental
constructive feedforward neural networks (FNN) with random hidden units. Two kinds of there-
layered feedforward neural networks are considered: radial basis function (RBF) neural networks
and translation and dilation invariant (TDI) neural networks. In comparison with conventional
methods that existence approach is mainly used in approximation theories for neural networks,
we follow a constructive approach to prove that one may simply randomly choose parameters of
hidden units and then adjust the weights between the hidden units and the output unit to make
the neural network approximate any function in L? (Rd) to any accuracy. Our result shows given
any non-zero activation function g : R — R and g(||z||za) € L*(R?) for RBF hidden units, or
any non-zero activation function g(x) € L?(R?) for TDI hidden units, the incremental network
function f, with randomly generated hidden units converges to any target function in L2 (Rd)
with probability one as the number of hidden units n — oo, if one only properly adjusts the
weights between the hidden units and output unit.
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1. Introduction

There have been many methods for multivariate function approximation: polynomials, Fourier
series, tensor products, wavelets, radial basis functions, ridge functions, etc. In this respect, a
current trend is to use artificial neural networks to approximate multivariate functions by com-
puting superpositions and linear combinations of simple univariate functions. It is natural to
raise the approximation capability problem: whether, or under what conditions, is a family of

neural network functions dense in a space of multivariate functions? From the viewpoint of net-
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work architectures, the multi-layer perceptron neural networks (MLPNN) [1-6] and radial basis
function neural networks (RBFNN) [7-14] are thoroughly investigated.
A three-layered MLPNN with linear output can be represented by a sum of n additive hidden

units:

f(x):Zﬁig(ai'fv-i-bi), a; € R b;, B; € R, (1)
i—1

where a; is the weight vector between the input layer and the i-th hidden unit, 3; is the weight
between i-th hidden unit and the output unit, g is the activation function, a; - z denotes the
inner product of vector a; and the input vector z in Euclidean space R<.

RBFNN calculates a linear combination of n radial basis function (RBF) hidden units:

n
f(x):Z@-g(”I_bﬂ), a; € R',b; € R", 3, € R,z € RY, (2)
i=1 ¢
where a; is the center of the i-th hidden unit, b; is the width factor of the radial basis function,
B; is the weight between i-th hidden unit and the output unit, || - ||z« denotes the Euclidean
norm in R%.

Pinkus [15] discussed translation and dilation invariant subspace (TDI subspace) in C(R?)
and its density problems, i.e., suppose g € C(R?), whether u, = span{g(Az —b)}, where A
is a d-order nonsingular diagonal matrix, b € R?, is dense in C(R?) under the convergence on
compact sets, where S denotes the closure of the set S defined by corresponding convergence.
pg is called the smallest TDI subspace generated by g. Let A? be the set of d-order nonsingular
diagonal matrices. Accordingly, we also consider another feedforward network architecture with
n TDI hidden units:

fl2) = Big(Aix — ©;), A;e A% 0, € R B € R,w e R (3)
i=1
From now on, we represent a three-layered feedforward neural network with n hidden units in a

general form:

fn(I) = Zﬂlgl(x)a 61 € R,.I € Rd7 (4)
=1

where g;(z) denotes the output function of the i-th hidden unit.

Many papers on the topic of approximation problem of the neural networks appeared in the
past two decades, probably because they recognized the importance of the approximation theo-
rems in neural computation theory. But we notice that almost all existing results use existence
approaches, and Huang et al. [18] presented a constructive approach to prove the approxima-
tion capacity of MLPNN and RBFNN with random hidden nodes. They showed that given any
bounded nonconstant piecewise continuous activation function g : R — R for additive nodes
or any integrable piecewise continuous activation function g : R — R and [, g(x)dz # 0 for
RBF nodes, the network sequence { f,,} with randomly generated hidden nodes can converge to
any continuous target function in L?-norm on X by only properly adjusting the output weights,

where X is a compact set in R?. We will continue their talk and discuss the case that the target
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function space is L?(R%), which is different from the result in [18] for continuous functions in
L?(X).

This paper is organized as follows. Some definitions and lemmas are given in Section 2.
In Section 3, the main result of this paper is presented and proved. Section 4 is devoted to a

summary of our result.

2. Definitions and lemmas

Let LP(R?) be the space of functions f on the d-dimensional Euclidean space R? such that
Jpa |fIPdz < oo. The norm in LP(R?) space will be denoted by | - || 1r(ge), and the norm in
L?(R?) space will be denoted by || - || for simplicity. || - ||z« denotes the usual Euclidean norm in
R%.

For u,v € L?(R%), their inner product (u,v) in L?(R?) is defined by

(u,v) = /Rd u(z)v(x)de. (5)

The distance between the network output function f,, and the target function f in L%(R?) is

measured in L2-norm
1

== [ [ 1) = 5@ aa] " ©)

Definition 2.1 The function sequence {g, = g(an - © + b,)}, or {gn = g(%)}, or{g(A,z
+0,,)} is randomly generated if its parameters are randomly generated from R% x R, or R x R™,

or A? x R? based on a continuous sampling distribution probability.

Definition 2.2 A unit of a neural network is called a random unit if its parameters (a,b) €
RYx R, or (a,b) € RYx R, or (A,0) € A? x R? are randomly generated based on a continuous
sampling distribution probability.

Lemma 2.3 ([19]) L? space is a complete normed linear space.

Lemma 2.4 ([20]) Suppose f € LP(E) (1 < p < o), then for any £ > 0, there exists compactly
supported continuous function h(x), such that [}, |f(xz) — h(z)|” dz < e, where E is a Lebesgue

measurable set.

Lemma 2.5 ([16]) Suppose that g : Rt — R, (1+|t|)“= g € L2(R*), g # 0. Then the set of
linear combinations {Zfil cig(\i ||z — 0;]| ga)} is dense in L?(RY), where \; > 0,¢; € R,0; € RY,
i=1,...,N,NeN.

Remark 2.6 The assumption made in Lemma 2.5 is equivalent to g(||z| za) € L*(R?), which

is also necessary for the validity of Lemma 2.5.

Lemma 2.7 Suppose that g(z) € LP(R?), 1 < p < oo, and g # 0. Then for any f(z) € LP(R?)
and any € > 0, there exist a positive integer N, nonsingular diagonal matrix A;, ©; € R%, and
constant ¢; € R, i = 1,..., N, which all depend on f, such that | f(z) — Zfil ci(f)g(Ax +
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Remark 2.8 We claim that if g € L?(R) and g # 0, then for any non-zero vector a in R
g(a-x) ¢ L?(R?), where x € R%, d > 2. As we know, if g € L?(R), g # 0, then there exists a
closed interval [c1,c3] € RT, such that m ({t tep < g3 (t) < CQ}) > 0, where m(FE) denotes the
Lebesgue measure of E. Set E = {:v ccp < g%(a-x) < 02}, it is obviously that m(E’) = +o00.

Thus, we have

R4 E

which shows that g(a - z) ¢ L2(R%). Our claim follows. So we can not get the density theorem
in L2(R%) for MLPNN.

Lemma 2.9 (i) Suppose that g : Rt — R, g(||z||ge) € L?>(R?). Then we have

~ |z — al| ga |2 — aol| g )
: ’ - ’ZO,Va,b € RYx RT. 7
00 i 195 ) I (a0, bo) (7)

(i) If g(x) € L?(R%), then we have
li Az +0) — g(Agz +0y)|| =0, VA e A, 0, € RY. g
aom o oAz +6) = g(Apz + o) . . -

Proof We first prove (i).

Let o(z) = g(||z|| ge), then o(z) € L?2(R?). By Lemma 2.4, for any € > 0, we can decompose
o(z) as follows, o(x) = o1(x) + o2(x). o1(z) is a continuous function with compact support in
R?, and oy (z) satisfies

d
los(a)ll < ————. Q
2(22 4+ 32)bg
Since o1 (x) is compactly supported and uniformly continuous, there exists § > 0, for ||(a,b) —

(ap, bo)|| ga+1 < 6, such that
b
b—bol < 2, (10)

and
Tr—a T — g

o1( ) —o1( (11)
b bo

€
| <5
From Equation (10), we have % < b < 3% Tt follows from Equations (9) and (11) that

Hg(”x_baHRd)‘Q(Hx_bjOHRd)‘:H”(xb )= o - )H

T—a T —ag T—a T —ap
<5 = | + e + [

—a T — g

£ x 5 d
<t [P + o0 = 5 + bl (@)l + 8 s

2 b bo 2

£ (31)0)% d
<5+ (S48l <<, 2)

which completes the proof of case (i).

It is easy to see that the proof of case (ii) is similar to that of case (i), so we omit it here. O
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Lemma 2.10 For RBF hidden units, given g : R* — R, g # 0, and g(||z||g«) € L?*(R?) or
for TDI hidden units, given g(x) € L?(R%), and g # 0. Then for the above two types of hidden
units, we respectively have the conclusion: any given positive number 6 < 5 and any given
go € L2(RY), for any randomly generated function sequence {g,}, there exists M € N such that
for any continuous segment G (,,, pry = {gns Gni1, -+ gntm—1y (n=1,2,...), with probability as
close to one as desired, there exists g; € G(n, ar) satistying (g, 4,) < 0, where 0(g;, o) denotes the
angle formed by g; and go in L?(R%), go = g(w) for RBF hidden units, go = g(Aoz + 0y)

bo
for T'DI hidden units.

Proof We first prove the result for RBF hidden units.

From Lemma 2.9, we have for any given positive number 6 < 5, there exists § > 0, such that

T — al|lRrd . ~
oz =2lnty g < o siné) (13)
holds for any (a,b) € Qo = {(a,b) : ||(a,b) — (ag,bo)|| < d}.

Assume that the continuous sampling distribution probability density function in R? x R is
p(x), and [, pp(x)dz = 1. Thus, the probability that some parameter (a,b) among the M
elements is sampled from Qo is [, 0o p(z)dz > 0 for any continuous segment G, ary. This implies
that the probability that there exists g; € G(,, ar) such that

llgi — goll < llgoll Sin(é) (14)

is equal to or greater than 1" (1 — Jo, p(@)dz)" [, p(z)dz.

Now we can choose sufficient large M, such that Zij\io_l(l - fQo p(r)dx)? fQo p(z)dz ap-
proaches to 1. Thus, for any continuous segment G, ) (n=1,2,...), at least there exists one
element g; € G(,,, pr) Whose parameters (a;, b;) belong to Qq.

By the Sine Rule and Equation (14), we have

llgi — goll
190l
In other words, there exists M € N, such that for any n, there exists g; € Gy, pr) such that
Equation (15) holds.
It is easy to see Oy, ¢,y < 5. Otherwise, 64, 4,) > 5, then W > 1, which is contradictory
to Equation (15).

sin(fg,, o)) < < sin(f). (15)

Equation (15) and the fact 0y, 4,) < 5 imply 6 ) < 6. This completes the proof of the
result for RBF hidden units.

The conclusion for TDI hidden units can be similarly proved. O

i, go

3. Main results and proof

Let €, = f — fn, where f,, = > | Big;(z) is the network function, f is a target function in
L?(R%). We can have that

€n = f - (fnfl + ﬂngn) = €n—1— ﬂngn (16)
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In the following, we will give our main result and prove it.

Theorem 3.1 For RBF hidden units, given g : RY — R, g # 0, and g(||z| ge) € L?(R?) or for
TDI hidden units, given g(x) € L?>(R?), and g(z) # 0. Then for any f(z) € L*(R?) and any
(enflx dn

randomly generated function sequence {g,}, if 3, = W, then lim,, . || f — fn|| = 0 holds
with probability one.

Proof First, we prove that | e, || achieves its minimum if and only if 3, = W and {||e. ||}
converges.
By Lemma 2.3, we can see g, e, € L?(R%). From the hypotheses, we know ||g,|| # 0. Let

Ay = |len—1]|? = |len]|?, then we have

Ap =(en—1,n-1) = (€n—1 = BnuGnsn—1 — Bngn) = 26n{€n—1,9n) — 5721Hgn|‘2

g P[22l (5, - Lactigl ], )
gnll
It follows from Equation (17) that A, achieves its maximum if and only if 3, = W. This
means ||e,|| achieves its minimum if and only if 3, = W
In fact, when G, = W, we have
(€ns gn) = (en—1 = Bngn: gn) = (€n—1,9n) = Brlgn, gn) = 0, (18)

which is consistent with the observation from the function space point of view that e, L g, when
|lex || achieves its minimum.

We also notice that if 3, = W, then A, = maxg, A, = % > 0, which implies
{|len]|} is decreasing. Since {|le,||} is bounded below by zero, we have {||e,||} converges.

Next, we will prove lim,,_, ||, || = 0 by contradiction.

Since the sequence {||e, ||} converges, there exists r > 0, such that lim,, .« ||en|| = 7. Suppose
that » > 0. For any § > 0, there exists a positive integer .J, such that when n > J, r + 6 >
llen]l > 7 holds. This implies that an infinite number of e, (Vn > J) is covered by a compact set.

Thus, there exists a subsequence {ey, } of {e,} which converges to a limit e*. Then, we have
le*|l = lim |len,| =7 > 0. (19)
k—o0

As we know, e,, € L2, L? is complete, it follows from Lemma 2.3 that e* € L?(R?).

We then claim that there exists g(m) (or g(A*z+6*)), such that g* is not orthogonal
to e* and the angle formed by ¢g* and e*, (4« () is an acute angle. Otherwise, e* is orthogonal
to span{g(m)} (or span{g(Axz+0)}). By Lemma 2.5 (2.7), we have span{g(w)} (or
span{g(Az + 0)}) is dense in L?(R?). Hence, no other vector than zero in L?(R?) is orthogonal
to span{g(w)} (or span{g(Ax + 0)}), which is contradictory to the fact that e* # 0. Our
claim follows.

Let 0,, e«) be the angle formed by e, and e*. We can choose 7, such that 0 < n <
1 —sin(f(g+, e+)). It follows from Equation (19) that there exists Ny > J, such that for k > Ny,

r

1—
llenl < 1—7 e(enk, er) < arcsin ( (20)

n— sin(G(g*) e*)))
5 .
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According to Equation (16) and the fact that e,, L g, for alln € N, we get e,, L(e,—1 —e,,). Then,
it follows that

||ﬁngn||2 = llen—1— en||2 = ||€n—1||2 + ||en||2 —2(en—1,¢€n)
= ||6n—1||2 + ||en||2 —2({en—1,€n) = (€n—1— €n,n)) = ||6n—1||2 - ||en||2' (21)

Hence we have

lim [|Bngn]* = lim ([len—1]* = [len]|*) = 0. (22)
n—oo n—oo
From Equation (22), it is easy to see that lim, . Z?::+1 |Bigill = 0 for any given positive
integer p. By the triangle inequality, we have ||e,, +p—en, || = || Z?:kifﬂ Bigill < E?:k:,fH | Bigill-
Therefore
m |en, +p — €n, || =0 (23)
k—o0
for any given positive integer p. It can be further shown that
leni+p — €[l < llenw+p — enill + ll€n, — €, (24)
then we have limy_. ||en,+p — €*|| = 0, where e, 4, need not be an element of {e,, }.

According to Equations (20) and (24), we know there exists Ny > N, such that for k& > No,

1—n-— sin(9(9*7 6*))
2

r .
lenspll < T Beny s ey < arcsin ) 0<p<L(m),  (25)

where L(ny) is a function of k:

L(ny) = max {m lenetpll < T " and

1 —n —sin(04-, e*))
2

IB:g:ll = 0 for any given finite integer p, it should be observed that L(ny)

0

«y < arcsin( ),0<p< m} (26)

enk+p, e

ng+p

can be a very large integer number. Obviously, for any positive integer M, there exists & > Ng,
such that L(ny) > M.
Let 6y,, g+ be the angle formed by g, and g*. According to the assumption on {g,} and

Since limg_,00 Y

Lemma 2.10, there exists a positive integer M, such that for any continuous segment, G, ar) (n =

1,2,...), there exists g,4p € Gy, ar) satisfying

0

1—n—sin(@ o
7 — sin(f g, ))) (27)

2
As we know, there exists k > Na, such that L(ny) +1 > M. Then, for continuous segment

Gnip, g*) < Arcsin (

G(nk—i-l, L(ng)+1) = {gnk+1a cee agnk-i-L(nk)-l-l} )

there exists p, 0 < p < L(ng), such that

o(gnk+p+1) 9*)

L —n—sin(0g4, 6*)))
5 .
be the angle formed by e, , and gn, +p+1. 1t is easy to see that

< arcsin (

Let 6‘(

enp+ps Inj+p+1)

0

€ny+p> gnk+p+l) S e(enk+:ﬂv 6*) + 9(8*7 gnk+P+1) (29)
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and

O(cr ) S bige, ey +0 (30)

s Gnp+p+1 9%, Gnp+p+1))
where 0+ g, ., is the angle formed by e* and g, 1p+1. Combining Equations (29) and (30),
we get

e(enk+pv Inptpr1) = Og, ey + e(enk+pv ey +0(g-, Gnj4p+1)” (31)

Taking advantages of Equations (25), (28) and (31), it follows that

SiN(O(e,, 1y, gny1pen)) < SO, o)) +8in(bc, ,,, e) +8I00~, g, 1)) <1 =1 (32)

According to Equation (32) and the fact that ||e,, +»|| < 7= in Equation (25), we have

1-n
||enk+;D+1H = Heﬂk-i'P” Sin(e(enkwv gnk+p+l)) <, (33)
which is contradictory to the fact that ||e,|| > r for alln € N. Hence r = 0, i.e., lim, . ||e,|| = 0.

This completes our proof. O

Remark 3.2 Theorem 3.1 implies that when we use three-layered RBF and TDI neural networks
to approximate a function in L?(R?), we do not need to care much about the network size. If
the error of the network is not satisfied, we just add random hidden node one by one to reduce
the error function until the error is small enough as desired. The weights of old hidden nodes are
randomly generated according to any continuous sampling distribution and fixed instead of being

tuned. The weight between random hidden node newly added and the output unit is calculated

(enflx gn>

directly: B

4. Conclusion

This paper mainly proves in theory that three-layered feedforward neural networks with
randomly generated RBF hidden units or TDI hidden units can approximate any target function
in L2(R?). We follow a constructive approach to prove that given any non-zero activation
function g : R* — R and g(||z||g«) € L?(R?) for RBF hidden units, or any non-zero activation
function g(z) € L?(R?) for TDI hidden units, the incremental network output function f,, with
randomly generated hidden units converges to any target function in L?(R?) with probability 1
as the number of hidden units n grows incrementally to infinity, if one only properly adjusts the
weights between the hidden units and output unit. It is shown that one may simply randomly
choose parameters of the hidden newly added unit and then analytically calculate the weights
between the hidden unit and the output unit, the incremental neural network can approximate
any function in L2(R?) to any accuracy. The result we obtained also presents an automatic and

efficient way to construct an incremental three-layered feedforward network for approximation.
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