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1. Introduction

Since p-Laplacian operator —A, occurs in a variety of physical phenomena, many mathe-
maticians do researches from different angles on it. Some significant work has been done by us
too [1-6].

Later, in 2005, we extend the elliptic boundary value problem involving the p-Laplacian

operator we studied before to the following general form:

—div(a(gradu)) + |[u[P~2u + g(x,u(x)) = f(x), ae. in

— (¥, a(gradu)) € By (u(z)), a.e. on I' (1)

where o : RY — RY is a given monotone function, and there exist positive constants ki, ky and

k3 such that for V€, & € RV, the following conditions are satisfied:

(i) la(©) < kaleP~t

(i) [e(§) — a(€)] < ka[€P~2€ — € [P~2¢];

(ili) ((§),&) > ks€[P.
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We note that if a(¢) = [£[P72¢, for V&€ € RN, then (1.1) is reduced to the case involving the
p-Laplacian operator. We proved in [7] that (1.1) had a solution in L?(f2), where ]\2]—51 <p< 400
and N > 1. And, in [8], we showed that (1.1) had a solution in LP(§2), where 2 < p < +o0.

Can (1.1) be extended to the case of nonlinear elliptic systems? In this paper, we will find
a sufficient condition for the existence of solution in LP(2) x L(Q2) of the following system by

using perturbations of accretive mappings:

—div(aq (gradu)) + e1|ulP~2u + g(x, u(z),v(z)) = fi(x), ae. in
—div(ag(gradv)) + e2|v|7%v + g(z,v(z), u(z)) = f2(z), a.e. in (12)
— (9, ai(grad(u))) € Bz (u(x)), a.e. on T
— (¥, ag(grad(v))) € B (v(z)), a.e. on T

Necessary details of (1.2) will be provided in Section 3.

2. Preliminaries

2.1 Perturbations for m-accretive mappings

[43 7

Let X be a real Banach space with a strictly convex dual space X’. We shall use “ — ” and
“w—1lim” to denote strong and weak convergences, respectively. For any subset G of X, we
denote by int G its interior and G its closure, respectively. A mapping 7 : X — X is said to be
hemi-continuous on X if w — limy_,o T'(x + ty) = T« for any z,y € X.

Let J denote the normalized duality mapping from X into 2% " defined by

J(@) ={f e X" (@ f) =l - ISl 11 =lll}, VzeX

where (-, -) denotes the generalized duality pairing between X and X’. Since X' is strictly convex,
J is a single-valued mapping.

A multi-valued mapping 4 : X — 2% is said to be accretive if (v; — v, J(u; — ug)) > 0,
for any u; € D(A) and v; € Au;, i = 1,2. The accretive mapping A is said to be m-accretive if
R(I + XA) = X for some A > 0. We say that A : X — 2% is boundedly-inversely-compact if, for
any pair of bounded subsets G and G’ of X, the subset G A™1(G) is relatively compact in X.

A multi-valued operator B : X — 2% is said to be monotone if its graph G(B) is a monotone
subset of X x X’ in the sense that (u1 — ug, w1 —we) > 0, for any [u;, w;] € G(B), i =1,2. The
monotone operator B is said to be maximal monotone if G(B) is maximal among all monotone

subsets of X x X’ in the sense of inclusion.

Definition 2.1 ([9]) The normalized duality mapping J : X — X' is said to satisfy Condition
(I) if there exists a function n : X — [0,400) such that for u,v € X,

lJu — Jo|| < n(u —v). §8)

Lemma 2.1 ([9]) Let Q be a bounded domain in RY. Then the normalized duality mapping
Jp : LP(Q) — LP (Q) satisfies Condition (I), for 1 < p < +oco.

Definition 2.2 ([9]) Let A : X — 2% be an accretive mapping and J : X — X  be the
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normalized duality mapping. We say that A satisfies Condition (x) if, for any f € R(A) and
a € D(A), there exists a constant C(a, f) such that, for any u € D(A), v € Au,

(U_va(u_a))ZC(avf)' (*)

Lemma 2.2 ([9]) Let Q be a bounded domain in RN and g : Q x R — R be a function satisfying
Carathéodory’s conditions such that

(i) g(z,-) is monotonically increasing on R;

(ii) the mapping u € LP(Q) — g(z,u(x)) € LP(Q), 1 < p < +o0, is well defined.

Then, the mapping B : LP(Q) — LP(Q) defined by (Bu)(z) = g(z,u(zx)), for any x € Q,

satisfies Condition (x).

Theorem 2.1 ([9]) Let X be a real Banach space with a strictly convex dual X'. Let J : X — X'
be the normalized duality mapping on X satisfying Condition (I). Let A, C; : X — 2% be

accretive mappings such that

(i) either both A and C; satisfy Condition (x), or D(A) C D(Cy) and C} satisfies Condition
(%);

(ii)) A+ Cy is m-accretive and boundedly-inversely-compact.

If Cy : X — X is a bounded continuous mapping such that, for any y € X, there is a constant
Cl(y) satistying (Ca(u+y), Ju) > —C(y) for any u € X, then:

(a) [R(A)+ R(C1)] C R(A+C1+Cy);

(b) int[R(A)+ R(C1)] C int R(A+ C1 + Cs).

2.2 Basic results for product space

Our discussion is based on some results for product space, which can be found in [10].
The product space of Banach spaces X; and X5, which is denoted by X; x X3, is a set of all
(ordered) pair of (x1,x2) of elements 27 in X; and 25 in Xa. X; X X5 is a vector space if the

linear operation is defined by

ki(z1, 1) + ka(z2,y2) = (kiz1 + kaza, kiyr + kay2).

Furthermore, X; x X5 becomes a normed space if the norm is defined by
1
(@1, 22)]| = (zal® + [lz2]|*)=.

The above norm ensures that (X7 x X3)' = X| x X}, where X{ and X} are dual spaces of X3
and Xs, respectively.

(X1 x X3)) = X{ x X} means that: (i) each element (f,g) € X| x X} defines an element
F e (Xi x X3) by ((z1,22), F) = (21, f) + (x2,9) and, conversely, each F' € (X; x Xo)' is
expressed in this form by a unique (f,g) € X7 x X}; (ii) the norm of the above F € (X7 x X5)’

is exactly equal to [|(f,9) = (I £+ [lg]|*)=.
It is easily seen that X; x X5 is a Banach space since both X; and X, are Banach spaces.
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3. Main results

3.1 Explanation of nonlinear elliptic system (1.2)

In this paper, unless otherwise stated, we shall assume that ]\2,—51 < p < 400 and A?—fl <

q < +o0o, where N > 1. We use || - ||, and || - ||; to denote the norm of spaces LP(2) and L?(f2),
respectively.

In system(1.2),  is a bounded conical domain of a Euclidean space R with its boundary
I' € C' ([1]). We shall assume that Green’s Formula is available. fi(z) € LP(Q) and fa(z) €
L1(Q) are given functions. £; and e are non-negative constants, and ¢ denotes the exterior
normal derivative of I'.

Suppose a; : RN — RY is a given monotone function, and there exist positive constants ki,
ks and k3 such that for V¢, & € RY, the following conditions are satisfied:

() fea ()] < kalglP~

(i) [e1(§) — a1 (&) < kallg[P~26 — [€'P72¢");

(iii) (a1(§),€) = ksl¢[P.

Moreover, suppose oz : RN — RY is another given monotone function, and there exist
positive constants k|, k4 and k4 such that for V¢, ¢ € RY, the following conditions are satisfied:

(iv) Jo2(E) < Kilg|7

(v) lo2(8) — aa(&)] < Kyl€|72 — [¢/]772¢;

(vi) (a2(£),€) = ks

Let ¢ : T' x R — R be a given function such that, for each x € T, ¢, = ¢(z,) : R — Ris a
proper, convex and lower-semi-continuous function with ¢,(0) = 0. Let 3, be the subdifferential
of ¢y, i.e., Bz = Jp,. Suppose that 0 € (3,(0) and for each t € R, the function z € T —
(I +AB:)7L(t) € R is measurable for A > 0.

Suppose that g : @ x R x R — R is a given function satisfying Carathéodory’s conditions
such that for any 1 < p < 400, the mapping u(z) € LP() — g(z,u(x),v(z)) € LP(Q) is well-
defined for all fixed v(z) € L9(Q2) and for any 1 < ¢ < +oo, the mapping v(z) € LI(Q) —
g(z,v(x),u(x)) € L1Q) is well-defined for all fixed u(x) € LP(Q). We shall also assume that
there exists a function 0 < T'(z) € L™ (Q) such that g(z,s,t)t > 0, for [t| > T(x), x € Q
and for fixed number s € R; and g(z,s,t)s > 0, for |s|] > T(z), x € Q and for fixed number
teR.

We note that (1.2) is an extension of (1.1). Moreover, —div(a; (grad-)) and —div(az(grad-))

are generalized p-Laplacian operator and generalized ¢-Laplacian operator, respectively.
3.2 Discussion of system (1.2)

We'll use Theorem 2.1 to discuss the existence of solution of system (1.2) as we have done

before.

Lemma 3.1 ([11]) Let X be a Banach space and J : X — X' be the normalized duality
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mapping. Then, X is strictly convex if and only if
e Jryt € Jyx£y= (r—y, 2" —y*) > 0.
By using Lemma 3.1, we can easily get the following result:
Proposition 3.1 The dual space (LP(§) x L1(§2))" of LP(2) x L1() is strictly convex.

Definition 3.1 Define J : LP(Q) x L1(Q) — (LP(Q) x L)) by J(u,v) = (Jpu, Jyv), for
(u,v) € LP(Q) x LY(RY), where J, and J, are normalized duality mappings on LP() and L((2),

respectively.

Proposition 3.2 The mapping J : LP(2) x L1(Q)) — (LP(Q) x LL(Q))" defined in Definition 3.1
is the normalized duality mapping on LP(Q) x L9(Q2) and satisfies Condition (I).
Proof Let (u,v) € LP(2) x LI(Q), then
((u,v), J(u,0)) = ((u,v), (Jpu, Jqv)) = (u, Jpu) + (v, Jqv)
= [lully + [lvl5 = I (w, v)II?,

and moreover,
1 (a, )2 = [ Tpull + [ gvl|* = llull} + llvll5 = 1l (w, v)II?,
which imply that J is the normalized duality mapping from LP(2) x L1(Q2) to (LP(Q) x L1(2))".
From Lemma 2.1, we know that both J,, and J, satisfy condition (I). That means there exists
a function ny : LP(Q2) — [0, +00) such that

Wyt — Jyoll < mu —v), Vu,w € LP(Q);
and there exists 72 : LY(2) — [0, +00) such that

| Jow — Jyz|| < me(w — z), Vw,ze LIQ).

Define i : LP(Q) x L4(2) — [0, +00) as follows:
0(a,8) = (2(a) + BO)E, ¥(a,b) € L() x LI(Q).

Then for any (u,w), (v,z) € LP(2) x L1(2), we have
1ty 0)=T (0, 2| = WFgti= Ty, Jyto—Tg2)| = (yte— Tyl P+ Jgo— T2 < (v, 02)).
This completes the proof. O

Lemma 3.2 ([7]) Define the mapping B, : W'P(Q) — (W1P(Q)) by

(w, Bpu) :/Q(a(gradu),gradw)dx—kal/ﬂ|u(3:)|p_2u(3:)w(x)d:17

for any u,w € WYP(Q). Then, B, is everywhere defined, monotone, hemi-continuous and coer-

cive.

Similarly, the mapping B, : W14(Q) — (W4(Q))" defined by

(w, Byv) :A(a(gradv),gradwﬂx—i—sg/ﬂ|U(:C)|q_2v(:v)w(ac)dx
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for any v,w € W14(Q), is also everywhere defined, monotone, hemi-continuous and coercive.

Here (-,-) and | - | denote the Euclidean inner-product and Euclidean norm in R .

Lemma 3.3 ([7]) The mapping ®, : W'?(Q) — R defined by ®,(u) = [ o (ulr(z))dl(z), for
any u € WHP(Q), is proper, convex and lower-semi-continuous on W1P(Q).

Similarly, the mapping ®, : W9(2) — R defined by ®,(v) = [;. po(v|r(2))dl(z), for any
v € Wh4(Q), is also a proper, convex and lower-semi-continuous on W14(Q).

Similar to the proof of the corresponding result in [7], we have the following Lemma:

Lemma 3.4 Define the mapping A, : LP(Q) — 25" as follows:
D(A,) = {u € LP(Q)|there exists an f € LP(Q) such that f € Bpu+ 0P,(u)}.
For w € D(Ap), we set Ayu={f € LP(Q)|f € Bpu+ 0®,(u)}. T hen A, is m-accretive.
Define the mapping A, : L9(Q) — 2L"(Y) as follows:
D(A,) = {v € LY(Q)|there exists a g € LY(N) such that g € Byv + 0P, (v)}.
For v e D(A,), we set Agv = {g € LI(Q)|g € Byv + 0Py (v)}. Then A, is also m-accretive.

Definition 3.2 Define a mapping A, , : LP(Q) x LI(Q) — 2L (DXLUD) a5 follows:
For (u,v) € LP(Q) x LI(§2), we set Ap 4(u,v) = (Apu, Aqv).

Proposition 3.3 The mapping A, , : LP(Q) x LI(Q) — 2L (DXLUD) jgm_accretive.

Proof To see that A4, , is accretive, let u; € LP(Q2), v; € LY(Q), i = 1,2, then from Lemma 3.4,

we have

(Ap,q(u1,v1) — Ap g(uz, v2), J((u1,v1) — (u2,v2)))
= (Apul - Ap’u,g, Jp(ul - u2)) + (Aq’Ul — Aq’l)g, Jq(’Ul - ’1)2)) > 0.

Now, let u* € LP(Q), v* € L), then it follows from Lemma 3.4 that there exist u € LP(2)
and v € L(Q) such that v* = u + AApu and v* = v+ AA,v. Therefore,

(u*,v*) = (u,v) + MApu, Agv) = (u,v) + A4, 4(u, v),
which implies that R(I + MA, 4) = LP(Q) x L(£2). This completes the proof. O

Similar to the proof of the corresponding result in [7], we have the following Lemma:

Lemma 3.5 Both the mappings A, : LP(Q) — 25" Y and A, : L9(Q) — 25D have a compact
resolvent, for 1\27—11 <p,g<2and N > 1.

Proposition 3.4 The mapping A, ,: LP(2) x L1(Q) — LT W XLUD) hag a compact resolvent,

forﬁ—fl<p,q§2andN21.

Proof Since A, , is m-accretive, it suffices to prove that if (u,v) + XA, ¢(u,v) = (f, h) (A > 0)
and {(f,h)} is bounded in LP(Q) x L%(Q), then {(u,v)} is relatively compact in L?(Q) x LI().

In fact, from (u,v) + AA, 4(u,v) = (f, h),we have u + A,u = f and v + AAyv = h. Since
{(f,h)} is bounded in LP(2) x L(Q2), then {f} is bounded in LP(§2) and {h} is bounded in
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L1(Q). Lemma 3.5 implies that {u} is relatively compact in LP(£2) and {v} is relatively compact
in L1(Q).
Therefore, {(u,v)} is relatively compact in LP(€2) x L%(£2). This completes the proof. O

Definition 3.3 Define g (z) = liminf,; . g(7,s,t) and g_(z) = limsup,;, , ., g(z,s,1).
Further, define a function g1 : @ x R x R — R by

(nfus o050 9(2,0,0)) A(s — T@) At~ T(@)), Vst > T(a)
91(w,8,t) = ¢ (SUPg<yp<y 9(2,a,0)) V(s + T(2)) V(t + T(x)), Vs,t<-T(x)
0, for the rests and t

We note that for each z € Q, g1(x,s,t) is increasing in ¢ if s € R is fixed and is also
increasing in s if ¢ € R is fixed. Moreover, limg ;100 91(2, $,t) = g+ (x) for z € Q. And, if we
define ga(z, s,t) = g(x,s,t) — g1(x, s,t), then go(x,s,t)s > 0 for |s| > T'(z),z € Q and for fixed
t € R; and go(z, s,t)t > 0 for |t| > T(z), x € Q and for fixed s € R.

Lemma 3.6 The mapping g1 : 2 X R x R — R satisfies Carathéodory’s condition and the

functions g4 (x) are measurable on ).

Proof We use @) to denote the set of rational numbers in the following proof. Now, for s, t € R,
91(+, 8,t) is measurable on 2 since
{zlg1(z, 5,t) < a}

={z|s <T(z)} U{:C|t <T(z)} U{:v|0 <t—-T(x) < a} U{:v|0 <s—T(z) < a}

U{:T|3’f'1,’f‘2 € Qarl > 8,72 > t,gl(x7T17T2) < a}?
when a > 0, and,

{zlg1(z,5,t) < a} = {a|s + T(z) < o} ([alt + T(z) < a}
ﬂ{x|§|r1,r2 €Q,r1 <s,ro <t gi(x,r1,72) <},
when a < 0.
Next, let 2 € Q be such that g(z,-,-) is continuous on R x R. We’ll show that

(i) For fixed s € R, Vt € R such that ¢ > T'(x), ¢, T t, we have lim, o g1(z, s,t,) =

gl(‘TuS?t);
(ii) For fixed s € R, ¥Vt € R such that t > T(x), t, | t, we have lim,_,o g1(2, s,tn) =

g1z, s, t).
In fact, for (i), we notice that g(x, s, t) satisfies Carathéodory’s condition and ¢,, T ¢, then
lim g(z,s,t,) = g(x, s, t).
n—oo
Therefore, for Ve > 0, there exists Nj such that for fixed s € R,

g(IaSab) > g(.I,S,t) - ga

when tn, <b<tandn> N;.
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From the definition of g1 (z, s,t), we can also know that there exists Ny such that for n > No,
. €
|gl($7 Svtn) - 91(113, S, t) /\tnlélbfgtg(x7 5, b)| < 5
Therefore, if n > max(Ny, N3), then
g1(z, 8,t) > g1(x, s,t) — €.

That is,
0<gi(z,s,t)—gi(x,s,tn) <&,

when n > max(Ny, Na2), which implies that (i) is true.
For (ii), noticing the fact that g1 (x, s, t) is increasing in ¢ if s € R is fixed and = € Q, we can
see from t, | t that for fixed s € R and = € Q,

91(337 Svt) S 91(337 Svtn)

From the definition of g1 (z, s,t), we can also know that there exists N such that for Ve > 0,
when n > N,

|gl(x757tn) - gl(.’II,S,t) /\tnlgnbfgtg(xj 37b)| <e.

Therefore,

91(517, Sat) S 91(517, Satn) < 91(517, Sat) + g,

for n > N, which implies that (ii) is true.

Similarly, we can show that for fixed s € R, V¢ € R such that ¢t < —T'(x), ¢1(z, s,t) is still
continuous for ¢. In the same way, g1(z, s, t) is continuous for s > T'(x) or s < —T'(z). Combining
the previous results that for each = € 2, ¢1(z, s,t) is increasing in ¢ for each fixed s € R, and is
also increasing in s for each fixed t € R, we know that ¢ (x, s,t) is continuous for (s,t) € R x R.

Hence g satisfies Caratheodory’s conditions. The measurable of g+ (x) on Q is obvious from
its definition. This completes the proof. O

Based the assumption of g(x, s,t) and Lemma 3.6, using similar proving method of Proposi-

tion 3.5 in [9], we have the following two results:

Lemma 3.7 Cl(l) 1 LP(Q) — LP(Q) defined by Cl(l)(u, v) = g1(z,u(z),v(x)) for any u € LP(Q),
for fixed v(z) € L1(Q) and x € Q, is bounded, continuous and m-accretive. Also 01(2) : LY(Q) —
L1(Q) defined by C’?) (v,u) = g1(z,v(x),u(x)) for any v € LI(Q), for fixed u(x) € LP(Q) and

x € (2, is bounded, continuous and m-accretive.
Lemma 3.8 The mapping C2(1) : LP(Q) — LP(Q) defined by Cél)(u,v) = go(z,u(x),v(z)) =
g(z,u(z),v(x)) — g1(z,u(x),v(x)) satisfies the condition

(O3 (uty,0), Jpu) = ~Cly), (3.1)
for any u,y € LP(Y), where C(y) is a constant depending on y. The mapping 02(2) : L1(Q) —
L1(Q) defined by Céz)(v,u) = ga(z,v(x),u(x)) = g(z,v(x), u(z)) — g1(z,v(z),u(x)) also satisfies
(3.1), ie.,

(O3 (w+y.u). Jyv) > ~C'(v)
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for any v,y € L1(Q), where C'(y) is a constant depending on y.
Proposition 3.5 The mapping C; : LP(Q2) x L1(Q) — LP(Q) x L1(Q) defined by

C1(w,0) = (€17 (1w, 0), CF (v,w)

for (u,v) € LP(Q2) x L1(Q), is bounded, continuous and m-accretive.
The mapping Cs : LP(2) x L1(Q) — LP(Q) x L1(Q) defined by

Ca(u,v) = (€5 (w,0), €57 (v,w)
for (u,v) € LP(Q) x L1(R), satisfies the condition
(02((u7 U) + (wu y))? J(uv U)) 2 _C(wv y)

for any u,w € LP(Q), v,y € L1(Q), where C(w,y) is a constant depending on w and y, and J is
the normalized duality mapping from LP(2) x L(2) to L' (Q) x LY (Q) defined in Proposition
3.1.

Proof The result follows from Lemmas 3.7 and 3.8.

Proposition 3.6 The mapping Cy : LP(Q2) x LI(Q) — LP(2) x L4(QY) defined in Proposition
3.5 satisfies Condition (x).

Proof By Lemma 2.2, we can know that both C\") : LP(Q) — LP(Q) and C\¥ : L9(Q) — L(Q)
satisfy Condition (), then it is not difficult to check that Cy : LP(Q) x L1(Q) — LP(2) x L1(§)
satisfies Condition () in view of the definition of C;. This completes the proof. O

Remark 3.1 ([7]) If 8, = 0, Vo € T, then 99,(u) = 0, Yu € WHP(Q) and 99,(v) = 0,
Vo € Wha(Q).

Lemma 3.9 If 3, =0, Vx € I, then we have
(i) {feLr(Q)| [, fdz =0} C R(A,), for 1\2,—1[1 <p<+4ooand N > 1, and

(ii) {f € LYQ)| [, fdz =0} C R(A,), for 325 < ¢ < o0 and N > 1.
Proposition 3.7 If 8, =0, Vx € I', then we have
(1) € /@) x 17@) [ filahde =0 = [ fa(o)da} € Bldy).
Q Q

Proof From the fact that (f1, fo) € LP() x L9(Q) with [, fi(z)dz = 0 = [, fo(x)dz, and
Lemma 3.9, we have fi(z) € R(Ap) and fa(z) € R(A,). Then (fi, f2) € R(Ap,q) from the
definition of A, ;. This completes the proof. O

Definition 3.4 ([9]) Fort € R and x € T, let 32(t) € 3,(t) be the element with least absolute
value if 3, (t) # ) and B2(t) = ‘oo, where t > 0 or < 0, respectively, in case 3,(t) = (). Finally,
let Bi(z) = limy— 100 3(t) (in the extended sense) for x € T'. Then, (4 (x) define measurable

functions on T".
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Lemma 3.10 If f1(z) € LP(Q) satisfies

[ p-@ar@ < [ fiede < [ g @dr), (32)
r Q r
Then, fi(z) € intR(Ap), for 255 < p < 400 and N > 1.

Similarly, if fo(x) € L9(Q) satisfies (3.2), then, fo(x) € intR(A,), for ]\2,—11 < ¢ < 400 and

N > 1.

From Lemma 3.10, we can easily get the following result:

Proposition 3.8 Let fi(z) € LP(QY), fo(z) € LI(Q) satisfy (3.2). Then, we have (f1, f2) €
int R(Apq)-

Proposition 3.9 Let (f1, f2) € LP(Q) x L1(2), (u,v) € LP(Q) x L1(N) and (f1, f2) € Ap,q(u,v).
Then, the following hold

(a) —div(ai(gradu)) + e1|ulP~2u = fi(z), a.e., x € Q; —(9, a1 (gradu)) € B.(u(z)), a.e.,
zel;

(b) —div(az(gradv)) + eav|972v = fo(z), ae., x € Q; —(V,az(gradv)) € B.(v(x)), a.e.,
rzel.

Proof The proof is similar to that of Proposition 2.2 in [7].

Theorem 3.1 Let (f1, f2) € LP(Q) x L1(Q) satisfy
[p-@ar@ + [ g-@ae< [ fens < [ g@are + [ ou@in 63
and

/Fﬁ_ (x)dT () —i—/ﬂg_(:c)d:v < /Qfg(:c)d:v < /FﬁJr(:C)dI‘(w) —i—/Qng(:v)d:c. (3.4)
Then, system (1.2) has a solution in LP(§) x LI(£2).

Proof Let A, , be the m-accretive mapping as in Definition 3.2 and C; : LP(Q2) x L1(Q) —
LP(Q) x L) be as in Proposition 3.5, i.e., (Ci(u,v))(x) = (gi(x, u(zx),v(x)), gi(z,v(z), u(x)))
for x € Q, and ¢ = 1,2. We need to prove that A4, , + Ci is boundedly-inversely-compact. In
fact, we only need to show that if (w,y) € A, ¢(u,v) + Ci(u,v) with {(w,y)} and {(u,v)} being
bounded in LP(2) x L1(Q), then {(u,v)} is relatively compact in LP(2) x L%(£2).

For this, we need to discuss the following two cases:

(i) ]\2,—11 <p, q<2, for N>1, from the above we can see that (w,y) — C1(u,v) € A, 4(u,v)
with {(w,y) — C1(u,v)} and {(u,v)} bounded in LP(Q2) x L?(Q) which gives that {(u,v)} is
relatively compact in LP(€2) x L9(Q) since A, 4 is m-accretive and has a compact resolvent from
Proposition 3.4.

(ii) pr,q22,orj\2,—f1 <p§2andq22,or13—f1 < q < 2andp > 2, we know
from (w,y) € Apq(u,v) + Ci(u,v) that w € Ayu + Cil)(u,v) and y € Aqu+ 01(2) (v,u). Since
{(u,v)} is bounded in LP() x L%(), then {u} is bounded in L?(Q2) and {v} bounded in LI().

Similar to the proof of the corresponding result in [7], we know that {u} is relatively compact in
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L?(Q) and {v} is relatively compact in L9(2), which imply that {(u,v)} is relatively compact in
LP(Q) x LI(Q).

Notice the facts of Propositions 3.1-3.3, 3.5 and 3.6, it is easy to show that all the conditions
of Theorem 2.1 required are satisfied. Further, from Propositions 3.7 and 3.8, we have (f1, f2) €
int[R(A,q4) + R(C1)]. Therefore, Proposition 3.9 implies that the Theorem 3.1 holds. This
completes the proof. O

Remark 3.2 System (1.2) can be further extended to the case of containing finite such equations

and the corresponding boundaries.
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