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Abstract In the paper we give a trace theorem of Besov spaces By P(R") on a d-set. It is a
kind of extension of related results of Jonsson and Wallin, which has important applications on
PDE theory.
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1. Introduction

Trace problem has many important applications in PDE theory [1]. The purpose of the paper
is to study the trace theorem of Besov spaces B¢ for p < 1. It seems that in many references,
most of them care about the problem when p > 1 (see [2,3]). In [4], a trace theorem of Besov
spaces for p < 1 was given on a Lipschitz domain without proof. In this paper, we mainly discuss
the trace problem of Besov spaces for p < 1 on a d-set.

As we know, there are many examples known as d-sets, for example, a Lipschitz domain with
a bounded Lipschitz boundary in R™ with d = n — 1 or a bounded hyperplane of R with d < n.

For further examples, we refer to [2] and [5]. The d-set is defined as follows

Definition 1.1 Let I' be a closed, non-empty subset in R", and 0 < d < n. Then T is called a
d-set if there exists a Borel measure u in R™ with the following properties:
1) suppp =T}
2) for any Q € T and any r with 0 < r < rg, there exist ¢1, ¢ > 0 such that
cr? < p(B(Q,r)NT) < cor,

where B(Q,r) denotes the ball with center Q € T and radius r, and ro > 0 denotes the diameter
of I.

Remark 1.1 Such definition can be found in [5, pp 1-5]. We also use “A ~ B” to denote
“c1B < A < ¢3B” in the following.

Actually the trace theorem of Besov spaces on a d-set has been studied by several people.
In [2, p.103], Jonsson and Wallin proved that if I' is a d-set, then ByP(R"™)|r = BS*(T) for
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1<p<oo,0<a<land0<f=a-— "Tjd < 1. In [5, p.139], Triebel also gave the trace

n—d
theorem that if T" is a d-set, then B,? " (R™)|p = LP(T') for £ < p < 00, 0 < ¢ < min(1,p). One

n

can consider if we can obtain similar results for larger range to p and a.

The purpose of the paper is to prove

Theorem 1.1 Let I' be a d-set in R™ (0 < d < n), % <p§ooand6:o¢—"Tjd, "Tjd <a<
1+ 2=¢. Then
B&P(R™)|r = BYP(T).
Throughout the paper, the letter “C” will denote (possibly different) constants that are

independent of the essential variables.

2. The proof of Theorem 1.1

In the section, we prove the main theorem. Firstly we introduce the Besov spaces Bp°? (R™)
and ByP(T'). Take o € S and (X ) = po(X) — 27" (X/2) satisfying
/ wo(X)dX =1 and X*Y(X)dX =0, for any |a| > 0. (1)
n RTL
Definition 2.1 Let ¢y € S satisfy (2.1) and ¥(X) = po(X) — 2 "po(X/2). Then for s € R and
0<p<oo,0<g<

Byt(R™) ~{f € S'R") : || fllzgaen)
1
d
:(/ ([l f”LP(R"))th)l/q + [lpo * fllLe@ny < oo},
0
where :(X) =t~ " (X/t).

Definition 2.2 Let I’ be a d-set (0 < d < n). For % <p<ooand0 <s <1, the Besov space

on I is defined as

By () ={f € L/(D) : I/ lony+
£~ )P S
//XYer Ix—v|<1} X — TIX —Y|dte = ——du(X)du(Y)) P < +oo}.

Next we give the following lemma [3, p. 58].

Lemma 2.1 Let 0 < p < 00, s € R and ¢ € R, for any f € S'(R"), G,(f) = _7-'*1(1 4
|X|2)°/2F(f). Then |\Gg(f)||B;w,p(Rn) is equivalent to the quasi-norm of By (R™).

The following lemma is easily verified by using the definition of d-set,
Lemma 2.2 Let T be a d-set (0 <d <n). Then fore >0,0<r <1, andp > %

,,,.E
—  du(X) ~prrd,
/p<r+|X|>w+e )~

Denote by T'r the trace operator, initially defined on S(R™) as the restriction to I, since S(R™)
is dense in B;P(R™). We also use £ to denote the extension operator that extends functions from
I' to R™.
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Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1 For the theorem about p > 1, readers can refer to Theorem 1 in
Chapter V in [2]. We only need to deal with the case p < 1.
Step 1. Firstly we should prove that
BYP(T') € ByP(R™)]r.
Since BS?(T') C LP(T), this is verified if
LP(T) C ByP(R"™)]r.
That means we need to prove for f € LP(T'), there exists £ such that

1€ Bgr@ny < ClfllLr(r)-

In fact, such extension operator £ has been established in [5, p.140]. We only need some little
modifications of the corresponding part in [5] to fit our case. Thus we omit its proof here.
Step 2. Next we prove that
B&P(R™)|r € BYP(T).

With Lemma 2.1, it suffices to prove for g € §'(R™)

1T (G-alg)) O pgrry < Cl9Cl por any-
Set S(-) € S(R™) satisfying

/S(X)dX #0 and S(¢) € D(R™),

and suppS(€) € B(0,1). Set Sp(X) = 28"5(2X), Dy(X) = Sy — Sx_1 and Dy = S. We also
assume that
[ proxiax =g = o).

Set

oo

Goo=) 27D
k=0
Using the Fourier analysis, we can easily obtain that when |¢] < 1, é_a(f) ~ 1; when |¢] > 1,
G_o(€) ~ |€]7®. Thus we can substitute the standard Bessel potential operator G_, with G_,
in the process of proof. Next we use the so-called ¢-transform to denote distribution function
6, for g € S\P(R"),
90)= D (@90 + D D (9.¢e)e,
(Q)=1 m=1i(Q)=2—m
where
Q=Qru={(z1,...,2n) e R" 1 p; <2"x; < p; + 1L, p€Z",i=1,...,n},
and ¢q, (;;Q, YQ, z/;Q € S(R™) satisfy

Q2+
(1+1Q)~'X = X+

107¢q|, 107 o |, [07q|, 107 gl < Cy, 1
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where X is the center of cube Q, L, |v| > 0 and v, 1/~JQ have vanishing moments up to some

needed order, while ¢¢, (;;Q may not have vanishing conditions. Now we need to deal with the

term ||C~v'—a(9)HLP(F)'

IG-alo) oy = [ |22’ka*9 X)Pdu(X)

s/r|22-’mm*{ S

+) 9: Q)P HPdu(X).
k=0 1(Q)=1 m=

14( Q):T’"

Assume that g; = ZZ(Q):1<Q,¢Q>¢~SQ and g2 = > o, Ez(@):zfm@v‘/’@‘[’@ Notice that for
some € > 0 and a A b =min{a, b}, [(Q) ~27™,

1D » 6001 O g @)
Do ()] <CIQPM /" 3)
Dy ¢ ()| <C2* RS _1XQ|)H+E, for k > 0; (4)
Dy ()] <C|Q/22-Ik=mle 2 for k>0, (5)

(2—(k/\m) + |X _ XQ|)7L+67

Let us deal with the term [1.| >, .27 ** Dy * g2[Pdpu(X). The other terms are similar and easy.
By using (a + b)? < a? +bP(p < 1) and (2.4), we have

JADSERTIRYRIES
I

k>0
27(k/\m)pe

—kpao—mnp/26—|k—m|pe 4
<C ZZ S oty 2 (2_(,Mm)+|X_XQ|)(n+€)p|<g,wQ>| du(X)

I k>0 m=11(Q)=2-m

< CZ Z Z kpa2 kAm)(np— d)2—mnp/22 |k— m|pe|< 1/}Q>|p

kE>0m=1](Q)=2—m

—C(ZZ Z Q*kp(a*(n*d/p)*e)Q*mn(p(lJre/n)fl)anp(l/%l/p)|<97¢Q>|p+
k>0 m>k [(Q)=2—m

SOSS omln-adkpagtmkpeqmnn(l/21/p)| (g o) P).

k>0 m<k [(Q)=2—m

Note that o > %i and p > % and take € > % — n. Then we have
JAD SRR PHEESEETE) DI DR L D
' k>0 m=1((Q)=2-m

Here we have just used Theorem 7.1 in [7]. It follows ||C~La(g)|\]zp(m < Cligll gorgn)- Finally we

prove

f /XYGF ) O (x)u(1) 7 < Clglag o
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We have

/ /X,yep |G_a(g)|§(z}|GdI§£g) O 413 du(r)

e e | Pr(9)(X) — Di(g)(Y)|P
S//x $ 2 DO = D@D gy

Yer iy | X —Y|d¢+hp

SN | fon (DW(X. Z) — Di(Y, 2))g(Z)dZ?
gkz_oz / /X . dp(X)du(Y)

|X — Y|d+5p

o
SZQ_IW// +//
k=0 {X,Yer:|X-Y|>32-k} {X,Yer|X-Y|<$2-k}

Note that for the first term,

1 1
ey = [ 1
/{Xer:|X—Y|2;2k} | X —Y|d+hp (Yer|x—v|>12-+y | X = Y|4T0P

then the following step is almost the same as with the term ||G_a(g)||Lr(r). Now we deal with

du(Y) ~ G297,

the second term. Notice that
|X_Y|E ( 271{26 N 271{26 )
27F+|X —Z])e 27k +|X — Z|)vte 27k 4+ |Y — Z|)nte”

1
for | X —Y|< 5(2*’c + X - 2)).
Take Bp < € = Bp + €y < 1, then we have

1
Qkﬁp-l-kmdu(x)
/{XGF;X—Y|<§2’C} | X —Y|d=<o

1

= —— okBrtkeoq, (V) ~ C2FPP.
/{YeF;X—Y<§2k} |X —Y[d=<o n)

Then we can obtain

// IG_a(9)(X) = G_alg)(Y)]
X,Yer |X — Y|d+op

P
du(X)dp(Y) < Cllgll por @n)-
Thus we have proved Bg?(R™)|r € BS?(T). The proof is completed. O

Remark 2.1 Notice that in our setting in the main theorem, I' is a d-set with radius ro > 0. In
fact from the proof of our main theorem, one finds that ry can be infinite. In this case we need
the moment conditions on the kernel of Dy (k > 0). That means p > d/n which connects with
the moment conditions of the kernel Dy. If g < oo, I' is a compact set when 0 < d < n, which
means I is porous (see related definition in [9] or [10]). In that case, related results can be found
in [8] where similar trace theorem holds in the case 0 < p < oo. Hence this is the difference

between our results and the works of Triebel [8-10].
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