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Abstract In this paper we consider the Schrodinger operator —Ag + W on the nilpotent Lie
group G where the nonnegative potential W belongs to the reverse Holder class By, for some
q 2 % and D is the dimension at infinity of G. The weighted L? — L estimates for the operators
We(=Ag + W)™ ? and WV (—Ag + W)~ ? are obtained.
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1. Introduction

As we know, Schriodinger operators on the Euclidean space R™ with non-negative potentials
which belong to the reverse Holder class have been investigated by a number of scholars [1, 2].
Now the investigation of Schrédinger operators has been generalized to two direction. On the
one hand, Kurata and Sugano generalized Shen’s results to uniformly elliptic operators in [3].

on the other hand, Lu [4] and Li [5] investigated the Schrédinger operators in a more general

setting.
The main purpose of this paper is to investigate the weighted L? — L? boundedness of the
operators
T, =W-Ag+W)?, 0<a<pB<l,
and

1 1
T, = WoVa(-Ag +W)77, 0<a<o<f<1 f-a>g,

on the nilpotent Lie group G. Note that Sugano [6] has studied the weighted estimates of the
above two operators on the Euclidean space and Liu [7] has obtained the same estimates on the
stratified Lie group.

Assume G is a simple connected nilpotent Lie group and g is its Lie algebra which is identified

with the space of left invariant vector fields. Given X = {X;,..., Xy} C g a Héormander system
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of left invariant vector fields on GG. This means that there exists an integer s such that the vector
fields X1, ..., X\ together with their commutators of order at most s span the tangent space of G
at every point x. Let Ag = Zle X? be the sub-Laplacian on G associated to X. The gradient
operator V¢ is denoted by Vg = (Xy,...,X)). Following [8], one can define a left invariant
metric d associated to X which is called the Carnot-Caratheodory metric: let z,y € G, and

d(z,y) =inf{d | v:[0,6] — G[~(0) = z,7(5) = y},

where 7 is a piecewise smooth curve satisfying +/(s) = Zle a;(s)Xi(v(s)) with Zle la;(s)]> <1,
for all s € 0,¢].

If € G and r > 0, we will denote by B(z,r) = {h € G|d(x,y) < r} the metric balls. Assume
dz is the Haar measure on G. Then for every measurable set E C G, |E| denotes the measure of
E. Suppose e is the unit element of G. Note that V(t) = |B(e,t)| = |B(z,t)| for any x € G and
t > 0. Let d and D be the local dimension and the dimension at infinity of G. Note that D > d
and we always assume d > 2 throughout the paper. It follows from (1.1) in [5] that there exists
a constant C; > 0 such that

oyt <v() <Ot vo<t<l,
Oyl <Vv(t) <CitP, V1<t < oo
Also, there exists a constant C5 > 1 such that for any r > 0,
V(2r) < CoV(r). (1)

Definition 1 A nonnegative locally LY integrable function W on G is said to belong to the
reverse Holder class B, (1 < g < o0) if there exists C' > 0 such that the reverse Hélder inequality

(ﬁ/}gw(x)qu)% gC(ﬁ/BW(:v)dw) (2)

holds for every ball B in G.
It is important that the B, class has a property of “self improvement”; that is, if W € B,
then W € By, for some € > 0 ([5]).

Now we recall the definitions of fractional maximal operator M. and A, ,-weight on G.
Definition 2 Let f € L] (G). For v > 0, the fractional maximal operator is defined by
1
M, f(x) = sup ———— / dy, z € G,
Vf( ) weg |B|1,7 B|f(y)| Yy
where the supremum on the right side is taken over all balls B such that x € B.

Definition 3 Let 1 < p < o0 and 1 < ¢ < oo. For a non-negative function w(x), we say

w e Apg if
)dz) /1gr) T <
|B| / o) |B| / )

holds for every ball B in G, where C' is a positive constant independent of B.
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We obtain the estimates for the adjoint operators T'" and T with the potential W € By for

some g, > %.

Theorem 1 Suppose W € B, for some q, > %, 0<a< B <1 and let qi =1- qi. Then
2

1
there exists a constant C > 0 such that

T f(2)] < C{Mey, (1f]%)(2)} 72, f € CF°(G),
where € = w, 0 € [d,D).

Theorem 2 Suppose V € By, for some q, > %, 0<a< % <pf<Llandf—a> % And let

l_ 1—%, if ¢, > D,
4, 1——(“£1)+%, if 2 <gq, <D.

Then there exists a constant C' > 0 such that
1
IT5 f(2)] < C{Mzq, (|f1"2)(x)} 2, f € C5°(G),

where € = 2(6%00‘)_1, 6 € [d, D).
The above theorems will yield the weighted L? estimates for 7| and 7T, which generalize the

main results in [6] and [7] to the nilpotent Lie group.

Corollary 1 Assume that W € B, for q, > %, and 0 < a <A< 1. Letl <p< l1+ )
91

/-

% = % — 7 and qi =1- 2, where y =2(3 — a) and 0 € [d, D]. We suppose w satisfies
2 1
_ _a2d’
(A) a>0, w2 eAy » andw 27 € Ay;
a2’ a2

’ _ 929
(B) a=0,w 2 ecAy y,w? andw -9 € A,
a2’ 92
where % + % =1, % + % = 1. Then there exists a positive constant C' such that for any

f € C5e(G),
I (T, f)w lLa@e)< C || fw || zr(a) -

Corollary 2 Assume that W € By, for g1 > %, and

0<a<g<p<l, if ¢ 2D,
0<a<i<p<l, if L<q <D
— —a) — _ 1 1 1i_1_y 1 _q1_ 1
Letv=2(f—a)—1 and 8 a22,andlet1<p<ﬁ+%,q—p 9,q2—1 pl,Where
6 € [d, D] and

1 o if ¢, > D,

R 1

P (“q—tl)—%, if L <gq <D.

We suppose w satisfies
_ a2d’
(A) a>0, w2 €Ay , andw 27 € Ay;

a2’ a2
/

’ 929
(B) a=0,w?ecAy y,w? andw 27 € A,
a2’ a2
where % + % =1, % + % = 1. Then there exists a positive constant C' such that for any
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f € C5e(G),
| (T, f)w lLa@e)< C |l fw || zr(a) -

Throughout this paper, unless otherwise indicated, we will use C' to denote constants, which
are not necessarily the same at each occurrence. By A ~ B, we mean that there exist C' > 0 and
¢ > 0 such that ¢ < % <C.

2. Preliminaries

First we briefly recall the definition of the auxiliary function m(x,V’) and its basic properties
on the nilpotent Lie group in [5].
Let W € By, for some g, > %, where D is the dimension at infinity of G. Then the auxiliary
function p(x, W) = p(x) is defined by
1

o= e A

T2

T Wydy <1}, zeG.

Lemma 1 The measure W (z)dx satisfies the doubling condition, that is, there exists C' > 0
such that

/ W(y)dy < C / W(y)dy
B(z,2r) B(z,r)

for all balls B(z,r) in G.

Lemma 2 There exists C > 0 such that, for 0 < r < R < oo,

2 r.o-b R?

m ~/B(m,r) W(y)dy = C(}_%) " m /B(m,R) W(y)dy

Lemma 3 Ifr = p(x), then

r2

Moreover,

r2

Vi(r)
Lemma 4 There exist C > 0 and lg > 0 such that, for any x and y in G,

/ W(y)dy ~ 1 if and only if r ~ p(z).
B(z,r)

s+ S " < B <o+ S

In particular, p(x) ~ p(y) if d(z,y) < C p(z).

Lemma 5 There exist C > 0 and l; > 0 such that

d(z, y)*W(y) CR? R \&
/B@,R) V() Y V) /JB@,R)W(”dySC(”p(@) '

See [5] for the proofs of Lemmas 1-5.
Let T'(z,y, A) denote the fundamental solution for the operator —Ag + W + A, where A > 0.
The following estimates of the fundamental solution for the Schrodinger operator on the nilpotent

Lie group have been proved in [5].
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Lemma 6 Let [ > 0 be an integer. Suppose W &€ B%. Then there exists C; > 0 such that for

T#y,
Cl d(xvy)2

(1 + d(z, y)/\%)l (1 + d(z, y)p(x)*l)l V(d(z,y))
Lemma 7 Let ! > 0 be an integer. Suppose W & B%. Then there exists C; > 0 such that for
T F#Y,

IT(z,y,\)| <

C d(Iay)Q
(1+d(@,y) M) (1 +d(z, 9)p@) 1)V

d(y, h)
{ /B@,id(x,y)) V(d(y,h)) W(h)dh + d(z,y) }

In particular, when W € B%, there exists C; > 0 such that for x # vy,
Ci d(z,y)
(1 +d(z, y))\%)l(l + d(z, y)p(x)—l)l V(d(z,y))

In order to prove Corollarys 1-4, we need to introduce the theory of the weighted norm

|VG, yF(yv €, )‘)| <

|vayF(ya €T, A)} <

inequalities for fractional maximal operators and fractional integral operators on spaces of ho-
mogeneous type in [9].

Let (X,d, ) be a space of homogeneous type, where d is a quasi-distance and u is a pos-
itive measure defined on a o-algebra of subsets of X and satisfies the doubling condition. It
follows from [9] that the nilpotent Lie group G endowed with the Carnot-Carathedory metric d
is also a space of homogeneous type. let Ms be the fractional maximal operator on the space of
homogeneous type X which is defined, for each § € [0,1), by

Mif(@) = sup s [ |F@)lduto). 1 € LX)
Let I5 be the fractional integral operator on the space of homogeneous type X which is defined,
for each 0 € (0,1), by
f(y)
1) = [ e

A weight w is a nonnegative function in Lj, (X, du) and we shall use w(A) to denote [, wdp.

du(y), feL'(X,dp).

We say that a weight w belongs to A if there exist positive constants C' > 0 and § > 0 such
that g P
w(B) w(B

(
holds for every ball B and every measurable set £ C B.

Proposition 1 (1) Suppose 0 < § <1 and 1 < p < q < oo. Let (w,v) be a pair of weight with
VT € As. Then
|| M5f HL‘J(X.,wd,u)S C || f ”LP(X,vd,u)u

if and only if
1

P p—l
u(B)=0p d)q(/ ) <O<oo f ball B C X.
M(B)(lé)p(/Bw K BU P M = < o0 or every ba C
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(2) Suppose 0 < 6 < 1, (w,v) be a pair of weight with w € A and 07T € As. Then

|| I(Sf HLq(X,wdu)S C || f ||LT’(X,vdu)a

if and only if
1
W(B)Tr

3. The proof of the main results

Proof of Theorem 1 By the functional calculus, we may write, for all 0 < 8 < 1,
1 o0
(~Ag+W)F == / AP (=Ag + W+ X)"HdA,

™Jo

Let f € C§°(G). From (—Ag +W + \)~ = [ T(x,y. ) f(y)dy, it follows that

r) = /G K ()W ()" £ (9)dy,

where
1 o0 y—p
Kl(ilf,y) — T fo A F(x,y,/\)d/\, for 0 <@ <1,
F(I,y,O), for 6 = 1.

Let f € C§°(G). The adjoint of T, is given by

r) = /G Ky, o)W () f (v)dy.

(/ wdu)%(/ Ufp_ildu)pil < C < o0, forevery ball B C X.
B B

Y. LIU

By Lemma 6, for all 0 < 8 < 1 and all integer | > 2, there exists a constant C; > 0 such that

Ci d(‘rv y)26
(1+d(z,y)p(x)~ 1)l V(d(z,y))
Let r = p(x). It follows from Holder’s inequality that

* C d(Ia y)Qﬁ
T
‘ ! f(:v)’ S/ (1 + d(z, y)p(a:)*l)l V(d(z,y))

1 (27—1p)28
= / j Wiy)“|f(y)|dy
Z j— 1T<d(m,y)§2jr (1+27_1)l V(2J71T) ( ) | ( )l

‘Kl Y,z )‘

W(y)*|f(y)|dy

j=—o00

— (27r)PV (297 1y)F 1 / n
< i _ 4 !
_CCl Z (1 +2371)l {V(ijlT) B(m,2j’l‘) W(y) dy}

j=—oc0

! %
—_———— q d 2 .
{V(%lr)l,sqz /B(IVW) | f(y)]* y}

Letting € = w, where 0 € [d, D] and using (2) we know that

R M Cly i Cd I G E D
| T} f ()] <CCI{Meq, (|f|%)(z)} j;oo (1+ 271 IB z, 20 I/ Hm
) (@))% (@) V@) (2r)
<CCH{ Mg, (| f]%) ()} { > 1+ 2-1) |B z,2r |/ B(a2ir)

j<l+log, L

(6)

ydy} +
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5 (2jr)2ﬁ—2aV(_2j‘1r)‘a { |B(2jr)? W(y>dy}a}

14 2/-1)! 27 )
j>1+log, L (1+ ) (@,297)| JB(2,2ir)

(23‘70)(26—2@(1—7) (277)? a
<CCH{Mey, (1) (@)} { . { . W (y)dy |
—= l{ aq2(|f| 2)(‘T)} 2 ‘ Z (1 + 2‘]71) |B(I,2JT)| B( 9 ) (y) y +
j§1+log l T,er
Z (277)(28—20)(1— 9) (277)? /
i1yl J } }
j>1+log, L 1+27 |B # 21| Jp i)
> 1 (277)? a
<CC{ Mg, (|£]%)(x)}* : vy}
<ccy aq2(|f| 2)(x)}? j;oo a +2371) |B x,2ir)] / 12”)
By Lemma 5 we conclude that for the case j > 1 there exists a constant C' > 0 such that
23r
y)dy < C(27 7
{E 2JT | / 1277‘) V= ( ) ( )
For the case 5 < 0, by using Lemma 2 we see that
(277)° r2_o 12 / o D
_— Viydy < C(=—)4 —— Viy)dy =C(27)" a1 8
|B(‘T7 2]T)| B(xz,2ir) (y) = (2]T) |B($7T‘)| x,r) (y) Y ( ) ( )
Thus,
q q S (27)h - 20
IT7 ()] < CO{Meq, (1f1%) ()} {Z Tyt X @ }

1
< C{Meq, (|£%)(@)} 7=,
where we take [ sufficiently large. O

Proof of Theorem 2 Let f € C§°(G). Similar to (4) and (5), the adjoint of T}, is also given by
0= [ Rl W) f)s

Case g, > D: By Lemma 7, for all 0 < § < 1 and all integer | > 2, there exists a positive
constant C} such that
C1l d(xv y)2ﬁ71

Let r = p(x). Then similar to the proof of Theorem 1 we have

a
a1

0 (2JT)2[5 1 1 /
< : - B
|73 f(@)] < CC Z (1+23*1)Z{V(23T) B(WT)W(y)

1 X
(2j’l”) w/B(z.QJ'r) |f(y)|q2 dy} 2.

Letting € = %, where 6 € [d, D]. Similar to the estimates of |T7 f(x)| we conclude that

T3 £(2)] < CC{M.q, (|F1%) ()} 7.

Case % < q, < D: Fix zg,y0 € G. Let R = W. By Lemma 7 we get, for all positive
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integer [, there exists a positive constant C; such that

Ci ( Rr? / dlyo,y)W(y)dy R )
(14 RA3)(1+ Rp(zo)~1) \V(R) Jpeiry V(dyo,y) — VI(R)
Then we see that there exists a positive constant C; such that for all integer I > 2,

C (Rw/ d(yo, y)W (y)dy Rw_l)
(1+ Rp(zo)~) \V(R) Jpgosry V(dlyoy) — V(R)/

Let » = p(z) and choose p, such that pi = ql — % Note that —|— & —i— 1 = 1. By Holder
1

1

VeI (yo, w0, )| <

|K2(yo, z0)| <

inequality, we obtain

T Koy, 2)| W (y d
’ 2f Z ~/27 1r<d(m,y)<21r| ? y ’ |f )l 4

j=—00

; 1
<> ven{igs [ ol 7"y}
j;oo V(2Ir) Jai-rrca(a <o )

{% /8(1,217‘) W)™ dy}% { V(;jr) /B(m)%) | f(y)|* dy}E

Using Minkowski’s inequality and the well known theorem on fractional integrals on the nilpotent

1

Lie group (see (1.7) in [5]), we obtain

; 1
V(2/r . / Koy, z)[" dy
( ){ V(2JT) 27— tr<d(z,y)<2ir | ’ }
< SOV @I L[ g, 20
S+ U V@) V@ Jpeaea Y V(2ir)
C'Cy(277)2P1 (2j_27°)2/
< - - Wi(y)dy + 1.
T (vE Bl }
For the case j > 1, using (7) we have
: 1 - L 2jl1(2j7a)2ﬁ71
V(2r . / Ko(y,o)[M'dy " < C'C)—"———.
( ){ V(2J’I”) 2i—lr<d(a,y)<2r | ( )’ } (1 + 2]*3)1
For the case j <0, using (8) we obtain
, 1 o (277)2A-1
V(27 : Ko(y,z)|"1d SO ¢ P i —
( T‘){ V(2JT) ~/21'1r<d(x,y)<21r | ? y ’ y} (1 + 2J73)l

Then it follows that

1

0

1
30 <O, ()N Y (g + X rvaey)

(2j7')2 (2],,.)26 2a—1
[V(%«) /B(w- QT)W(y)dy} V(2ir):

where € = %,9 € [d, D]. Combining (7) and (8) again and similar to the estimates of

T f ()|, we get
T35 f ()] < C{Mey, (|f]%) (@)} 7= . O
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Proof of Corollary 1 Case a > 0: Note that 6 € [d,D]. Let v = 2(8 —a) and + =1 - 2.

£ a4,
1

For ¢’ such that ¢, < ¢’ < % and ﬁ =7 7, then it follows from the assumptions that

¢ 0 1 1 g
0<vg, <0, 1< —< —, —=—— — .
: & 1% v/e 4/ 0
By Theorem 1 and Proposition 1(1), there exists a positive constant C such that for any f €
5o (@),
(T o™ @< C Nl fu™ e ) -

Since % + % =1 and % + % =1, the desired estimate follows by duality.
Case o = 0: Since g, = 1, so the condition for w is w™! € A, o, which is equivalent to
w € Ay 4. Then following the same idea of the proof of Corollary 1 in [7], we get the desired

estimate. O

Proof of Corollary 2 Case o > 0: Let v =2(8 — «) — 1 and qi =1-21
2

121
1 o it ¢ > D,
— 1
= +1 e D
b, (aq—l)_%’ 1f7<q1<D.

Note that 6 € [d, D]. For ¢ such that ¢, < ¢’ < % and & = L — 7, then it follows from the

Q

assumptions that
!
q 4 1 I 1
0<vg, <0, 1< —< —, —— = — .
’ % . P/e d/e 0
By Theorem 2 and Proposition 1(1), there exists a positive constant C' such that for any f €

C5e (@),

| (T fw™* e < C fuw™! 2o (q) -

Since % + 1% =1 and % + % =1, so the desired estimate follows by duality.

Case a = 0 and % < 8 < 1: Using the estimates of the kernel K3(z,y) and following the

same idea of the proof of Corollary 3 in [7], we get the desired estimate.
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