Journal of Mathematical Research & FEzposition
Sept., 2010, Vol. 30, No. 5, pp. 903-908
DOI:10.3770/j.issn:1000-341X.2010.05.019
Http://jmre.dlut.edu.cn

On Generalized F-Monotonicity in Banach Spaces

Fan Long ZHANG, Li Ya FAN*
School of Mathematics Science, Liaocheng University, Shandong 252059, P. R. China

Abstract Several new kinds of generalized E-preinvexity and generalized invariant F-monotonicity

are introduced in the setting of Banach spaces. The relations between E-preinvexity, E-prequasiinvexity,
(pseudo, quasi) E-invexity and invariant (pseudo, quasi) E-monotonicity are studied, which can

be viewed as an extension of some known results.
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1. Introduction

Convexity is a common assumption made in mathematical programming. There have been
increasing attempts to weaken the convexity of objective functions, see for example [1-9] and ref-
erences therein. An interesting generalization for convexity is E-convexity, which was introduced
and studied by Youness [1-3] and Yang [4]. They studied characterizations of efficient solutions
and optimality criteria for a class of F-convex programming problems. Later, E-quasiconvexity
was introduced in [5] and some basic properties for E-convex and E-quasiconvex functions were
developed there. Very recently, Fulga and Preda [6] introduced E-invex sets and E-preinvex and
E-prequasiinvex functions as an extension of the F-convex sets and E-convex and E-quasiconvex
functions, respectively.

A concept related to the convexity is the monotonicity of mappings. In 1990, Karamardian
and Schaible [7] studied the relations between the convexity of a real-valued function and the
monotonicity of its gradient mapping. Yang et al. [8] investigated the relations between invexity
and generalized invariant monotonicity in R"™. In this paper, we will introduce several new notions
of generalized invexity and generalized invariant monotonicity, which are called F-quasiinvexity,
E-pseudoinvexity and invariant pseudo (quasi) E-monotonicity, and study their relations in
Banach spaces. The results here can be viewed as an extension and improvement of corresponding

results in [7, 8].

2. Invariant F-monotonicity
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Throughout this paper, let X be a real Banach space and M a nonempty subset of X. Let
n: X xX — X and F: X — X be single-valued mappings and f: X — R a function.

The set M is said to be invex with respect to n (see [9]) if for any x,y € M and any A € [0, 1]
one has = + M(y,z) € M, and E-invex with respect to n (see [6]) if for any =,y € M and any
A € [0,1] one has E(x) + Ap(E(y), E(x)) € M. For the sake of brevity, F(x) will be written as
Ex for any z € M.

The function f is said to be Gateaux differentiable at x¢ € M if there exists a linear function
f'(zo) : X — R such that

f(xo +tv) — f(zo)
10 t ’

Yo € X,

where f'(xz¢) is called the Gateaux derivative of f at xg. The function f is said to be Gateaux

differentiable on M if it is Gateaux differentiable at every x in M.

Definition 2.1 Let M be an E-invex set with respect to n and f : X — R be a Gateaux
differentiable function on M. The function f is said to be
(i) ([6]) E-preinvex on M with respect to n if
f(By + X n(Ez, By)) < Af(Bz) + (1 = \)f(By), Va,y e M, VA€ 0,1];
(ii) E-invex on M with respect to n if

(f'(By),n(Ez, By)) < f(Ex) — f(By), Vr,y € M.

Definition 2.2 Let M be an E-invex set with respect to n and f : X — R be a Gateaux
differentiable function on M. The operator f' is said to be invariant E-monotone on M with

respect to n if
(f'(Ey),n(Ex, Ey)) + (f'(Ex),n(Ey, Ex)) <0, Vz,y € M.

When E = I, the identity mapping, Definitions 2.1 and 2.2 reduce to the concepts of prein-
vexity, invexity and invariant monotonicity in [8], respectively.

Motivated by the previous works on this issue, in this paper, we will study the closed relations
between E-preinvexity, F-invexity and invariant F-monotonicity. For this end, we first recall the
following two assumptions, which are taken from [8,9] and used in many papers. Let K be a

nonempty subset of X.

Assumption A’ Let the set K be invex with respect to n and f : K — R be a function.
Assume that f(y +n(x,y)) < f(x) for all x,y € K.

Assumption C' Let n: X x X — X be a mapping. Assume that for any x,y € K and any
A € [0,1] one has

N,y + An(z,y)) = =z, y) and n(x,y + An(z,y)) = (1 = \)n(z,y).

Yang et al. [8] showed that if n satisfies Assumption C’, then

Ny + Mn(z,y),y + dan(z,y)) = (A1 — A)n(z,y), Y,y € K, A1, A2 € [0, 1]. (1)
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The following example shows that the converse implication is not necessarily true, that is,

the equality (1) is a proper generalization of Assumption C'.
Example 2.1 Let K =[-2,2] and

r—Y, Ty Z 07
77(9579): _%7 £L'>O, y<07
2—y, <0, y>0.
We can verify that 7 satisfies the equality (1). But Assumption C’ does not hold for z > 0, y < 0
and A € (0,1].

Now, we introduce two similar assumptions, which are used in the sequel.

Assumption A Let f : X — R be a function andn : X x X — X and F : X — X be
single-valued mappings. Assume that f(Ey+ n(Ez, Fy)) < f(Ezx), Vx,y € M.

Assumption C Letn: X x X — X and E: X — X be two single-valued mappings. Assume
that for any x,y € M and any A1, A2 € [0,1] one has

n(Ey + \in(Ex, By), By + Aan(Ex, By)) = (M — A2)n(Ez, Ey).

Theorem 2.1 Let M be an E-invex set with respect to n, E(M) an invex set with respect to
n and f : X — R Gateaux differential on M. Then

(i) E-preinvexity of f implies E-invexity of f on M with respect to n;

(ii)) E-invexity of f implies invariant E-monotonicity of f' on M with respect to n;

(iii) If Assumptions A and C are both satisfied, then invariant E-monotonicity of f' implies
E-preinvexity of f on M with respect to 1.
Proof (a) Let f be E-preinvex on M. Then for any x,y € M and any A\ € (0, 1] one has

F(Ey+ An(ExAvEy” —IEY) < (B2 - f(my).

Taking the limit for the above inequality as A | 0, we get
(f'(Ey),n(Ex, Ey)) < f(Ex) — f(Ey), (2)

which shows that f is E-invex on M.
(b) Let f be E-invex on M. Then the inequality (2) holds for any z,y € M and then

(f'(Ey),n(Ex, Ey)) + (f'(Ex),n(Ey, Ex)) <0,

which indicates that f’ is invariant E-monotone on M.

(c) Let f’ be invariant E-monotone on M and Assumptions A and C hold. Assume to the
contrary that f is not E-preinvex on M. Then there exist 2°,4° € M and A\° € (0, 1) such that
FEZ?) > N f(Ex) + (1 — X f(ByY), where E2° = Ey° + \On(E2°, Ey°). By Assumption A,
we have f(Ez%) > \f(Ey® +n(Ex°, Ey®)) + (1 — \°) f(Ey°), that is,

N(f(B2) = fF(BY® +n(B2®, By))) + (1 = A)(f(E2") - f(Ey")) > 0.
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By the mean-value theorem, we get
(f/(E2), NN = 1)n(E®, By°)) + (f'(B2%), (1 = A)X°n(Ea’, By")) > 0, (3)
where Ez! = Ey? + Aln(Ex°, Ey°), E2? = Ey° + A\2n(E2°, Ey®) and 0 < A2 < A\’ < A\ < 1. By
Assumption C, it follows from (3) that
(f'(E2),n(E2?, B2Y) + (f'(B2®),n(Ez', E2%)) >0,

which contradicts the invariant E-monotonicity of f/. Therefore, the assertion (iii) holds. O

3. Generalized F-invexity and generalized E-monotonicity

In this section, we will introduce several new kinds of generalized E-invexity and generalized
E-monotonicity, and establish the relationships between generalized E-invexity of the function

f and generalized F-monotonicity of its Gateaux differential f'.

Definition 3.1 Let M be an E-invex set with respect to . A Gateaux differential function
f: X — R is said to be
(i) ([6]) E-prequasiinvex on M with respect to n if

f(Ey + An(Ez, Ey)) < max{f(Fz), f(Ey)}, Vx,y € M,VXe€[0,1];
(ii)) E-quasiinvex on M with respect to n if
f(Ex) < f(By) = (f'(Ey),n(Ex, Ey)) <0, Va,y € M;
(iii) E-pseudoinvex on M with respect to n if
(f'(By),n(Ez, Ey)) 2 0= f(Ex) > f(Ey), Va,y € M.

Definition 3.2 Let M be an E-invex set with respect ton and f : X — R a Gateaux differential
function. The operator f' is said to be

(i) invariant quasi E-monotone on M with respect to n if

(f'(By),n(Ex, Ey)) > 0 = (f'(Ex),n(Ey, Ex)) <0, Vr,y € M;
(ii) invariant pseudo E-monotone on M with respect to n if

(f'(By),n(Ez, Ey)) = 0 = (f'(Ex),n(Ey, Ex)) <0, Y,y € M.

In the following, we study the relations between E-prequasiinvexity, (pseudo) quasi E-invexity

and invariant (pseudo) quasi E-monotonicity.

Theorem 3.1 Let M be an E-invex set with respect to n, E(M) an invex set with respect to
n and f: X — R a Gateaux differential function. Then

(i) E-prequasiinvexity of f implies E-quasiinvexity of f on M with respect to n;

(ii) E-quasiinvexity of f implies invariant quasi E-monotonicity of f' on M with respect to
n;

(iii) If Assumptions A and C are satisfied, then invariant quasi E-monotonicity of f' implies
E-prequasiinvexity of f on M with respect to 7.
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Proof (a) Let f be FE-prequasiinvex on M. For any z,y € M and any A € (0,1], as-

sume without loss of generality that f(Ex) < f(Ey). Then f(Ey + M(Ez, By)) < f(Ey),
that is f(EyJFM(Ex):Ey))*f(Ey)

< 0. Taking the limit for the last inequality as A | 0, we get
(f'"(Fy),n(Ex, Ey)) <0, which indicates that f is E-quasiinvex on M.

(b) Let f be E-quasiinvex on M. Assume to the contrary that f’ is not invariant quasi
E-monotone on M. Then there exist 2%, 4% € M such that

(f'(By"),n(Ez’, Ey°)) > 0= (f'(Bx®),n(Ey", Ea®)) > 0.
By the definition of E-quasiinvexity, we get f(Ex°) > f(Ey°) and f(Ey°) > f(Ez°), which is a

contradiction. Therefore, the assertion (ii) holds.

(c) Let f’ be invariant quasi E-monotone on M and Assumptions A and C hold. Assume
to the contrary that f is not E-prequasiinvex. Then there exist 2°,y° € M and \° € (0, 1) such
that

FBY + Xon(Ea®, By")) > max{f(Ex°), f(Ey°)}.

By the mean-value theorem and Assumption A, there exist A\' € (0,\%) and A? € (A\Y, 1) such
that
0 < f(EZ") = f(ByY’) = (f'(Bz"), \'n(Ba®, By"))
and
0 < f(EZ") = f(By’ +n(Ex’, Ey")) = (f'(Ez*), (\* — 1)n(E2", Ey’)),

where E20 = Ey°+\'n(Ez°, Ey°), Ez! = Ey°+\n(E2°, Ey°) and Ez? = Ey°+\2n(E2°, Ey°).
From Assumption C, it follows that (f'(Ez'),n(E2%, Ez1)) > 0 and (f'(Ez?),n(Ez', Ez?)) > 0

which is a contradiction to the invariant quasi E-monotonicity of f’. So the assertion (iii) holds. O

Theorem 3.2 Let M be an E-invex set with respect ton, E(M) an invex set with respect to n
and f: X — R a Gateaux differential function. If Assumption A holds and f is E-pseudoinvex
on M with respect to n, then f is E-prequasiinvex on M with respect to 7.

Proof Assume to the contrary that f is not E-prequasiinvex with respect to 1. Then there
exist 2°,9% € M and \° € (0, 1) such that

FBY + Xn(Ea®, By")) > max{f(Ex°), f(Ey°)}.
Suppose without loss of generality that f(Ez") < f(Ey®). By Assumption A, we have
F(By" + Xn(Ea®, By®)) > f(By°) > f(Ba®) = f(By° +n(Ex’, By°)),
which indicates that there exists X € (0,1) such that

f(Eg) = max F(EY® + Mn(E2®, Ey°)) > f(Ex°),
€[0,1]

where 7 = Ey° + An(Ez°, By®). Consequently, f/(E7) = 0 and then (f'(E7),n(Ez°, EF)) = 0.
It follows from the pseudoinvexity of f that f(E2°) > f(E%), which is a contradiction. Thus,

the assertion of the theorem is true.

Theorem 3.3 Let M be an E-invex set with respect to n, E(M) an invex set with respect
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ton and f : X — R a Gateaux differential function. If Assumptions A and C hold, then f is
E-pseudoinvex on M with respect to n if and only if f’ is invariant pseudo E-monotone on M

with respect to 1.

Proof Let f be E-pseudoinvex on M with respect to . Assume to the contrary that f’ is not

invariant pseudo E-monotone on M with respect to 1. Then there exist z¥,3° € M such that
(f'(BY°)n(E", Ey°)) = 0= (f'(B2"), n(Ey", Ex®)) > 0. (4)
By the E-pseudoinvexity of f, we have
(f'(By®),n(Ba®, By°)) > 0= f(Ex°) > f(Ey°). (5)

According to Theorems 3.2 and 3.1(i), it follows from (5) that (f'(Ez),n(Ey°, Ex°)) < 0, which
contradicts the implication (4).
Conversely, let f’ be invariant pseudo E-monotone on M with respect to 7. For any z,y € M
with
(' (Ey),n(Ex, Ey)) > 0, (6)

we want to show that f(Ex) > f(Fy). Assume to the contrary that f(Fz) < f(Ey). By the

mean-value theorem, there exists A\° € (0,1) such that
f(By +n(Ex, By)) - f(By) = (f'(By + \"n(Ex, By)),n(Ex, By)).
By Assumptions A and C, it follows that
(f'(By + Xn(Bx, Ey)),n(Ey, By + \’n(Ez, By))) > 0.

By the invariant pseudo E-monotonicity of f’, we can deduce that (f'(Ey),n(Ex, Ey)) < 0,
which contradicts the inequality (6). Hence, f is E-pseudoinvex on M with respect to 7. O
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