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1. Introduction

Throughout this paper R denotes an associative ring with identity. According to Rege and
Chhawchharia [1], a ring R is called Armendariz if, whenever (3°1" (Iiiﬂi)(Z?:O bjz?) = 0 in
Rlx], a;b; = 0 for all  and j. A ring is called reduced if it has no non-zero nilpotent elements.
Every reduced ring is Armendariz by Armendariz [2], but the more comprehensive study of the
notion of Armendariz rings was carried out just recently (see Anderson and Camillo [3], Kim
and Lee [4], Hong, Kim and Kwak [5], Huh, Lee and Smoktunowicz [6], Lee and Wong [7], Lee
and Zhou [8], Liu [9], Hong, Kim and Twak [10]).

According to Liu [11], a ring R is called an M-Armendariz ring (an Armendariz ring relative
to a monoid) if, whenever (3212, a;a;)(3°7_, bj6;) = 0 in R[M], a;b; = 0 for all ¢ and ;.

In this paper, we continue the study of M-Armendariz rings, and focus on the M-Armendariz
property of certain subrings of upper triangular matrix rings.

We denote by T,,(R) and M, (R) the n x n upper triangular matrix ring and matrix ring over
R, respectively.

Let R be a ring. Define a subring F;, of upper triangular matrix ring 7, (R) over R as follows:

a a2 aiz -+ QAip
0 a a3 s a9on

F, = 0 0 a ct0 A3n |a, aij € R
0 O o .- a
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Let M be a monoid. It was proved in Liu [11], Proposition 1.7 and Remark 1.8 that if R is
M-Armendariz and reduced, then the ring F3 is M-Armendariz but F, is not M-Armendariz for
n > 4.

So, for an M-Armendariz and reduced ring R, it is interesting to find some maximal M-

Armendariz subrings of T, (R). For this purpose, in this paper, we define S, ., (R) =

ap az Am—1 Am, a1, m+1 ain—-1 ain
0 a Am—1  G2,m+1 a2,n-1 az,n
a1 ag Am—1,m+1 Um—1,n—1 m—1,n
0 ay as Up—m anferl
0 a1 Uy —m
: : : a1 a
0 0 0 0 a

where ay,, @y, a; ; € R, and show that for any M-Armendariz and reduced ring R and all 2 < m <
n — 1, the ring S, ., (R) is a maximal M-Armendariz subring of T,,(R). This is a generalization
of Liu [11], Proposition 1.7 and Remark 1.8.

By the term “ring” we mean an associative ring with identity, and by a general ring we mean
an associative ring with or without identity. For clarity, R will always denote a ring while a
general ring will be denoted by I.

Let I be a general ring. Define a subring D,,(I) of matrix ring M, (I) over I as follows:

a1 a1 .. a1
a/2 a/2 ... a2

D,(I) = la; € I p for n > 2.
an an .. an

We show that for any general M-Armendariz and reduced ring I, and |M| > 2, |I| > 2, the

|
general ring D,,(I) is a maximal general M-Armendariz subring of M, (I) for n > 2.

2. Maximal M-Armendariz subrings of T, (R)

Lemma 2.1 Let M be a monoid with |[M| > 2. If R is M-Armendariz and reduced, then R[M]

is reduced.

Proof The proof has been shown in the proof of Liu [11, Proposition 2.1]. O

According to [8], for A = (a;;), B = (bij) € M,(R), we write [A- B];; = 0 to mean that
ai by =0forl=1,...,n. We identify M, (R)[M] with M, (R[M]) canonically.

Forn>2 letV = Z?:_11 E; ;41 where E; j : 1 < i,j < n are the matrix units.

Lemma 2.2 Let M be a monoid. For v = >." | Aja;, v = Z;C:l B;B; € M,(R)[M], let
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o m (9) R o ()] ) () . :

fijg =2 ey a; jas and g; j = Yoo b; ;B¢ where a; ; and b; | are the (i, j)-entries of A; and By,

respectively, for l = 1,...,m, h =1,..., k. Then u = (f; ), v = (g:;). If R is M-Armendariz

and [u-v];; =0 for all i and j, then A;B; =0 for all i and j.

Proof Since [u-v];; = 0 for all ¢ and j and R is M-Armendariz , agf)bl(;)

where [ =1,...,n. Then A4;B; =0 for all ¢ and j. O

=0 for all ¢ and j,

Lemma 2.3 ([13, Theorem 2.3]) Let R be a reduced ring. If AB = 0 in S, n(R), then
[A-B);; =0 for alli,j and all 2 < m < n.

Theorem 2.4 Let M be a monoid with |M| > 2. Then the following conditions are equivalent.
(1) R is M-Armendariz and reduced;
(2) Sp.m(R) is an M-Armendariz ring for all 2 < m < n.

Proof (1) = (2). Suppose that u = Y7 | Ajei, v = >.0_) BjfBj € Spm(R)[M] such that
uwv = 0. We need to prove that A;,B; = 0 for all 1 < i, j < p. Let f;; = > | agfj-)as
and g;; = Y b, bg?ﬁt where az(l]) and bz(l]) are the (i, j)-entries of A; and By, respectively, for

I=1,....,p. Then v = (f;;), v = (gi;). By Lemma 2.3, [u-v];; = 0 for all ¢ and j, then
A;B; =0forall 1 <4, j <pby Lemma 2.2.
(2) = (1). Suppose that Sy, »,(R) is M-Armendariz. Note that R is isomorphic to the subring

a 0 --- 0
0 a --- 0
I : a € R.
00 --- a

of Sy,,m(R). Thus R is M-Armendariz, since each subring of an M-Armendariz ring is also M-
Armendariz. By analogy with the proof of Lee and Wong [7], Lemma 2.3, we can show that R

is reduced. O

Corollary 2.5 ([11, Proposition 1.7]) Let M be a monoid with |M| > 2. Then the following
conditions are equivalent.
(1) R is M-Armendariz and reduced;

a b c
(2) S; = 0 a d]l|ab,ec,de R., is M-Armendariz.
0 0 a

Theorem 2.6 Let M be a monoid with |[M| > 2 and R be an M-Armendariz ring and reduced.
Then Sy, m(R) is a maximal M-Armendariz subring of T,,(R) for all 2 < m < n — 1.

Proof Suppose that T is an M-Armendariz subring of T,,(R) and T properly contains Sy, n, (R).
Take e # g € M, where e stands for the identity of M. Then there exists A = (a; ;) € T such

that one of the following conditions holds:
1) ak—11-1 # ag, for some 2 < k <1< m;
<n-1.

~
2) ag, # agt1,41 for some m < k <1

Case 1 Suppose that 1) holds. We can assume without loss of generality that a1 14+ = a2 24 =
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= ay—pm Where 0 <t < l—k—1,and a1 41 = a2 k+2 =+ = ag—1,4-1. Let V® = I, and
A = A—Ef;g*l aLHtVt—Zf;Ol ag—i VIR Clearly u = Aye—(ak—11-1—a)V'"tg € T[M)]
and v = Ej pe+FE|_py1.,9 € T[M]. One easily checks that uv = 0 but (ax—_1,-1—ar)) V' 1B, =
(ak—1,-1 — ax1)E1n # 0. Hence T is not an M-Armendariz ring.

Case 2 Suppose that 2) holds. We can assume without loss of generality that ap, mi+ =
Amt1,mtt41 = = Qp—t,np Where 0 <t < I—=k—1,and ar41,141 = Q42,142 = -+ = Qk—i4n,n- Let
Ay =A— Zi;g_l i Z?;ol k¢ VIR Then u = (aps1,41 — aky) Br ke — E1pn—i419,
v=Are+ V" *g e T[M]. One checks that uv = 0, but (ar41,1+1 — ar1)E1xV"F = (akr1,041 —
ar,1)Er,n # 0. Hence T is not an M-Armedariz ring. O

By using the same methods as in the proof of Theorem 2.6, we have the following Theorem
2.7.

Theorem 2.7 Let M be a monoid with |[M| > 2 and R be an M-Armendariz ring and reduced.

Then
a b
F:{< >|a,beR.}
0 a

is a maximal M-Armendariz subring of To(R), and

a b ¢
3= 0 a d |la,becd €R
0 0 a

is a maximal M-Armendariz subring of T3(R).

3. Maximal general M-Armendariz subrings of M, (I)
Definition 3.1 A general ring I is called general reduced if it has no non-zero nilpotent elements.

Definition 3.2 Let M be a monoid. A general ring I is called general M-Armendariz if,
whenever (37", a;a;)(3°5_, b;B;) = 0 in I[M], a;b; = 0 for all i and j.

a;l a;l .. a;l
as as ‘e as

Let D,,(I) = L . | la; eI forn>2.
Qanp anp .. anp

Theorem 3.3 Let M be a monoid. If I is a general M-Armendariz ring, then D,,(I) is a general
M -Armendariz subring of M, (I) for n > 2.

Proof Suppose that f=>"", A, g = 2521 B;B; € D, (I)[M], such that fg =0. We need
to prove that A;B; = 0 for all ¢ and j.

Let ) ) ) ) ) )
a?_; a?_; N a?_; béji béji N béji

alV g oo gy ) py RN A
e U R B

OISO R O O RN C B )
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whereagi) bgj)elforlgsgnandlgigm,1§j§k,andlet

)

i 1 g g1 g1
fo fa o S g2 92 G2
f=1r. - . 9= . . N E
fn fn fn n Gn °° Gn

where f, =3, agf)ai, Jo = 2521 bgj)ﬁj e€lforl<u, v<n.
It follows from fg = 0 that

fulgr + g2+ -+ ga] =0, for 1 <u<n. (3.1)
Because I is a general M-Armendariz ring, we have
aD@pD 169 4. 4 b)) =0 for 1<i,j<mand 1 <u<n. (3.2)
Hence we show that 4;B; =0forall 1 <, j <m. O

Theorem 3.4 Let M be a monoid and |M| > 2. If I is a general M-Armendariz and reduced
ring, and |I| > 2, then D, (I) is a maximal general M-Armendariz subring of M, (I) for n > 2.

Proof Suppose that T is a general M-Armendariz subring of M, (I) and T properly contains
D,,(I), then there exists A = (a; ;) € T\Dyn(I) where 1 < 4, j < n. It suffices to show that T
is not general M-Armendariz. Take e # g € M, where e stands for the identity of M. We will

proceed with the following two cases.

Case 1 Suppose that a11 =a12 =+ =ay1j-1 # a1,; where 2 < j <n. Then ay ;1 —a;; #0.
Let
airj a4irj 0 A1
G2j Gz2j5 - A2
A =A-
Ongj Gng 0 Ongj
aip—ai; o a1 —a; 0 ajp—a; o an —a
agi —azj - azj-1—az; 0 agjpr—az; oo agn —ag;
= )
An,1 = Gnj  Gnj-1 = 0nj 0 @njt1—Gnj - Anp—Gnj
airj-1 Qij-1 -0 A15-1
azj-1 Q25 -1 -°° A25-1
Ay =A— . :
Qn,j—1 Qn,j—1 *°* Gpgj—1
a;; —ayj-1 - arj2—aii—1 0 arj—aij1 - ain—aij-1
agi —azj-1 - Qzj-2—agj-1 0 agj—as;-1 - Az —az -1
nl —Qnj-1 " Qnj—2—anj-1 0 Qnj—Gnj-1 -+ Ann—Qnj-1

Then Al, Ay eT.
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Let f = Aje + Aag be in T[M], and let

By

By =

Then By,By € T.

0
0
aij—1—0a1;j
0
0
0
0
aij-1=01; 0a1,j-1—0a1;
0
0

a1,j-1— a1

0 0
0 0
arj-1—a; | (4),
0 0
0 0
0
0

0

Let g = Bie + Bag be in T[M]. Then fg = 0, but

A1By =

(a1,j—1 —a1,5)(
(agj-1—az;)(a1j-1 — a1;)

This is a contradiction.

aij—1—ai;)

(an,j—1 — anj)(a1,j-1 — a1,;)

Case 2 Suppose that a;1 = a2 = -+
ajj—1 # a;; where 1 < 4,5 <n. Then a; ;1 —a;; # 0. Let

A =A-

ail ail

Aj—1,i—1 QAj—1,5—1

Qi,j Qi j
Qit1,j  Gitl,j
Qn,j Qn,j
0
0

Qi j—1 — Qi,j
Qit1,5—1 — Gif1,5

Qn,j—1 = Qn,j

o O

a1

Ai—1,i—1
Qij

QAit1,5

Gn,j

0

Qi j+1 — Qij
Qit1,541 — Q41,5

An,j+1 — Qn,j

(az,j—1 —az,j)

arj-1—a; | (G—1).

(a1,j-1 —a1,)(a1,j-1 — a15)
(a1,j-1 —a15)

(an,j—1 — anj)(a1,j-1 — a1,;)

Ain — Qi 5
Air1,n — Ait1,5

An,n — Gn,j

W. K. WANG

£0.

=atp, Wwhere 1 <t <i—1,and a;1 = aj0 = -+ =
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aii aii e aii
Ai—1,i—1 Qj—1,4—1 -  Gi—14—1
Ay =A—| Gij-1  Gij-1 o gl
Air1,5—1 Gir1,5—-1 - Qip1,5-1
Apj-1  Qpg—1 - Gng-1
0 0 0
0 0 0
e ai2—aig 00 iy —aiia o i — GG
Ajtr1,5—2 — Gi41,5—1 0 Qir1,5 — Ai41,5—1  ° Girln — Ai41,5—1
anj—2—anj—1 0 anj—anj—1 -+ Gnn— G-l
Then Al, Ay eT.
Let f = Aje + Aag be in T[M], and let
0 0 0
0 0 0
Bi=| aij-1—aij; aij-1—a; aij-1—aij | (4)
0 0 0
0 0 0
0 0 0
0 0 0
By = | aij—1—aij aij-1—a; aij-1—aij | (j—1).
0 0 0
0 0 0

Then By, Bs € T.

Let g = Bie 4+ Bag be in T[M]. Then fg = 0, but

0

0

A1By = (aij—1 — aij)(aij—1 — ai;)
i+1,5— ) (@i - :

(@it1,j-1 — @iv1,5)(@ij—1 — aij)

(anj—1 = anj)(@ij—1 — aij)

0
(@ij—1 — aij)(aij—1 — a;;)

(@iv1j-1 = @it1,5)(aij—1 — aij)

(anj—1— anj)(@ij—1 — a;j)

£0.

889
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This is a contradiction.

Thus T is not general M-Armendariz. O

a1 ao PN Qanp
a1 as e Ay

Let D, (I)T = o e eI} forn>2.
a’l a2 DRI an

By using the same methods as in the proofs of Theorems 3.3 and 3.4, we have the following
Theorem 3.5

Theorem 3.5 Let M be a monoid and |M| > 2. If I is a general M-Armendariz and reduced
ring, and |I| > 2, then DL (I) is a maximal general M -Armendariz subring of M, (I) for n > 2.
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